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József Békési
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Scheduling DAGs: recent results and challenges
Alberto Marchetti Spaccamela∗ (Keynote Lecture, Monday Morning)

Multi-core architectures are nowadays widely used for their increased performance over single-core processors. To take full advantage of these architectures
we must exploit intra-task parallelism.
The Directed Acyclic Graph (DAGs) is a popular representation to describe
the structure of parallel applications and to model the execution of multi-threaded
programs that is widely used in cloud computing and in real-time systems.
In this talk I will present recent results on DAG scheduling considering different
models and focusing on complexity, approximation and integer linear program
representations.

∗

alberto.marchetti-spaccamela@uniroma1.it. Dipartimento di Ingegneria informatica automatica e gestionale, Università di Roma La Sapienza, Italy.
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Scheduling machines subject to unrecoverable failures
and other related stochastic sequencing problems
Alessandro Agnetis∗ (Keynote Lecture, Tuesday afternoon)

Consider the following basic setting. A set of n jobs has to be performed on
a set of parallel, identical machines. Unlike most scheduling situations, machines
may actually fail, i.e., while performing a job i, they can become unavailable (e.g.
break down) with probability πi . Such failures are unrecoverable, in the sense that
from then onwards the machine is lost and so are the jobs not yet processed on
that machine. If a job i is successfully completed, a reward ri is attained. The
problem is how to assign the jobs to the machines and sequence them so that the
expected reward is maximized. In this talk we review the main results, discuss
relationships with other sequencing problems and point out some open problems.
While the single-machine case is easy, for two or more machines the problem
is hard and various approaches have been proposed to address it. For general
m, list scheduling yields a 0.8531-approximate solution. The argument is similar
to the one used by Schwiegelshohn to prove Kawaguchi and Kyan’s bound for
the minimization of total weighted completion time. A variant of this problem
is attained if, in order to hedge against failures, we can use job replication. In
this case, copies of the same job can be scheduled on different machines, and the
reward ri is attained if at least one copy is successfully completed. In this case, the
sequence of the n copies of the jobs on each machine has to be decided. Although
also this problem is hard for m ≥ 2, relatively simple algorithms provide solutions
which are provably close to optimality.
A related sequencing problem is the following. A system consists of n components, each of which can be either functioning or not. Only if all components
are functioning, the system is ”up”. Component i is functioning with probability
πi , and testing it costs ci . As soon as a component that is not functioning is
detected, the testing stops (concluding that the system is ”down”). The problem
is to decide in which order should the components be tested, in order to minimize
the expected costs. While the single-tester problem is solved by a simple priority
rule, various problem variants can be considered. In particular, if several testers
operate in parallel, under time constraints, the problem gets more complicated.
While it is NP-hard for three or more testers, its complexity with two testers is
still open.
∗

agnetis@diism.unisi.it. Dipartimento di Ingegneria dell’Informazione e Scienze Matematiche, Università di Siena, Italy.
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Explorable Uncertainty and Untrusted Predictions
Thomas Erlebach∗ (Keynote Lecture, Thursday afternoon)

The research area of explorable uncertainty is concerned with problems where
some of the input data is uncertain, but queries can be executed to reveal the true
values of uncertain input elements. Uncertain values are typically given in the
form of intervals. The goal is to minimise the number of queries that are needed
until a provably correct solution can be output. In addition to the intervals, we
may have access to predictions of the true values, possibly obtained via machine
learning. Our aim is then to devise query strategies that benefit from accurate
predictions but do not get misled too much by incorrect predictions. In this talk,
we will discuss some recent progress in this combined setting, including query
strategies for minimum spanning trees with edge uncertainty that benefit from
good predictions while maintaining the best possible worst-case competitive ratio
even if the predictions are arbitrarily wrong.
(The talk is mainly based on joint work with Murilo Santos de Lima, Nicole
Megow and Jens Schlöter.)

∗

thomas.erlebach@durham.ac.uk. Department of Computer Science, University of Durham,
United Kingdom.
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Paging and Packing with Possibly Precise Predictions
Lene Monrad Favrholdt∗ (Keynote Lecture, Friday morning)

The talk will survey techniques for designing and analyzing online algorithms
with predictions, advice as well as possibly imprecise predictions.
Online problems with predictions relate to semi-online problems in that some
information is available which would not be available to a purely online algorithm.
In the advice as well as the semi-online setting, this additional information is
usually exact. In the semi-online setting, some emphasis is put on the information being realistically obtainable, whereas in the advice setting, the focus is on
minimizing the amount of information communicated to the algorithm. In online
problems with predictions, the concern is how well the algorithm adapts to errors
in the information and the information should preferably be learnable.
The running example will be the paging problem, but we will also consider
packing problems such as knapsack and bin packing.

∗

lenem@imada.sdu.dk. Department of Mathematics and Computer Science, University of
Southern Denmark, Odense, Denmark.
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- Monday morning -

Breaking the Barrier of 2
for the Competitiveness of Longest Queue Drop
Antonios Antoniadis

∗

Matthias Englert

†

Pavel Veselý (Speaker)

Nicolaos Matsakis

‡

§

We study a fundamental model of buffer management in shared-memory network
switches. A shared-memory switch consists of a buffer of size M ∈ N, an input
port, and N ∈ N output ports. We consider a slotted time model. In each time
step, an arbitrary number of unit-valued packets arrive to the input port. Each
packet comes with a label specifying the output port that it has to be forwarded
to. A buffer management algorithm has to make a decision for each packet: either
irrevocably reject it, or accept it while ensuring that the buffer capacity M is
respected, which may mean that a previously accepted packet has to be evicted.
At the end of the time step, each output port with at least one packet in the buffer
destined to it transmits a packet. The goal of the buffer management algorithm
is to accept/reject incoming packets or evict already accepted packets, so as to
maximize the throughput, i.e., the total number of transmitted packets, while
ensuring that at most M packets in total are stored for all output ports at any
time. (We remark that eviction is also referred to as preemption, and is necessary
to achieve a constant competitive ratio [5].)
Given the inherently online nature of buffer management problems, a standard
approach is to design online algorithms for them and evaluate the algorithm’s
performance using its competitive ratio. More specifically, an online algorithm ALG
is c-competitive (where c ≥ 1) if the number of packets transmitted by an optimal
offline algorithm OPT (that has full knowledge of the incoming packet sequence a
priori) is at most c times the number of packets transmitted by ALG. There exists
an extensive body of research dedicated to designing competitive online algorithms
with the aim of improving the performance of networking devices that incorporate
buffers (see e.g. [3, 8]).
Since packets have unit value, we can assume without loss of generality that
the packets destined to a specific output port are transmitted in an earliest-arrival
(FIFO) fashion and thus, it is helpful to associate each output port with a queue.
Intuitively speaking, to maximize throughput, one would like to maintain a flow
∗

a.antoniadis@utwente.nl. University of Twente, The Netherlands.
M.Englert@warwick.ac.uk. University of Warwick, UK.
‡
nickmatsakis@gmail.com. Athens, Greece.
§
vesely@iuuk.mff.cuni.cz. Computer Science Institute of Charles University, Czech Republic.
†
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of packet transmissions for as many queues in parallel as possible. It is therefore
desirable to prioritize accepting packets for queues that do not have many incoming
packets in the near future. Unfortunately, an online algorithm does not know which
queues these are, and in order to be insured against an adversarial input it seems
reasonable to try to keep the queue lengths as balanced as possible in every step.
This is exactly the idea behind the online algorithm Longest Queue Drop (LQD),
introduced in 1991 by Wei, Coyle, and Hsiao [9]: The incoming packet is always
accepted and if this causes the buffer to exceed its capacity then one packet from
the longest queue, breaking ties arbitrarily, is evicted (this could be the incoming
packet).
Previous results. Hahne, Kesselman, and Mansour [4] provided the first formal
analysis of LQD, showing that it is 2-competitive (see also Aiello, Kesselman, and
Mansour [1]). The proof follows from a simple procedure that charges the extra
profit of OPT
√ to the profit of LQD. Furthermore, they demonstrated that LQD
is at least 2-competitive, and also showed a general lower bound of 4/3 for the
competitive ratio of any deterministic online algorithm.
The analysis of LQD in [1, 4] was then refined by Kobayashi, Miyazaki,
and Okabe [6] who showed that the LQD competitive
√ ratio is at most 2 −
mink=1,...,N
(bM/kc
+
k
−
1)/M
.
However,
for
N
>
M , this bound becomes
√
2 − O(1/ M ) and therefore does not establish a 2 − ε upper bound for a constant
ε > 0 in general. Additionally, for the case of N = 2 output ports, Kobayashi et
al. [6] proved that LQD is 4/3-competitive, and for N = 3, Matsakis shows that
LQD is 1.5-competitive [7].
More recently, Bochkov, Davydow, Gaevoy,
√ and Nikolenko [2] improved the lower
bound on the competitiveness of LQD from 2 to approximately 1.44 (using a direct
simulation of LQD and also independently, by solving a linear√program). Moreover,
they show that any deterministic online algorithm is at least 2-competitive, using
a construction inspired by the LQD specific lower bound from [1, 4]. To the best
of our knowledge, so far, no randomized algorithms for this problem have been
studied.
Our contribution. Although LQD is a very natural online algorithm to derive
(and the best known for buffer management in shared-memory switches), determining its true competitiveness remains an elusive problem and has been described as
a significant open problem in buffer management [3, 8]. After
√ the initial analysis
which showed that LQD is 2-competitive and not better than 2-competitive [1, 4]
progress on the upper bound has been limited to special cases. In this paper,
we make the first major progress in almost twenty years on upper bounding the
competitive ratio of LQD. Namely, we prove the first (2 − ε) upper bound for a
constant ε > 0 without restrictions on the number of ports or the size of the buffer:
Theorem 1. LQD is 1.707-competitive.
This result appears in the proceedings of ICALP 2021 and in arXiv:2012.03906.
15

We remark that Theorem 1 applies to LQD with any tie-breaking rule, even if
tie-breaking is under√control of the adversary, and that our upper bound is strictly
smaller than 1 + 1/ 2.
Our techniques. The proof of 2-competitiveness of LQD in [1, 4] uses the
following general approach. If an optimal offline algorithm OPT currently stores
more packets for a queue than LQD does, these excess packets present potential
extra profit for OPT. Each such potential extra packet p in OPT is then matched
to a packet that is transmitted by LQD at some point before packet p can be
transmitted by OPT.
Our approach is different in that we (for the most part) do not match specific
packets to one another. Instead, the idea is to take the total profit of LQD in each
step and distribute it evenly among all potential extra packets that exist at the
time. As such, the scheme is less discrete than the previous one. We then carefully
calculate that, for each queue, on average each potential extra packet in that queue
receives a profit strictly larger than one, and this implies the (2 − ε)-competitiveness
of LQD.
As described here, this approach does not quite work yet. Two additional types
of charging concepts have to be combined with this first idea: One involves not
splitting the LQD profit completely evenly and instead slightly favoring queues
with relatively few potential extra packets, and the other involves matching some of
the potential extra packets of OPT to extra packets that LQD transmits. Another
difficulty is that the lengths of two queues from which packets are rejected or
evicted in the same time step may differ by one packet. This makes our proof more
intricate. To deal with this, we introduce a potential function that will amortize
the LQD profit in a suitable way. Then, the main challenge is to obtain useful
lower bounds on the profit assigned to each queue, for which we introduce a novel
scheme that relates the buffers of LQD and of OPT.
We remark that in a step when OPT transmits extra packets from some queues,
the current LQD profit may be very small compared to that of OPT and thus, it is
in general not possible to show that in each step LQD transmits a constant fraction
of packets sent by OPT in the same step.
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- Monday morning -

Randomized Item Collecting from Weight-Monotone
Queues
Marek Chrobak∗

1

Łukasz Jeż (Speaker)†

Jiří Sgall‡

Introduction

We consider a scheduling problem, where a collection of items (packets) is stored in
a queue, item p having weight wp ≥ 0. The queue is subject to updates: insertions
and expirations. At any step, first, some prefix of the queue can expire, i.e., items
in it are removed from the queue. Then new items can be inserted into the queue
in arbitrary locations. Our goal is to collect a maximum-weight subset of items
from the queue.
We focus on randomized online algorithms for this problem, whose (random)
decision whether or not to collect an item do not depend on future queue updates.
We express the performance of an online algorithm A by its competitive ratio
R = maxI A(I)/opt(I), where A(I) and opt(I) denote the expected profit of A and
the optimum (offline) profit on an instance I. (We assume the oblivious adversary
model, where the queue updates do not depend on the outcomes of earlier random
choices of A.)
This problem was studied [1, 2]) as a generalization of the standard “packet
scheduling” problem (see [5] and references therein), in which an algorithm knows
the packet’s expiration time as soon as it arrives; by contrast, in our problem it
only knows the relative order of packet expirations, i.e., the queue order, which we
denote C.
Formally, it is better to assume that items remain in the queue after arrival
but those expired or collected cannot be collected. Then C is a linear order on all
items, and an arriving item a must satisfy e C a for every expired item e, lest a is
expired at arrival.
We consider a restricted class of weight-monotone instances, in which a C b
implies wa ≤ wb . Our main result is a 1.5-competitive randomized algorithm,
improving upon the bound of e/(e − 1) ≈ 1.58 [3] that holds for general instances.
We also give a lower bound of ≈ 1.255 for randomized algorithms, establishing the
best bound without further assumptions and improving upon the 1.25 bound for
packet scheduling [4]; the next section explains its significance.
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2

Intuitions and lower bounds

We illustrate the problem by recovering lower bounds for packet scheduling. In
our constructions there are only a few items, all arriving at once, but expiring
at unknown times. Note that with expirations known, an optimum solution to
an instance with no further arrivals can be easily found at the beginning; indeed,
the original proofs [4] involve potentially long sequences of choices, with packets
arriving over time.
We identify items with their weights. Consider two items, α C 1, and two
scenarios: after one step either both items expire, or only item α, yielding optimum gains 1 and 1 + α respectively. If an algorithm deterministically chooses
to collect α, the first scenario may happen, and when it chooses 1, the other.
Thus, the competitive ratio is at least min {1/α, 1 + α}, which attains the maximum of φ = 1 + φ1 ≈ 1.618 for α = φ − 1 = 1/φ. Now consider the same
for a randomized algorithm, which chooses α with probability p. It may collect
both items if first it collects α and only this item expires. Specifically, its expected gain when both items expire after one step is pα + (1 − p), and when
only α expire it is 1 + pα. The optimum gains are unchanged, and the lower
bound is maxα minp max {1/(pα + (1 − p)), (1 + α)/(1 + pα)}, since the algorithm
can choose p given α. For best choice of p, α = 0.5 yields the maximum ratio of
1.25.
The new lower bound is of similar nature: The queue contains three items
α C β C 1, and we consider three expiration scenarios: After one step either all
three items expire, or the first two, or just the first one with the second one
expiring after another step. Similarly as before, any algorithm can be captured by
its probability distribution for the item it chooses in the first step, and another one
for the second step if there is a choice to make (i.e., the algorithm collected α and
no other item expired). Letting α = 0.4 and β = 0.5, the calculations yield a lower
bound of ≈ 1.255. What makes it interesting is the fact that for deterministic
algorithms no such improvement is possible, as there is a φ-competitive algorithm
for weight-monotone instances [2].

3

Barely Random Algorithm

Our 1.5-competitive algorithm simulates a deterministic algorithm chosen upfront:
Greedy with probability 1/3 and MarkAndPick0.5 (or MaP0.5 for short) with probability 2/3. Before explaining MaP, we note that our proof essentially consists of a
charging scheme in which each item from the optimum solution gives rise to either
a single charge of its weight or two charges, each of exactly half its weight. Each
charge is assigned to an item collected by either Greedy or MaP no lighter than the
charge weight in such a way that each item collected by either algorithm receives
at most one charge.
MaPλ algorithm (with implicit λ = φ−1; we will use λ = 12 later), introduced as
the optimal algorithm for weight-monotone instances [2], works as follows: While
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there is a pending item, it marks the heaviest unmarked item m (which may
already be expired or collected) and collects the earliest pending item ` such that
` ≥ λm.
That MaPλ is max{1 + λ, 1/λ}-competitive follows from several structural
observations, expressed as dominance relations for various sets of items [2]: V
dominates U , denoted V  U , if and only if there is an injection f : U 7→ V such
that f (u) ≥ u for all u ∈ U ; we also allow multipliers, e.g., a · V  b · U . Those
relations, together with some new ones that we introduce, provide the actual rules
for the charging scheme. The novelty of our result thus lies in observing and
proving that MaP and Greedy complement each other: when one of them performs
poorly, the other performs significantly better. The technical contribution lies in
appropriately extending said structural properties.

3.1

Known Properties of MarkAndPick

Basic dominance relations and the fact that MaP is well defined, i.e., that items
m and ` do exist are known. Specifically, let Mt , Lt and Zt denote, respectively,
the sets of items marked by MaP, collected by MaP, and collected by optimum
solution up to and including step t. Then Mt  Lt , Lt  λ · Mt , and |Mt | = |Lt |.
It is also known that to analyze MaP (or our algorithm), it suffices to consider a
“single phase” in which MaP (though not Greedy) collects items in each step up
to a point when it no longer has pending items. At that point there are no more
updates until the phase ends, which happens when the optimum solution, which
also collected some item in each step thus far, collects all the items that are not yet
expired. Suppose that the optimum solution collects T items in the phase but MaP
collects only T −k items for some k ≥ 0. Denote these k last items collected by the
optimum by K. Clearly, K is the set of k heaviest items overall, hence marked and
collected by MaP. Moreover, ZT can be partitioned into ZT+ of size k and ZT− such
that λ · K  ZT+ and MT −k  ZT− . These summarize final proof, which can be seen
as a charging scheme: w(ZT ) = w(ZT+ )+w(ZT− ) ≤ λ·w(K)+w(M
n T −k ) =
o λ·w(K)+
1
1
w(K) + w(MT −k \ K) ≤ (1 + λ)w(K) + λ w(LT −k \ K) ≤ max 1 + λ, λ · w(LT −k ).

3.2

New Properties of MarkAndPick and the Charging Scheme

The basic idea of our proof (for λ = 0.5) is to split the charge from w(ZT− ) using
w(ZT− ) ≤ w(MT −k ) ≤ 21 w(MT −k )+w(LT −k ), i.e., charge those items to both those
collected by Greedy and those collected by MaP. The issue with that is that not all
marked items are actually collected by Greedy. The second idea is to leverage the
fact that when an expired item m is marked, the item ` collected by MaP satisfies
a stronger relation ` ≥ m. Hence, if M I and LI denote the items marked and
collected when Greedy idles, we have M I  LI , which could be used for different
charging through M I , using all capacity of LI . The final obstacle is that the
heaviest k items in LT −k , K, already receive a different charge, so if LI and K
share some elements, those will be overcharged. This may indeed happen, but
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we demonstrate a construction of a different set LI which is disjoint with K yet
satisfies the same desired relations.
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Introduction

Scheduling is a fundamental problem in computer science. It played an important
part in the development of approximation and online algorithms. One of the
earliest online algorithms was designed for makespan scheduling in the 1960s [1].
Many objective functions for online scheduling have been studied over the years.
In the well-known area of throughput scheduling, the goal is to maximize the
weighted or unweighted number of completed jobs (the throughput). Each job has
a deadline and we only count the jobs that complete by their deadlines [2].
In the current paper, we consider a variation of this problem in which jobs do
not have deadlines. Instead, jobs that arrive are stored in a buffer of some size until
they can be processed. The buffer minimization in multiprocessor systems with
conflicts or simply buffer minimization problem was first introduced by Chrobak
et al. [3]. A sequence of tasks needs to be scheduled in a multi-processor system
with conflicts. A conflict occurs if two processors share a common resource that
they cannot both access at the same time. The multi-processor system is modelled
as an undirected graph where the processors are the nodes of the graph. They are
in conflict if they are connected by an edge. Without loss of generality, the conflict
graph is connected.
In this paper we consider the special case where this graph is a path. At
any time tasks may arrive on a processor adding to this processor’s workload.
Each processor stores its workload in a separate input buffer. The goal is to find a
scheduling strategy that minimizes the maximum used buffer size of all processors.
An online algorithm processes the workload without knowledge of future tasks.
We measure the performance of such algorithms using the competitive ratio. For
the present problem, that is the ratio between the maximum used buffer size of an
online algorithm and the buffer size of an optimal offline algorithm in the worst
case. Chrobak et al. [3] provide results for several kinds of graphs, including Kn
and trees as well as graphs with up to four vertices. In particular, they show that
Greedy is 25 -competitive on the graph that has four vertices on a path and they
give a lower bound of 2 for the path with three vertices. In each time instant,
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Greedy iteratively picks the highest available machine and runs that machine
(making its neighbors unavailable). In the case of two adjacent machines having
the same load Greedy rapidly switches between them. This can also be seen as
both machines running at the same time at half speed. One of our main results
is providing the exact competitive ratio for the path with four machines, which
turns out to be 94 .
We also introduce the flow model. In the original model, blocks of load can
arrive at any time, with size up to the offline buffer size. In contrast, in the flow
model load only arrives incrementally at a rate of at most 1. Clearly, any algorithm
for the original model can also be used in the flow model. However in many cases
it is possible to do better. We provide modified algorithms which are optimal for
the path with up to five machines.
In this paper, we assume that the size of the offline buffer is known and we
scale it to 1. Chrobak et al. [3] also consider the case where the offline buffer is
not known and show that the competitive ratio in that case is at most a factor of
4 higher.
We give an example using Greedy in the flow model. Assume there are three
machines 1, 2 and 3 which are empty at time t = 0. For one unit of time, load
arrives at a rate of 1 on machines 1 and 2. Greedy runs both machines at half
speed. At time t = 1, Greedy has load 12 on both machines 1 and 2, and no load
on machine 3. Assume the optimal offline algorithm runs machine 2 at full speed,
that is at a processing rate of 1, for that unit of time. Then at time t = 1 the
optimal offline algorithm has one unit of load on machine 1, and its other machines
are empty.
For the next unit of time, load arrives at a rate of 1 on machine 3. Since the
highest available machines are 1 and 2 and they have the same load, Greedy
initially runs all machines at speed 21 . This means the loads on machines 1 and
2 decrease at a rate of 12 while the load on machine 3 increases at a rate of 12 .
After 21 unit of time, all machines of Greedy have load 14 . Since machine 3 is still
receiving load, Greedy runs machines 1 and 3 at full speed for the remainder of
this timestep. At time t = 2, Greedy has no load on machine 1 and 14 load on
machine 2 and 3. The optimal offline algorithm can run machines 1 and 3 at full
speed for the entire unit of time, therefore its machines are empty at time t = 2.

2

Overview of results

We provide lower and upper bounds on the competitive ratios on the paths with
four and five machines for both the original model as well as the flow model. For
the path with four machines the ratio 49 is optimal in the original model, while in
the flow model we find optimal ratios for both the path with four and five machines
and these are 43 and 32 .
We also show that Greedy is 1-competitive on two machines and give a 1competitive algorithm on three machines. We also give a ( 1ε + 2)-competitive
algorithm, whose machines run at speed 1 + 2ε. Finally, for large m, we show that
23

no algorithm can be better than 12
5 -competitive on m machines in the original
model. The following table sums up our and previous bounds on the competitive
ratio for different path lengths for both versions of the problem.
2
Number of machines
Lower bound
3/2 [3]
Upper bound
3/2 [3]
Lower bound flow
1
1
Upper bound flow

3
2 [3]
2 [3]
1
1

4
9/4
9/4
4/3
4/3

5
16/7
5/2
3/2
3/2

m>5
12/5
m/2 + 1/4
3/2
m/2 − 2/3

Before this paper, the best known lower bound on general connected graphs
(of any size) was only 2, whereas the best known upper bound is linear in the
diameter of the graph (the length of the path, in our case). This upper bound
(with a minor technical change) also applies to the flow model.
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Introduction

We consider the problem of non-preemptive throughput maximization where jobs
of equal size (larger than 1) arrive over time, each with a release time and deadline. An online algorithm learns of the job and all its parameters upon its release. Since the job an algorithm start is wlog the one with minimum deadline
job among those available, the only decision is when to start such job. Even so,
every deterministic algorithm that runs any job when there are some available is
2-competitive [2], which is optimal [2]. Therefore, only randomized algorithms are
of interest, for which the lower bound is 43 [3]. The 53 -competitive barely-random
algorithm RandLock of Chrobak et al. [1], which is “two-threaded”, i.e., chooses
one of two deterministic algorithms (uniformly) at random, remains the only one
known to have ratio below 2. The same article provides a 32 lower bound for such
two-threaded algorithms, which is further improved to 85 when the two threads
have equal probability.

2

Our algorithm

We give another 35 -competitive two-threaded algorithm that we call Procrastinator to stress how it differs from RandLock. Both work as follows: Initially, the
algorithm generates a bit r ∈ {0, 1} uniformly at random, simulates two threads
(deterministic algorithms), T0 and T1 , on the whole input it receives, making the
same decisions as Tr . The two threads are identical but they interact through a
shared lock. Specifically, the set Ji of jobs pending at time t for Ti is flexible if
all jobs in Ji can be completed if the earliest one is started at time t + p, and
otherwise it is urgent. If at time t the set Ji is empty, then Ti idles until a new
job is released, otherwise if Ji is urgent, Ti starts a job, and finally if Ji is flexible, the lock mechanism is employed. Here is where the two algorithms differ: In
RandLock, in such case Ti tries to acquire the lock; if it succeeds, it starts a
∗
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job, releasing the lock upon its completion, and otherwise it waits until the lock
becomes available or Ji becomes urgent. In our algorithm, in such case Ti does the
same except it only tries to acquire the lock only if at the moment neither is T1−i
running a job nor is J1−i urgent (i.e., we assume that a thread whose set of jobs
is urgent and that is not in the middle of processing a job, starts a job before the
other thread tries to acquire the lock). In other words, when a thread has pending
jobs that are not urgent, it waits (or procrastinates, hence the name) when the
other thread is urgent. In both algorithm, when both threads try to acquire the
lock, an arbitrarily chosen thread gets it. Especially when these choices consistently favor one thread over the other, the schedules produced by RandLock and
Procrastinator may differ substantially. Nevertheless, we prove the following.
Theorem 1 The competitive ratio of Procrastinator is exactly 53 .
The instance which shows the ratio is at least 53 is the same as for RandLock.
The upper bound is proved by a charging scheme, which is substantially different
from the one employed for RandLock.

3

Further results

We investigate barely random algorithms further. For an algorithm that has k
threads, we denote those by T0 , T1 , . . . , Tk−1 and let T denote the set of all those
threads. In our lower bounds, we use the notion of a subinstance that may be
played against (T, T 0 ) at time t0 , where T 0 ⊆ T is the set of threads that are busy
at time t0 and will remain busy until at least time t0 + 2 and T ∈ T \ T 0 is a thread
that is not busy at time t0 before the subinstance is played. First, a job j1 with
deadline t0 + 2p + 1 is released at time t0 . If T starts any job (including j1 ) at
time t0 , then a tight job is released at time t0 + 1, otherwise a tight job is released
at time t0 + p. We note the following:
1. T may complete at most one job from the subinstance, because by design
the tight job cannot be scheduled together with j1 ,
2. Each thread in T 0 ∈ T 0 can complete at most one job from the subinstance,
because it is busy until (at least) time t0 + 2 and every job in the subinstance
has deadline at most t0 + 2p + 1,
3. It is possible to schedule both jobs from the subinstance in [t0 , t0 + 2p + 1].
This roughly corresponds to known lower bounds [2, 3] when T 0 = ∅ and the
subinstance is the whole instance: The optimum gain is 2, if we consider a onethreaded (i.e., deterministic) algorithm such that T is its only thread, then its
gain is 1, and if we consider a two-threaded algorithm such that T is a thread with
probability q, then that algorithm’s expected gain is at most 1 + (1 − q); choosing
T as the thread with larger probability, that expected gain is at most 23 , yielding
lower bound of 34 .
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Theorem 2 Any three-threaded algorithm has competitive ratio at least 1.5 regardless of the probability distribution over the threads.
Proof: Suppose that there is a (1.5 − )-competitive three-threaded algorithm.
Fix (ξ, δ) such that 1 ≤ ξ ≤ p − 3 and ξ + 2 ≤ δ ≤ p − 1, and consider the following
instance. First, a job j1 with deadline 3p + δ arrives at time 0. We will number the
threads T0 , T1 , T2 in a non-decreasing order of the times τ0 , τ1 , τ2 they start j1 if
no other job is released, breaking ties arbitrarily. We note that the first starting
time τ0 must be equal to 0, because the rest of the instance may consist of tight
jobs released at times p and 2p. Consider the following cases regarding τ1 :
• If τ1 ≤ ξ, then at time τ1 + 1 the subinstance is played against (T2 , {T0 , T1 }).
By the subinstances property, each thread completes at most one job from it
and possibly also j1 . OPT schedules j1 after both jobs from the subinstance.
• If τ1 > ξ, then at time p the subinstance is played against (T0 , ∅). By the
subinstances property, T0 completes at most one job from it and also j1 .
We claim that T1 and T2 also complete at most two jobs. Suppose either
completes all three jobs, i.e., both jobs from the subinstance in [p, 3p+1] and
also j1 . Then such thread has to complete j1 either no later than at time
p + 1, which is impossible, because τ2 ≥ τ1 ≥ ξ + 1 ≥ 2, or it has to start j1
no earlier than at time 3p, which is again impossible because its deadline is
3p + δ ≤ 4p − 1. Hence, each thread completes at most two jobs, whereas
OPT schedules j1 in [0, p], followed by both jobs from the subinstance.
Thus, every thread completes at most two jobs in either case while OPT completes
three jobs.

To the best of our knowledge, a four-threaded algorithm may be able to attain
ratio 43 .
We also note that if there is a two-threaded 1.5-competitive algorithm, then
its probability distribution over threads is uniquely determined.
Lemma 3 If ALG is a two-threaded 1.5-competitive algorithm, then its threads
have probabilities 13 and 23 .
Proof: Consider ALG on the instance which proves the lower bound 85 for twothreaded algorithms with uniform probability [1]: First, a job j1 with deadline
at least 6p is released at time 0. Let the threads T0 and T1 start that job at
times τ0 and τ1 respectively if no other job is released, where τ0 ≤ τ1 . For the
second starting time, we have τ1 ≥ τ0 + p − 1, because otherwise neither thread
could complete a tight job released at time τ1 + 1, yielding ratio at least 2. At
time τ0 + 1, a tight job j2 is released. As T0 cannot complete it, T1 must do so,
because otherwise the ratio would again be at least 2. Next, let τ10 ≥ τ0 + p + 1 be
the time when T1 starts j1 after completing j1 . We play the subinstance against
(T0 , {T1 }) at time τ10 + 1. Both threads complete j1 and and most one job from
the subinstance by the subinstance property, and, crucially, only T1 completes j2 .
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So if q0 and q1 denote the probabilities of the threads, then the expected gain of
ALG is at most 2+q1 . The optimum solution completes all four jobs (j1 ’s deadline
of 6p suffices for this, but making it arbitrarily large makes this property trivial).
Hence, since ALG is 1.5-competitive, we get q1 ≥ 32 .
For the upper bound on q1 , let us consider a new instance, which consists solely
of the subinstance played against (T1 , ∅). As the optimum gain on such an instance
is 2, the expected gain of ALG is 2 − q1 , and it is 1.5-competitive, we get that
q2 ≤ 23 .
Hence, q1 = 32 and q0 = 1 − q1 = 13 .

Furthermore, our analysis shows that to break the 35 barrier, a two-threaded
algorithm when presented with the lower bound instance of [1] must starts the
long job on the second thread before the sub-instance is complete.
We can make this property much stronger, as the following theorem explains.
Theorem 4 Let A be a two-equal-thread algorithm which is strictly better than
5/3-competitive. Let 0 ≤ ∆ ≤ p − 4 be a parameter. Assume that A starts the first
job L at time t, and assume dL ≥ t + 6p + ∆ + 6.
If, at time t + 1, a job M with dM = t + 3p + ∆ + 1 is released, then it must
hold that the starting time of M on one of the threads, denoted by SM , must lie
in [t + ∆ − 1, t + ∆ + 3].
Furthermore, if a new tight job is released at time SM +1, then both threads must
complete all occurrences of the jobs M and L by time SM + 2p + 2 ≤ t + 2p + ∆ + 5.
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Introduction

One of the central planning challenges in the realm of mass transportation is to
determine shifts for crews (located at a depot), e.g., drivers, pilots, or conductors.
A shift, also called a crew diagram, describes the activities, called crew requirements, the crew has to execute during a day of operations, e.g., setup-, driving-,
shutdown-, passride-, and break-tasks. Labor rules must be respected to ensure
the safety of the service.
Mathematically, the Crew Diagramming problem asks to partition a set
of crew requirements into a set of crew diagrams, while respecting constraints,
such as chronological consistency, local consistency (bridging gaps by passrides),
maximum duration of uninterrupted work (ensured by breaks), maximum diagram
duration, and start- and end-location at the depot of the crew. The objective is
to minimize a weighted sum of the number of crew diagrams and further problem
data. It is related to Set Cover, respectively Set Partition, see [1], and is
NP-complete (in its decision version).
Crew Diagramming has attracted substantial research from the operations
research community, see, e.g., [3, 8, 10, 11, 5, 6, 4, 9, 7]. The dominant approach
is column-generation [12], with Set Cover as the master problem [3, 10, 5, 4, 9]
and Resource Constrained Shortest Path (RCSP) as the subproblem [14,
5, 13, 9].
An operational optimizer, which is based on column-generation, was rejected
by the planning department at the Swiss railways due to the follwing reasons: unsatisfactory runtimes, especially for medium and large depots; deteriorated quality
of the solution as a result of postprocessing (needed for converting multiply covered crew requirements into passrides); and the variability of the solutions due to
built-in randomization.
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A parametric flow-based algorithm

This research originates from our work at the Swiss railways, where we designed
and implemented a new optimizer for Crew Diagramming. Our goal was to
address the reasons leading to the rejection of the existing optimizer. In our
approach, we introduce a variety of parameters for our algorithm, allowing the
planners to balance between runtime, feasibility, and optimality. Hence we leave
it up to the users, which aspect of the optimization they want to emphasize. In
our experience, speed is by far the most important feature, followed by feasibility
and finally optimality. The main reason is that planners always adjust the results
of the optimizer, e.g., to incorporate soft-knowledge or preferences that are not
reflected therein.
Even during the development, we tested our prototypes on real-world data.
This allowed us to reject approaches that performed poorly already early on. Furthermore, our solutions have been constantly validated by super-users, leading to
incorporation of soft-knowledge and a very good acceptance by the customer.
The basic idea of the algorithm is to combine a state-expanded Minimum
Cost Flow formulation with additional Set Partition constraints. A source
vertex in the flow network represents the start of the planning day at the depot,
while a target represents the end there. Any other vertex represents the execution
of a crew requirement in a crew diagram and contains additional values, called
resources. These represent (the relevant part of) the history of the vertex, e.g.,
the start of its crew diagram, the end of the last break in the diagram, and so on.
If there exists an edge uv, between vertices u and v, then the crew requirement
of v can be executed after u, and the resource-values are propagated accordingly.
The edges carry supporting information, like, breaks or passrides that are planned
between crew requirements. By construction, each path from the source to the
target represents a valid crew diagram. Capacity constraints ensure that at most
one unit of flow passes through each vertex. Hence the entire flow decomposes
into disjoint paths. Set Partition constraints ensure that each crew requirement
occurs in exactly one vertex with positive flow.
The algorithm has several parameters that are aimed to balance between optimality, feasibility, and speed. Clearly, the state-expansion has to be done with
care, because it can lead to combinatorial explosion of the network, otherwise.
We do so by introducing discretization parameters that lead to “rounding” of
the resource-values, thus significantly reducing the state-space. Of course, we
only generate states that can be reached from the source. Furthermore, we find
that the LP-relaxation of our formulation is very strong empirically: usually, the
LP- and ILP-optima are only a few percent away from each other. To accelerate the algorithm even further, we shrink the ILP after the LP-relaxation with
vertex-elimination heuristics. In case of multi-depot/multi-group planning, the
algorithm allows the user to compute a pre-assignment of the crew requirements,
which leads to a further significant speed-up (at the potential expense of optimality). It is furthermore possible to split large instances by solving a relaxed version
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of the problem. All these parametrization options lead to attractive runtimes in
practice with good solution qualities.
The following results have been obtained with a cloud-instance having 128 GB
of main memory and 28 CPU cores.
Depot (Groups)
02 (1)
04 (1,2)
07 (1,2)
10 (1)
18 (1,2,3)
19 (1,2,3,4)
21 (1,2)
36 (1,2,3,4)

CRs
111
699
372
208
579
688
817
1016

Manual CDs
11
47
30
18
40
56
58
80

Optimizer CDs
11
44
30
18
39
57
55
80

∆
0
-3
0
0
-1
+1
-3
0

Runtime [s]
12
330
845
10
135
968
2412
5264

In conclusion, our algorithm is capable of solving all 36 depots at the Swiss railways sequentially in about 3 hours. Also simultaneous multi-depot optimization is
possible. All of the criticsm against the existing optimizer has been addressed: our
algorithm has good runtimes, does not need postprocessing, and is deterministic.
The most important feature is that it works well in practice.
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Introduction

The secretary problem is probably the most well-studied optimal stopping problem
with many applications in economics and management. In the secretary problem, a
decision-maker faces an unknown sequence of values, revealed one after the other,
and has to make irrevocable take-it-or-leave-it decisions. Her goal is to select
the maximum value in the sequence. While in the classic secretary problem, the
values of upcoming elements are entirely unknown, in many realistic situations,
the decision-maker still has access to some information, for example, in the form of
past data. In this paper, we take a sampling approach to the problem and assume
that before starting the sequence, each element is independently sampled with
probability p. This allows us to quantify the relationship between the availability of
information and the success guarantee (i.e., the worst case probability of selecting
the maximum value). Our results interpolate between the setting with unknown
values (p = 0) and the full-information setting (p = 1) in which the values are
assumed to originate from a distribution known to the algorithm.
For the classical problem where the unknown values are revealed in a random
order, the best possible success guarantee has long been known to be 1/e [2, 5].
Gilbert and Mosteller [4] considered the full information secretary problem and
were able to conclude, numerically, that the best possible success probability is
γ ≈ 0.5801. In subsequent work, Samuels [7] finds an explicit expression for this
quantity.
For the variant of the secretary problem where the values are revealed in adversarial order, the results are worse. Without any information, no success guarantee
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larger than 0 can be achieved. Allaart and Islas [1], and independently Esfandiari
et al. [3], considered the adversarial order secretary problem in which an adversary
chooses n distributions F1 , . . . , Fn from which independent values are drawn and
sequentially uncovered. They prove that the best possible success guarantee equals
1/e.

2

Problem description

We are given n elements with values α1 , . . . , αn , which are unknown to us, and an
order σ : [n] → [n]. Each element is sampled independently with probability p.
Let S be the (random) set of sampled elements and V be the remaining elements,
also referred to as the online set or the set of online elements. The elements in V
are then presented to us in the order dictated by σ. Once an element is revealed
we either pick it and stop the sequence or drop it forever and continue. The goal is
to maximize the probability of picking the maximum valued element in V . In the
adversarial order secretary problem with p-sampling (AOSp) the order σ is chosen
by an adversary that knows all values α1 , . . . , αn and the random sets S and V .1
In the random order secretary problem with p-sampling (ROSp) the order σ is just
a uniform random permutation.
Given n and an algorithm we define its success probability as the infimum over
all values α1 , . . . , αn of the probability that the algorithm stops with the maximum
αi ∈ V . Moreover, the success guarantee of an algorithm is the infimum over all
values of n of its success probability.

3

Results

3.1

AOSp

For AOSp we define the k-max algorithm as follows: the k-th largest value of the
sampled elements is set as a threshold, and the algorithm accepts the first element
in the set V of online values whose value surpasses this threshold. If there are less
than k sampled elements, then the algorithm accepts the first online element.
j
k
1
Theorem 1 Let k = 1−p
. Then the k-max algorithm achieves a guarantee of
kpk (1 − p) for AOSp. Furthermore, no algorithm can achieve a better success
guarantee.

The proof of the guarantee of the algorithm is easy: Assume that the values
are sequenced in non-decreasing order. An instance in which the algorithm is
successful is exactly a sequence ending in k sampled elements plus one online
element that is somewhere in the last k entries of the sequence. The probability
that this happens equals kpk (1−p). The proof that this is the best possible consists
1

Our results, and in particular the upper bounds on the success probability, remain true if the
adversary knows all values α1 , . . . , αn but not the result of the sampling process.
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of several steps. We start by considering the special case where the algorithm does
not know n, meaning, it needs to make the same decision at the same point in
instances that look the same up to that point but have a different total number
of elements. Assuming non-decreasing values again, we can reduce an instance to
a binary string that states for each element whether it is sampled (1) or not (0),
and the algorithm needs to stop at the last 0. This allows us to create an infinite
conflict graph with a vertex for every possible instance (binary string) and an edge
between two instances if and only if they are in conflict: The algorithm can only
win in one of the two instances because it needs to make the same decision. The
result follows from arguments on this conflict graph.

3.2

ROSp

For ROSp it is useful to have the following equivalent point of view. We assign a
uniformly random arrival time τi to each of the n elements in the interval [0, 1]. If
τi < p we add i to S and otherwise we add it to V . Then the elements in V are
revealed in the order of the τi ’s.
Consider the following family of algorithms. We fix a sequence t = (ti )i∈N such
that 0 ≤ t1 < t2 < · · · < 1. Between times tk and tk+1 the algorithm ALGt sets as
a threshold the k-th largest sampled value. More precisely, suppose the value αi
is revealed and assume tk ≤ τi < tk+1 . ALGt accepts αi if it is the largest among
the values from V seen so far, and is greater than the k-th largest value from S.
For simplicity, if |S| < k we define the k-th largest value of S as −∞.
Theorem 2 The sequence t∗ defined as the unique solution of the equations
ln



1
t∗i



+

i−1
X
(1/t∗i )j − 1
= 1,
j
j=1

for all i ∈ N ,

obtains the best possible success guarantee for ROSp. t∗ is independent of p and
n.
We prove this theorem in two main steps. First, we find the sequence t∗ that
maximizes the success guarantee of ALGt . Then, we find an expression for the
optimal success probability when p and n are given, and prove that for fixed p it
converges to the success guarantee of ALGt∗ when n tends to infinity.

3.3

Discussion

Figure 1 presents a plot of the obtained success guarantees for ROSp and AOSp.
As one can see, our results interpolate between the setting with unknown values
(p = 0) and the full-information setting (p = 1).
An interesting connection arises between our model and results when p is close
to 1, and the so-called full information case of the secretary problem where the
elements’ values are taken as i.i.d. random variables from a known distribution. It
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may seem natural that our guarantee matches this quantity as p → 1. However,
this is far from obvious. Indeed, for the prophet inequality with i.i.d. values from
an unknown distribution, Rubinstein et al. [6] proved that with O(n) samples
one can achieve the best possible performance guarantee of the case with known
distribution. This is in line with our result here since for p close to, but strictly
less than 1, the size of the sample set is linear in the size of V .
A more intriguing connection to the full information case pops up in the adversarial order case. Although this problem has a similar flavor as our AOSp, and
the optimal guarantee is the same, we are unaware of a precise connection.

γ
0.5
0.4
0.3
0.2
0.1

0.2

0.4

0.6

0.8

1

Figure 1: The best possible success guarantee for ROSp and AOSp as a function
of p.
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The Collective Schedules [4] problem deals with a set J of n tasks shared by
v agents. Tasks have to be executed on a single machine, without preemption and
idle times. Each task i has a processing time pi . Each agent k has a preferred
schedule V k corresponding to the order in which she would like the n tasks to
be executed. The v preferred schedules form a preference profile P . Given a
preference profile P , our goal is to return a schedule – called a consensus schedule
– of tasks J , which satisfies the agents as much as possible. We call aggregation
rule a mapping between a preference profile and a single schedule. We will study
axiomatic and algorithmic properties of two aggregation rules.
Example 1. A city has decided the construction of several public infrastructures
over the next years (park, pool, library, ...). Each project (task) has a defined
length. Because of budget and workforce constraints the city cannot realize projects
simultaneously and has to decide in which order these infrastructures will be built.
Citizens express their preferences over this order. In such a context, if this were
possible, all the citizens would agree to schedule all the tasks simultaneously as
soon as possible.
Example 2. Workers share different works that have to be done in teams. Each
work (task) has a given duration and can imply a different investment of each
worker (professional travel, staggered working hours, ...). Each worker indicates
his or her favorite schedule according to his or her personal constraints and preferences. In this setting, it is natural to try to fit as much as possible to the schedules
wanted by the workers – and scheduling tasks earlier than wanted by the agents is
not a good thing.
In the particular case in which all the tasks have the same length, our problem
is the consensus ranking problem, a classical problem in social choice [1]. In this
problem, agents express their preferences over a set of candidates as a ranking of
these candidates: from the most preferred, to the least preferred. The goal is to
find a consensus ranking of the candidates, aggregating the preferences of all the
agents. This is similar to our problem in which a unit task is a candidate and
a schedule is a ranking. However, when tasks have different length, traditional
aggregation rules cannot be used directly.
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The Collective schedules problem has been introduced in [4], where the authors
present how traditional scheduling criteria [2] can be used to design aggregation
rules. In particular, they introduce and study the ΣT rule that we will present
below.
Contributions. In this work, we focus on two rules for the Collective schedules
problem, and we study them on an axiomatic and algorithmic point of view. In
section 1, we introduce these rules, called ΣT and ΣD . In section 2, we study the
axiomatic properties of these rules. Several of these properties are classical axioms
from the computational social choice field. We also introduce new axioms, specific
to our setting. In section 3, we study the computational properties of these rules
and propose an efficient heuristic for the ΣD rule.

1

Two aggregation rules

The rules that we study now are based on the completion times of tasks in the
schedules preferred by the agents. These completion times are interpreted as due
dates for the tasks.
1

Vk

2

3

S
0

3

2
1

2

3

d2 = C2 (V k ) = 6

1
4

5

6

7

To measure how close a schedule S is to a schedule V k , we measure how close
each task is in S compared to its due date in Vk . We will focus on the tardiness
of a task, and on the deviation of a task. These are two standards criteria in
scheduling [2]. If we denote by di the completion time of task i in Vk , then the
tardiness of task i in S is Ti (S) = max(0, Ci (S)−di ), where Ci (S) is the completion
time of task i in S. For example, in the figure above, we have d1 = 2, C1 (S) = 7
and thus T1 (S) = 5, while d2 = 6, C2 (S) = 5 and thus T2 (S) = 0. The deviation of
task i in a schedule S is the absolute value of the difference between the completion
time of i in S and its due date: Di (S) = |Ci (S) − di |. For example, D1 (S) = 5,
while D2 (S) = 1. We can sum the tardiness (or deviations) of all the tasks to
obtain a metric measuring the difference between two schedules.
Minimizing the sum of tardiness. The tardiness of a schedule S is the sum
of the tardiness of the tasks in S in comparison to the preferred schedules of the
agents. By denoting Ci (V k ) the completion time of task i in V k , we get:
X
X
ΣT (S, P ) =
max(0, Ci (S) − Ci (V k ))
k
V ∈P

i∈J

The ΣT rule [4] returns a schedule minimizing the tardiness over all the agents
and all the tasks. In contexts similar to example 1, minimizing the tardiness seems
natural.
Minimizing the sum of deviations. The deviation of a schedule S is the sum
of the deviations of the tasks in S in comparison to the preferred schedules of the
agents:
38

ΣD(S, P ) =

X

V k ∈P

X

i∈J

|Ci (S) − Ci (V k )|

The ΣD rule returns a schedule minimizing the deviation with the preference
profile. The deviation criterion makes particular sense when applied on situations
like the one in example 2, in which each task should be scheduled as close as
possible to its position in the preferred schedules of the agents.

2

Axiomatic study

In this section, we consider several axioms from the computational social choice
field [1] as well as new axioms, specific to our context. Among the classical axioms,
we focus on:
• Neutrality (N). An aggregation rule R is neutral if it treats equally all the
candidates (in our case, the tasks).
• Reinforcement (R). An aggregation rule R fulfills reinforcement [1] if, when
a same ranking r is returned by R on two distinct subsets of voters A and
B, the rule R also returns the ranking r when applied on A∪B.
We introduce two new axioms : PTA-Neutrality (PTA-N), where PTA stands for
Processing-Time Aware, and length reduction monotonicity (LRM).
• PTA-Neutrality. A rule R is PTA-neutral if it treats equally all the tasks
that have the same processing time.
• Lenght reduction monotonicity. Let P and P ′ be two preference profiles
which are similar except that a task i in P is replaced by a task i′ in P ′ with
pi′ < pi . A rule R fulfills length reduction monotonicity if, in the schedules
S and S ′ returned by R on P and P ′ respectively, the task i′ does not start
later in S ′ than i in S. Intuitively, this means that a task cannot start later
because it is shorter.
We also study the PTA-Condorcet consistency (PTA-C) axiom, introduced in [4],
an extension of the Condorcet consistency, a classical axiom in social choice, and
we studied whether the ΣT and ΣD are distances. Our results are summarized in
Table 1.
Rule
P
PT
D

N
✗
✗

PTA-N
✓
✓

R
✓ [4]
✓ [4]

LRM
?
✗

PTA-C
✗ [4]
✗

Distance
✗
✓

Table 1: Axioms fulfilled (✓) or not (✗) by the ΣT and ΣD rules.
We also studied incompatibilities between axioms. For example we showed
that the neutrality and the PTA-Condorcet consistency axioms are incompatible.
Additionally, we prove that the schedule returned by the ΣD rule can have a total
sum of tardiness arbitrarily far from the minimum sum of tardiness.
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3

Complexity and algorithms

It has already been proved that the ΣT rule solves a strongly NP-hard problem [4].
We prove that the ΣD rule also solves a strongly NP-hard problem. A linear
program allows us to solve optimally this problem up to 14 tasks and 500 agents.
In order to solve larger instances, we propose a polynomial time heuristic.
For each task, we compute its median completion time in the preference profile.
Tasks are then scheduled by increasing median completion time. In the worstcase, this heuristic can return a solution arbitrarily far from the optimal one, but
it behaves very well in practice. We complete this heuristic with a local search
step, based on swapping consecutive tasks in the solution. In our experiments, this
heuristic returns schedules with total deviation 1% higher than the optimal sum
of deviations. In terms of computation times, it takes on average 0.25 second to
solve instances with 10 tasks and 100 agents, whereas linear programming takes 2
seconds.
Finally, we compare, in term of sum of tardiness and deviation, the schedules
returned by the two rules ΣT and ΣD , as well as the schedules returned by another
rule that we introduce and which extends the Kemeny rule [3], a classical rule in
social choice.

4

Discussion

This work is a first step towards the study of collective decision processes to
schedule common tasks. In this work, we considered that all the tasks have to
be scheduled sequentially. Some other settings, where tasks could be scheduled
in parallel (which corresponds to the parallel machines scheduling problem case),
could be considered. It would also be interesting to study the case where there are
precedence constraints between the tasks. These precedence constraints could be
either given, or inferred from the preferences of the voters (this could for example
lead to rules fulfilling the unanimity axiom – if each voter schedules task a before
task b then in the returned schedule a should be scheduled before b).
Acknowledgements. We acknowledge a financial support from the project
THEMIS ANR-20-CE23-0018 of the French National Research Agency (ANR).
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Introduction

Our problem in this study is the online car-sharing problem. In car-sharing (not
only for cars, but also for other resources like bikes and shuttle-buses), there are
several service stations in the city, for instance in residential areas and downtown,
at popular sightseeing spots, and so on. Customers can make a request with a
pick-up time and place and a drop-off time and place. The decision for accepting
or rejecting a request should be made in an online fashion and we want to maximize the profit by accepting as many requests as possible. Relocation of (unused)
resources is usually possible with a much smaller or even negligible costs. (It is
seen occasionally that a truck is carrying bikes for this purpose.) Theoretical studies of this problem have started rather recently and turned out to be nontrivial
even for two locations.
We basically follow the problem setting of previous studies by Luo et al. [1,
2, 4, 3] with main focus to that of two locations and k servers (i.e. cars). The
two locations are denoted by 0 and 1 and k(≥ 2) servers are initially located at
location 0. The travel time from 0 to 1 and 1 to 0 is the same, denoted by t. The
problem for k servers and two locations is called the kS2L problem for short.
We denote the i-th request by ri = (t˜i , ti , pi ) which is specified by the release
time or the booking time t˜i , the start time ti , and the pick-up location pi ∈ {0, 1}
(the drop-off location is 1 − pi ). If ri is accepted, the server must pick up the
customer at pi at time ti and drop off the customer at 1 − pi at time ti + t.
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Suppose for each ri , ti is an integer multiple of the travel time between location 0
and 1, i.e., ti = vt for some v ∈ N. We assume that ti − t˜i is equal to a fixed value
a, where a ≥ t for all requests. Without loss of generality, assume a = t. Then we
are only interested in a discrete-time stage, denoted by 0, 1, 2, . . ..
Each server can only serve one request at a time. Serving a request yields a
fixed positive profit y. A server used for a request with pi = 0 (pi = 1, resp.)
cannot be used for a request with pi+1 = 0 (pi+1 = 1, resp.) in the next stage.
We allow empty movements, i.e., a server can be moved from one location to the
other without serving any request. An empty movement spends time t, but takes
no cost. The goal of the kS2L problem is to maximize the total profit by serving
a set of online requests.

2

Simultaneous Decision Model

Recall that in the kS2L model, two (or more) inputs with the same booking time
still have an order. Thus we can equivalently think that if r1 , . . . , rd are requests
with booking time t, they are coming later than t − 1 and before or at t, one by
one. Each of them should get a decision (accept or reject) immediately before the
next request. The adversary can change ri after looking at the response of the
online algorithm against r1 , . . . , ri−1 .
This setting sounds reasonable as an online model, but the following question
seems also natural; what if requests with the same booking time come exactly at
the same time, the online player can see all of them and can make decisions all
together simultaneously at the booking moment (equivalently the requests arrive
in the same fashion as above but the player can delay his/her online decisions until
the booking moment). In this study we also consider this new model, denoted by
kS2L-S. We further extend the model, assuming that the number of requests with
the same booking time is at most Rk for some constant R. We call the generalized
model RkS2L-S. Notice that having more than k requests at the same location
with the same booking time never helps. Therefore, we only need to study the
range 0 ≤ R ≤ 2 and kS2L-S means the special case that R = 2. Our algorithm
for RkS2L-S is adaptive in the sense that it automatically accommodates the value
of R, which does not have to be known in advance.
The tight competitive ratio (CR) of kS2L-F is 1.5 for k = 3i (i ∈ N) [3] and
2k
2 for k = 2 [2], but open for other k’s. In this study, we show that it is k+⌊k/3⌋
for all k ≥ 2 and 1.5 for all k ≥ 2 if randomization is allowed. For kS2L-S that
allows the online player to delay its decision, it is shown that we can indeed take
2k
this advantage. Namely the tight CR for kS2L-S is k+⌊k/2⌋
for all k ≥ 2 and 4/3
for all k ≥ 2 if randomization is allowed. For RkS2L-S (we can assume 1 ≤ R ≤ 2
without loss of generality), it is shown that the CR is strictly improved if R < 2,
namely the tight CR (for randomized algorithms) is improved to (2 + R)/3. Note
that if R = 1.1 (the number of requests at each stage exceeds k by at most 10%),
the CR becomes at most 1.034.
The basic idea of our algorithms is “greedy” and “balanced”. Both notions have
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already appeared in [3], but our implementation of them is significantly different
from theirs. More importantly, our analysis is completely new; namely we use a
simple mathematical induction (augmented by two interesting parameters other
than the profit itself) while a classification of request types was used in [3].

3

Main Results

Theorem 1 GBA is a 1/δ-competitive algorithm for kS2L-S for any k ≥ 2, where
δ = k+⌊k/2⌋
.
2k
Note that we use ALG to denote an online algorithm and OPT an offline
optimal algorithm in general in the rest of this study. As seen in GBA, a dangerous
situation for the online player is that ALG accepts too many requests of one
direction when it is possible. If ALG knows the total number of requests in each
direction in advance, we can avoid this situation rather easily. Now we discuss
kS2L-F, in which ALG does not know the total number of requests in advance. A
simple and apparent solution is to stop accepting requests of one direction when
its number gets to some value, even if more requests of that direction are coming
and could be accepted. In the next algorithm, ARGBA, we set this value as 2k/3.
It then turns out, a little surprisingly, that the analysis for Theorem 1 is also
available for the new algorithm almost as it is.
Theorem 2 ARGBA is a 1/δ-competitive algorithm for kS2L-F for any k ≥ 2,
where δ = k+⌊k/3⌋
.
2k
Notice that the CR of GBA is 2 when k = 2. The reason is simple, i.e., the
existence of the ceiling function, namely if we can accept a fractional request, our
CR would be 4/3. Of course it is impossible to accept a request by one third, but
it is possible to accept that request with probability 1/3, which has the same effect
as accepting it by one third in terms of an expected number.
Theorem 3 PrGBA is a 4/3-competitive algorithm for kS2L-S for any k ≥ 2.
Theorem 4 PrARGBA is a 1.5-competitive algorithm for kS2L-F for any k ≥ 2.

3.1

Adaptive GBA

kS2L-S gives the online player the advantage of an advance knowledge of the
number of requests in the current stage. GBA does exploit this advantage, but
not fully. Suppose (Iℓ1 , Ir1 ) = (50, 100). GBA accepts the same number, 50,
of (0,1)’s and (1,0)’s in stage 1. Then the adversary sends (Iℓ2 , Ir2 ) = (100, 0),
resulting in that only 50 (0,1)’s can be accepted by GBA in stage 2, but 100 (0,1)’s
by OPT which could accept 100 (1,0)’s in stage 1. Thus the CR in these two steps
is 4/3.
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Now what about accepting roughly 28.57 (0,1)’s and 71.43 (1,0)’s in stage 1
(recall we can handle fractional numbers due to randomized rounding)? Then the
best the adversary can do is to provide (Iℓ2 , Ir2 ) = (100, 0) or (0, 50), in both of
which the CR is 200/171.43 ≈ 150/128.57 ≈ 1.17, significantly better than 1.5 of
GBA. This is the basic idea of our new algorithm, AGBA. These key values 28.57
and 71.43 are denoted by αi and βi , respectively. The ultimate goal of AGBA is
to accept exactly αi (0,1)’s and βi (1,0)’s while the ultimate goal of GBA was to
accept k/2 (0,1)’s and k/2 (1,0)’s. If this goal is unachievable, to be figured out
from the values of Iℓi , Iri , Gℓi−1 , Gri−1 and Gfi−1 , both algorithms simply turn
greedy.
Theorem 5 Suppose the number of requests is limited to at most Rk in all stages
for some R such that 1 ≤ R ≤ 2 and Rk is an integer. Then AGBA solves
RkS2L-S and is 1/δ-competitive, where δ = 3/(2 + R).
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One of the oldest results in scheduling theory is that the Shortest Processing
Time (SPT) rule finds an optimal solution to the problem of scheduling jobs on
identical parallel
! machines to minimize the sum of job completion times [2], which
is denoted P || Cj in the notation of Graham et al. [5]. More precisely, there
is a set N of n jobs to be scheduled on m identical parallel machines. Each job
j ∈ N requires pj units in uninterrupted processing time, and each machine can
only process
!one job at a time. The goal is to find a nonpreemptive schedule that
minimizes j∈N Cj . The SPT rule works as follows: whenever a machine i is idle,
begin processing a job j not yet processed with the shortest processing time pj .
We present a new proof of correctness of SPT via linear programming (LP). We
use an LP formulation that generalizes earlier works of Wolsey [11] and Queyranne
[9]. Earlier proofs of correctness of SPT rely on coeﬃcient matching (see [1, 8], for
example), but to the best of our knowledge, this is the first LP-based proof.
Our proof relies on a!
generalization of a single-machine
result that yields an
!
equivalence between P || Cj and P |pj = p| wj Cj . For the latter problem,
consider the linear program
"
min
wj Cj
j∈N

s.t.

"
j∈S

where f (S) =

p
2

#$

|S|
m

%2

Cj ≥ f (S)

· (|S| mod m) +

&

for all S ⊆ N ,
|S|
m

'2

(

· (m − |S| mod m) + |S| . Let P

denote the feasible region of this LP.
!
The linear inequalities defining P tighten the valid inequalities for P || wj Cj
derived by Schulz [10] and Hall et al. [6] in the special case where all jobs have equal
processing time requirements. In fact, this strengthened class of inequalities
! gives
a complete characterization of the scheduling polyhedron for P |pj = p| wj Cj ,
which is a key element of our main result.
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Theorem 1 P is a supermodular polyhedron with!integer vertices that completely
describes the scheduling polyhedron for P |pj = p| wj Cj .
Suppose without loss of generality that jobs are sorted in nonincreasing order
of weights w1 ≥ w2 ≥ · · · ≥ wn . Supermodularity of P implies that a greedy
algorithm can be used to obtain an optimal solution to the LP by letting
Cj = f ({1, . . . , j}) − f ({1, . . . , j − 1})
#)
*
(
j−1
=p
+1
m
for each j ∈ N . That is, in an optimal solution, jobs are processed in sorted order
whenever a machine becomes idle. In the absence of release dates, job completion
times are always at integer multiples of p, so C is indeed a completion time vector
in the scheduling polyhedron.
To complete our proof of SPT optimality, we observe that there !
is a natural
generalization of a well-known equivalence between an input for 1|| wj Cj and
what we shall call a flipped input, where pj and wj are interchanged for every job
j and the order of jobs is also reversed (see, e.g., [4, 8, 3]). A flipped input for
parallel machines can be generated in!
an analogous manner. The equal-weighted
nature of our particular problem P || Cj with general processing times creates
a flipped instance
! with equal processing times and general weights, i.e., an input
for P |p!
=
p|
wj Cj . Then, as a consequence of Theorem 1, an optimal solution
j
to P || Cj processes jobs sorted in nondecreasing order of processing times such
that p1 ≤ p2 ≤ · · · ≤ pn . This proves SPT optimality.
Extensions Our methods and the geometric insights therein may find further
uses; to demonstrate this, we apply the same principles in two generalized settings. Both problems discussed below are polynomial-time solvable via coeﬃcient
matching (see, e.g., [1, 7, 8]).
!
One simple extension is for the problem Q|| Cj with uniformly-related machines, where each machine i has speed si and so processing job j on machine
i takes pj /si time units.
! A polyhedral approach similar to Theorem 1 can be
used to solve Q|pj = p| wj Cj , where, in an optimal solution, jobs are sorted in
nonincreasing order of weights w1 ≥ w2 ≥ · · · ≥ wn and processed in that order
whenever a machine becomes idle. Letting t1 ≤ t2 ≤ · · · ≤ tn be the n smallest
numbers in the following multiset of possible job completion times
+
,
p
p 2p
2p
np
np
,...,
, ,...,
,..., ,...,
,
s1
sm s1
sm
s1
sm
an optimal schedule processes job k for completion at time tk . When tk takes the
form tk =!ℓp/si , job k is the ℓth job scheduled on a machine with speed si in
Q|pj = p| wj Cj . By the equivalence created by flipped inputs,
job k is the ℓth
!
last job scheduled on machine i in our original problem Q|| Cj .
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Our techniques go beyond oﬀering simpler, geometric explanations for known
!
results. We give a new result on SPT optimality for a generalization of P || Cj
in which each job j may only be processed on some subset of !
machines Mj . This
problem with machine
! eligibility constraints is denoted P |Mj | Cj (or sometimes
as R|pij ∈ {pj , ∞}| Cj ). Suppose we have a highly structured input in which
machine eligibility sets Mj are nested and jobs are sorted such that |M1 | ≤ |M2 | ≤
· · · ≤ |Mn |. Let us further assume that w1 ≤ w2 ≤ · · ·!
≤ wn holds. We are able
to show that, in an optimal solution to P |Mj , pj = p| wj Cj , job j chooses an
eligible machine i ∈ Mj with the smallest total job weight, then is inserted into the
front of the schedule on that!
machine. By constructing flipped inputs, we recover
our original problem P |Mj | Cj and process jobs in sorted order on an eligible
machine with the shortest total processing time.

References
[1] P. Brucker, Scheduling Algorithms, Springer Berlin Heidelberg, 2007.
[2] R. W. Conway, W. L. Maxwell, and L. W. Miller, Theory of Scheduling, Addison-Wesley Publishing Company, 1967.
[3] W. L. Eastman, S. Even, and I. M. Isaacs, Bounds for the optimal scheduling of n jobs on m processors, Management Science, 11 (1964),
pp. 268–279.
[4] M. X. Goemans and D. P. Williamson, Two-dimensional Gantt charts
and a scheduling algorithm of Lawler, SIAM Journal on Discrete Mathematics, 13 (2000), pp. 281–294.
[5] R. L. Graham, E. L. Lawler, J. K. Lenstra, and A. H. G. Rinnooy Kan, Optimization and approximation in deterministic sequencing and
scheduling: a survey, in Discrete Optimization II, vol. 5 of Annals of Discrete
Mathematics, Elsevier, 1979, pp. 287–326.
[6] L. A. Hall, A. S. Schulz, D. B. Shmoys, and J. Wein, Scheduling to
minimize average completion time: Oﬀ-line and on-line approximation algorithms, Mathematics of Operations Research, 22 (1997), pp. 513–544.
[7] E. L. Lawler, J. K. Lenstra, A. H. G. Rinnooy Kan, and D. B.
Shmoys, Chapter 9 Sequencing and scheduling: Algorithms and complexity,
in Logistics of Production and Inventory, vol. 4 of Handbooks in Operations
Research and Management Science, Elsevier, 1993, pp. 445–522.
[8] J. K. Lenstra and D. B. Shmoys, Elements of scheduling, CoRR, arXiv:
https://arxiv.org/abs/2001.06005 (2020).
[9] M. Queyranne, Structure of a simple scheduling polyhedron, Mathematical
Programming, 58 (1993), pp. 263–285.
47

[10] A. S. Schulz, Polytopes and Scheduling, PhD thesis, TU Berlin, 1996.
[11] L. A. Wolsey, Mixed integer programming formulations for production planning and scheduling problems, in 12th International Symposium on Mathematical Programming, 1985.

48

- Monday afternoon -

Polynomial-Size ILP formulations
for the Total Completion Time Problem
on a Parallel Batching Machine
Alessandro Druetto (Speaker)

1

∗†

Andrea Grosso

∗‡

Introduction

We present polynomial-size arc-flow models with related lower bounds and heuristics for the total completion time parallel batching problem.
A set of jobs j ∈ N , N = {1, 2, . . . , n}, with processing times pj and sizes sj ,
have to be processed on a parallel batching machine with a given limited capacity
b. Jobs must be arranged into a batch sequence
S = (B1 , B2 , . . . , Bt ) in order to
P
minimize the total completion time f (S) = j∈N Cj of all jobs. All the jobs in the
same batch Bk are processed in parallel and all share the batch completion time
CBk : Cj = CBk for all j ∈ Bk . The longest job in a batch Bk determines the batch
processing time: the whole batch has a duration of pBk = max{pj : P
j ∈ Bk }. The
sj ≤ b.
total size of the jobs in a batch cannot exceed the machine capacity: j∈BP
k
In the classical three-fields notation the problem is denoted 1|p-batch, sj | j Cj .
Parallel batching problems often arise in the management of furnaces-like
facilities, notably
P in the semiconductor industry. See [3] for a survey. The
1|p-batch, sj | j Cj problem has been first tackled in [1], where it is recognized
as NP-hard and a first exact branch-and-bound algorithm is sketched. In [2] an
improved branch and bound is proposed, while a recent metaheuristic approach, via
ant-colony optimization, is proposed in [4]. Exact and heuristic approaches based
on very large Integer Linear Programming formulations and column generation
techniques are proposed in [6] and in [7].

2

Arc-flow models

Arc-flow models for parallel batching problems are a recent development where
batch schedules are mapped on flow configurations on a suitable network. In [5]
an arc-flow model for minimizing makespan in a single parallel batching machine
∗
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is proposed, with
P very good results. In [6] an arc-flow model is proposed for the
1|p-batch, sj | j Cj problem, leading to handle 100-jobs instances. This arc-flow
model is exponential in size and must be handled via column generation techniques;
here we develop, from the same modeling ideas, arc-flow models whose size is
polynomial in the number on jobs n.
P
For arc-flow representations of 1|p-batch, sj | j Cj , we recall the key modeling
idea from [6]. Consider a graph G(V, A) with node set V = {1, 2, . . . , n + 1}
and arc sets A = {(i, k) : i, k ∈ V ; i < k}; the structure of a batch sequence
S can be mapped onto a path PS from node 1 to node n + 1 in the graph G.
Each arc (i, k) ∈ PS corresponds to a batch Bik in the sequence where exactly
k − i jobs are processed, with i − 1 jobs processed in the preceding batches; by
suitably
P partitioning the job set N on the arcs of PS , such that |Bik | = k − i
and j∈Bik sj ≤ b, the path PS correctly represents a feasible batch sequence.
Then, by assigning to each arc (i, k) in PS the cost cik = pBik (n − i + 1) =
max{pj : j ∈ Bik }(n − i + 1), the total completion time of the batch sequence S
(refer to [6] for
of a very similar result) equals the computed cost of path
P the proofP
PS : f (S) = j∈N Cj = (i,k)∈PS cik = c(PS ).

3

A polynomial-size flow-based model
minimize

X

(1)

cikt xikt

(i,k)∈A
t∈T

subject to
X

(i,k)∈A
t∈T

X

xikt −

X

xkit

(k,i)∈A
t∈T



i=1
1
= 0
i = 2, . . . , n


−1 i = n + 1
∀j ∈ N

(3)

sj yjikt ≤ bxikt

∀(i, k) ∈ A, t ∈ T

(4)

yjikt ≤ (k − i)xikt

∀(i, k) ∈ A, t ∈ T

(5)

yjikt = 1

(i,k)∈A
t∈T

X

j∈N

X

j∈N

(2)

∀j ∈ N, (i, k) ∈ A,
t∈T

yjikt ≤ xikt

∀j ∈ N, (i, k) ∈ A,
t∈T

xikt , yjikt ∈ {0, 1}

(6)
(7)

We formulate an ILP model that calls for finding a minimum-cost path PS
from node 1 to node n + 1 on graph G, partitioning jobs on the arcs of PS . Let
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T = {pj : j ∈ N } be the set of all processing times listed in the considered problem
instance. We use a set of decision variables xikt , where xikt = 1 iff an arc (i, k) is
in the paths and the corresponding batch Bik has processing time pBik = t ∈ T .
Another set of decision variables yjikt is defined, with yjikt = 1 iff job j is in the
batch Bik and the latter has batch processing time pBik = t. The cost cikt for an
arc whose batch Bik has processing time t is defined as cikt = t(n − i + 1).
Objective function (1) requires to minimize the sum of total completion time
for all selected arcs (=batches). Constraints in (2) represents a classical flow model
with unitary flow, from source 1 to destination n + 1, counting as positive the flow
to outgoing arcs and as negative the flow from incoming arcs. Exact partitioning
for all jobs is enforced in (3), and capacity constraints (4) are defined for all selected
arcs.

4

Computational experience

Model (1)–(7) requires O(n4 ) variables and constraints; although polynomial in
size, computational experience shows that it still has limitations. The lower bound
delivered by the continuous relaxation of (1)–(7) is excellent, but on larger instances
the time required for CPLEX to solve the problem is quite large.
Computational experience shows that completely relaxing constraints (6) does
not impact substantially the quality of the lower bound, while improving a lot
CPLEX computational times, sensibly reducing the number of rows to be handled
by the solver. Still the number of variables is quite high, and we decided to develop
a column generation approach to avoid having all variables in the problem from
the start. Column generation applied to a polynomial number of columns is often
referred to as sifting in literature.
A variable rounding strategy is developed in order to build a heuristic integer
solution exploiting the sifted columns.
Computational results — to be presented at the conference — show that this
approach is quite fast and delivers high quality solutions with narrow, certified
optimality gaps.
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Introduction

We consider the basic problem of preemptively scheduling jobs that arrive online
with sizes and deadlines on m identical machines to maximize the number of jobs
that complete by their deadline.
Formally, let J be a collection of jobs such that each j ∈ J has a release time
rj , a processing time (or size) xj , and a deadline dj . The jobs arrive online at their
release times, at which the scheduler becomes aware of job j and its xj and dj . At
each moment of time, the scheduler can specify up to m released jobs to run at this
time, and the remaining processing time of the jobs that are run is decreased at a
unit rate (so we assume that the online scheduler is allowed to produce a migratory
schedule.) A job is completed if its remaining processing time drops to zero by the
deadline of that job. The objective is to maximize the number completed jobs. A
key concept in designing algorithms for this problem is the laxity of a job. The
laxity of a job j is `j = (dj − rj ) − xj , which is the maximum amount of time we
can not run j and still possibly complete it. We measure the performance of our
algorithm by the competitive ratio, which is the maximum over all instances of the
ratio of the objective value of our algorithm to the objective value of the optimal
offline schedule that is aware of all jobs in advance.
This problem is well understood for the m = 1 machine case. No O(1)competitive deterministic algorithm is possible [BKM+ 92], but there is a randomized algorithm that is O(1)-competitive against an oblivious adversary [KP03],
and there is a scalable (O(1 + )-speed O(1/)-competitive) deterministic algorithm [KP00]. The scalability result in [KP00] was extended to the case of m > 1
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machines in [LMNY13]. Whether an O(1)-competitive algorithm exists for m > 1
machines has been open for twenty years. Previous results for the multiple machines setting require resource augmentation or assume that all jobs have high
laxity [LMNY13, EMS20].
The main issue issue in removing these assumptions is how to determine which
machine to assign a job to. If an online algorithm could determine which machine
each job was assigned to in Opt, we could obtain an O(1)-competitive algorithm
for m > 1 machines by a relatively straight-forward adaptation of the results from
[KP03]. However, if the online algorithm ends up assigning some jobs to different
machines than Opt, then comparing the number of completed jobs is challenging.
Further, if jobs have small laxity, then the algorithm can be severely penalized for
small mistakes in this assignment. One way to view the speed augmentation (or
high laxity assumption) analyses in [LMNY13, EMS20] is that the speed augmentation assumption allows one to avoid having to address this issue in the analyses.
Our main result is an O(1)-competitive deterministic algorithm for Throughput
Maximization on m > 1 machines.
A simple consequence of the results in [KP01] and [KP03] is an O(1)competitive algorithm in the case that m = O(1). Thus we concentrate on the case
that m is large. Also note that since there is an O(1)-approximate non-migratory
schedule [KP01], changing the number of machines by an O(1) factor does not
change the optimal objective value by more than an O(1) factor. These observations about the structure of near-optimal schedules allow us to design a O(1)competitive algorithm that is a combination of various deterministic algorithms.
In particular, on instance J our algorithm, FinalAlg will run a deterministic
algorithm LMNY on m/3 machines on the subinstance Jhi = {j ∈ J | `j > xj } of
high laxity jobs, a deterministic algorithm SRPT on m/3 machines on the subinstance Jlo = {j ∈ J | `j ≤ xj } of low laxity jobs, and a deterministic algorithm
MLax on m/3 machines also on the subinstance Jlo of low laxity jobs. Roughly,
each of the three algorithms is responsible for a different part of Opt.
The critical component our result is the design of MLax, which intuitively we
want to be competitive on low-laxity jobs in Opt that are preempted. But before
describing the algorithm MLax, we need to make some definitions. Let α = O(1)
be a sufficiently large constant. MLax maintains m stacks (last-in-first-out data
structures) of jobs (one per machine), H1 , . . . , Hm . The stacks are initially empty.
At all times, MLax runs the top job of stack Hi on machine i. We define the
frontier F to be the set consisting of the top job of each stack (i.e. all currently
running jobs.) The pseudo-release time (if it exists) r̃j of job j is the earliest time
`
in [rj , rj + 2j ] such that there are at least 78 m jobs j 0 on the frontier satisfying
αxj 0 ≥ `j . We say a job j is viable if r̃j exists and non-viable otherwise.
There are two types of events that cause MLax to update the Hi ’s: reaching
a job’s pseudo-release time or completing a job. At job j’s pseudo-release time
(note r̃j can be determined online by MLax), MLax does the following:
1. If there exists a stack whose top job j 0 satisfies αxj ≤ `j 0 , then push j onto
any such stack.
54

2. Else if there exist at least 34 m stacks whose second-top job j 00 satisfies αxj ≤
`j 00 and further some such stack has top job j 0 satisfying `j > `j 0 , then on
such a stack with minimum `j 0 , replace its top job j 0 by j.
When MLax completes a job j that was on stack Hi , MLax does the following:
c) Pop j off of stack Hi .
d) Keep popping Hi until the top job of Hi is feasible.
There are three main steps in showing that FinalAlg is O(1)-competitive.
The first step is to show how to modify the optimal schedule to obtain certain
structural properties that facilitate the comparison with SRPT and MLax. The
second step is to show that SRPT is competitive with the low-laxity, non-viable
jobs. Intuitively, the jobs that MLax is running that prevent a job j from becoming viable are so much smaller than job j, and they provide a witness that SRPT
must also be working on jobs much smaller than j. The third step is to show that
SRPT and MLax together are competitive with the low-laxity, viable jobs. First,
we show that SRPT is competitive with the number of non-preempted jobs in Opt.
We then essentially show that MLax is competitive with the number of preempted
jobs in Opt. The key component is the design of MLax is the condition that a job
j won’t replace a job on the frontier unless at there are at least 43 m stacks whose
second-top job j 00 satisfies αxj ≤ `j 00 . This is the condition that intuitively most
differentiates the MLax from m copies of the Lax algorithm in [KP03]. This also
is the condition that allows us to surmount the issue of potentially assigning a job
to a “wrong” processor. Jobs that satisfy this condition are highly flexible about
where they can go on the frontier.
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Introduction

We consider a variant of the well-studied scheduling problem of makespan minimization when machine conflicts are taken into account. We are particularly
interested in the situation when external pre- and post-processing of jobs is necessary before and after the job is internally processed by a machine. Such conflicts
of pre- and post-processing may be due to shared resources or spatial constraints.
Shared resources can be found in computing problems where processors may share
different databases or external processors that must be accessed before and after
executing tasks on the processor. These external resources can only be accessed
by one processor at a time and different processors may share different external
resources. An up-to-date example of spatial conflicts occurs in pandemics when
schedulers are faced with potentially infectious jobs which should keep sufficient
distance to each other, e.g., in testing or vaccination centers. Similarly, spatial
conflicts play a crucial role when jobs may have private information or data that
should not be shared; e.g., the interrogation of suspects in multiple rooms.

2

Problem Formulation and Related Work

SchedulingWithMachineConflicts (SMC) is a scheduling problem in which
jobs on conflicting machines are processed such that certain blocking intervals of
their processing time do not overlap. The objective is to minimize the makespan.
An instance of SMC is defined by a set of jobs J and a conflict graph G = (V, E)
on a set of machines V where two machines i and i′ are in conflict if and only
if {i, i′ } ∈ E. In contrast to classical scheduling problems, each job j has three
parameters (b1j , pj , b2j ), where b1j and b2j denote the first and second blocking time
of j, respectively, and pj denotes its processing time. Together they constitute the
∗
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system time qj = b1j + pj + b2j ; note that the order b1j , pj , b2j must be maintained
and jobs need to be scheduled non-preemptively. We seek schedules in which
the blocking times of no two jobs on conflicting machines intersect. Formally, a
(conflict-free) schedule Π is an assignment of jobs to machines and starting times
such that
• for each point in time, every machine executes at most one job,
• for every edge {i, i′ } ∈ E and two jobs j, j ′ ∈ J assigned to machines i and
i′ , respectively, the intervals of the blocking times of j and j ′ do not overlap
interiorly in time.
The classical scheduling problem of makespan minimization on parallel identical machines is well studied in the literature ranging from approximation results
due to list scheduling algorithms [5, 6] to (efficient) polynomial time approximation schemes [7, 8]. Scheduling with job conflicts has been considered in various
different settings (see e.g. [1, 2, 3]), whereas machine conflicts have not been taken
into account in the literature. Scheduling with pre- and post-processing has been
considered in different models in the literature such as the master-and-slave problem introduced by Kern and Nawijn [9] and termed by Sahni [11] or scheduling jobs
with segmented self-suspension with a single suspension component introduced by
Rajkumar et al. [10].

3

Our contribution

We first consider SMC with identical jobs (SMC-ID). Identifying intrinsic connections to maximum independent sets, we show that even when (b1 , p, b2 ) are fixed
positive parameters for any ϵ > 0 there is no O(m1−ε )-approximation for SMCID, unless P = NP. Complementary, we derive polynomial time approximation
algorithms given a (collection of) maximum independent set(s). These yield an
approximation guarantee better than 2 depending on the job parameters.
Furthermore, we observe that when any feasible schedule uses at most one
independent set of machines at a time, the problem reduces to finding a maximum
independent set and evenly distributing the jobs among these machines results
in an optimal schedule. This relation motivates us to consider a special case of
identical jobs for which in any feasible solution machines that process jobs in
parallel form at most two independent sets: unit jobs where all job parameters are
equal to 1. Since finding a maximum independent set and two independent sets
of maximum size can be done in polynomial time on bipartite graphs, we closely
investigate the case of unit jobs for bipartite conflict graphs. For this case we
design a polynomial time algorithm to compute optimal schedules.
Theorem 1 For every bipartite graph G and every n, an optimal schedule for
SMC with unit jobs can be computed in polynomial time.
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To obtain this result we develop a divide-and-conquer algorithm based on structural insights for stars. In particular, we show that optimal schedules on stars only
use two different types of patterns. Either jobs are scheduled in parallel only on
the leaves of a star or an additional job is scheduled on the center of a star in an
intertwined manner. Using these structural insights we consider a spanning forest
whose components are stars. The spanning forest is chosen in such a way that
we can adjust an optimal solution with respect to the spanning forest such that
it also gives an optimal solution with respect to the original graph. Specifically,
the spanning forest allows to feasibly patch together optimal schedules on the star
components to give a feasible schedule on the original graph. Finally, we complement these results by introducing a polynomial time algorithm to find the desired
spanning forest.
For more details, we refer to [4].
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Introduction
Makespan minimization on identical parallel machines (often denoted by P ||Cmax )
asks for a distribution of a set J of n = |J| jobs to m ≤ n machines. Each job
j ∈ J has a processing time pj and the objective is to minimize the makespan,
i.e., the maximum sum of processing times of jobs assigned to a single machine.
More formally, a schedule σ: J → {1, . . . , m} assigns jobs to machines. The load
P
ℓσ,i of machine i in schedule σ is defined as j∈σ−1 (i) pj and the makespan µ(σ) =
maxi {ℓσ,i } is the maximal load. The goal is to find a schedule σ minimizing µ(σ).
This is a widely studied problem both in operations research and in combinatorial
optimization and has led to many new algorithmic techniques. For example, it has
led to one of the earliest examples of an approximation scheme and the use of the
dual approximation technique [5]. The problem is known to be strongly NP-hard
and thus we cannot expect to find an exact solution in polynomial time. Many
approximation algorithms that run in polynomial time and give a non-optimal
solution have been proposed for this problem. From a theory point of view, the
strongest approximation result is a polynomial time approximation scheme (ptas)
which gives a (1 + ε)-approximation, where the precision ε > 0 can be chosen
arbitrarily small and is given to the algorithm as input. This goes back to a
seminal work by Hochbaum and Shmoys [5]. The running time of such schemes
for P ||Cmax were drastically improved over time [1, 6, 9] and the best known
2
running time is 2O(1/ε log (1/ε)) log(n) + O(n) due to Jansen and Rohwedder [8]
(extension of [7] by the theory of discrepancy), which is subsequently called the
JR-algorithm. The JR-algorithm is in fact an algorithm for integer programming,
but gives this running time when applied to a natural formulation of P ||Cmax .
A ptas with a running time of f (1/ε) · nO(1) like in the JR-algorithm is called
∗
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an efficient polynomial time approximation scheme (eptas). It follows from the
strong NP-hardness that no fully polynomial time approximation scheme (fptas),
an approximation scheme polynomial in both n and 1/ϵ, exists unless P = NP.
1−δ
Furthermore, for any δ > 0, there is no ptas for P ||Cmax in time 2O((1/ε) ) +nO(1) ,
unless the exponential time hypothesis (eth) fails [4].
ptas’s are often believed to be impractical. They tend to yield extremely
high (though polynomial) running time bounds even for moderate precisions ϵ, see
Marx [10]. By some, the research on ptas’s has even been considered damaging for
the large gap between theory and practice that it creates [12]. Although eptas’s
(when fptas’s are not available) are sometimes proposed as a potential solution for
this situation [10], we are not aware of a practical implementation of an eptas. For
example, an approximation scheme for euclidean tsp was implemented by Rodeker
et al., but the algorithm was merely inspired by an eptas and it does not retain
the theoretical guarantee [11]. Although this is an interesting research direction as
well, it remains an intriguing question whether one can obtain a practically relevant
eptas implementation with actual theoretical guarantees. On the one hand, we
believe that this is an important question to ask concerning the relevance of such
a major field of research. On the other hand, such a ptas implementation has
great advantages in itself, since it exhibits a clean and generic design that is not
specific to any concrete precision, as well as a (theoretically) unlimited potential
of the precision.

Our Results
As a major milestone we obtain a generic ptas implementation that achieves in
reasonable time a precision which beats the best known guarantee of a polynomial
time non-ptas algorithm. This precision to the best of our knowledge is 2/11 ≈
18.2%, which is guaranteed by the MULTIFIT algorithm. The claim might appear
vague, since the running time depends not only on ϵ, but also on the instance. We
believe that it is plausible nevertheless: The algorithm we use, which is based on
the JR-algorithm, reduces the problem to performing O(log(n)) many fast Fourier
transformations (ffts), where the size of the fft input depends only on ϵ and
not the instance itself. Hence, the running time for all instances (using the same
precision) is very stable and predictable. This is in the spirit of an eptas running
time. We successfully run experiments of our implementation for a precision of
ϵ < 2/11 and thus make the claim that this precision is practically feasible in
general. This is also the main message of our paper. For completeness, we provide
comparisons of the solution quality obtained empirically. While the theoretical
guarantee of the ptas is better, the difference to non-ptas algorithms is marginal
at this state and it is not yet evident in the experiments. The execution of the ptas
is computationally expensive and the considered precision is on the edge of what
is realistic for our implementation. However, we believe that further optimization
or more computational resources can lead to also empirically superior results.
Nevertheless, the successful execution with a low precision value forms a proof of
concept for practical ptas’s.
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Towards obtaining such an implementation we need to fine-tune the JRalgorithm significantly. In particular, it requires non-trivial theoretical work and
novel algorithmic ideas. In fact, our variant has a slightly better dependence on
the precision, namely 2O(1/ϵ log(1/ϵ) log log(1/ϵ)) , giving the best known running time
for this problem. Our approach also greatly reduces the constants hidden by the
O-notation. We first construct an integer program (ip) — the well-known configuration ip — that implies a (1+ϵ)-approximation by rounding the processing times.
This ip has properties that allow sophisticated algorithms to solve it efficiently. We
present several reduction steps to simplify and compress the ip massively. As extensions of this configuration ip are widely used, we believe this to be of interest in
itself. For the makespan minimization problem, we obtain an ip where the columns
of the constraint matrix have ℓ∞ -norms bounded by 2 and ℓ1 -norms bounded by
O(log(1/ε)). In contrast, in the classical configuration integer program used in
many of the previous ptas’s both of these norms are bounded by O(1/ε). This
allows us to greatly reduce the size of the fft instances in the JR-algorithm without losing the theoretical guarantee. For example, for ϵ ≈ 17.29%, our reduced ip
lowers the instance sizes for fft from 4912 words for the configuration ip to 512
words. Another important aspect in the algorithm is the rounding of the processing times. In general, one needs to consider only O(1/ϵ log(1/ϵ)) different rounded
processing times (to guarantee a precision of ϵ). This number has great impact on
the size of the fft instances. For concrete ϵ the general rounding scheme might
not give the optimal number of rounded processing times. We present a mixed integer linear program that can be used to generically optimize the rounding scheme
for guaranteeing a fixed precision ϵ (or equivalently, for a fixed number of rounded
processing times).
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Introduction

Rescheduling problems may arise after a scheduling phase when some unpredicted
event occurs, like the arrival of new orders or jobs’ delays, that affects the original
schedule. A solution sought is one that is able to answer both to the optimization
of an objective function and to a limited amount of change of the original schedule
in order to be somehow compliant to the previous plan.
We consider the rescheduling problem first introduced by [1], where an initial
set of jobs has to be rescheduled when new jobs arrive. Each job belongs either to
the old set J O = {1, . . . , nO } or the new set J N = {1, . . . , nN } and has a processing
time pj , a due date dj , and a weight wj ∀j ∈ J O ∪J N . The old jobs are assumed to
be optimally ordered in the original schedule π. We refer to their completion time
in such a schedule by C(π)j , ∀j ∈ J O . The goal of the rescheduling is to build a
new schedule σ of all jobs that minimizes some regular objective function, subject
to a maximum amount ε of disruption of the original schedule. As introduced by
[1], the disruption of an old job is measured as the absolute deviation of completion
time, i.e. ∆j = |C(σ)j − C(π)j |, ∀j ∈ J O . The overall disruption is then measured
as the maximum deviation ∆max = maxj∈J O (∆j ).
Our contributions to the problem are:
• to state which problems may lead to the insertion of idle times, depending
on the objective function;
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• for the particular problem 1 | ∆max ≤ ε | wC to settle the complexity and to
provide a pseudo-polynomial time dynamic programming algorithm for its
exact solution with running time complexity O(nN ε2 ).

2

Jobs sequencing and idle times insertion

Despite the fact that the disruption measure and any regular objective would try, if
considered on its own, to push any job to the left, combining the two aspects in the
same problem, there may arise the need of inserting idle times. This is because
the objective function can require the resequencing of old jobs when combined
with the new ones. As a result, inserting idle times may decrease the disruption
of some of the old jobs that finish earlier than their original completion time. The
related problems (C̄, Lmax ) that have been considered in the literature so far, do
not require any idle times. However, we can show with some small examples that
when the total number of tardy jobs or the total tardiness are considered, idle
times may well be required.
For the case of minimizing the total weighted completion times, we show that
the sequencing of the old jobs with respect to their initial WSPT optimal sequence
is maintained and there are no idle times, similar to C̄ and Lmax .

3

Complexity and solution for 1 | ∆max ≤ ε | wC

Theorem 1 The recognition version of the problem 1| ∆ ≤ ε| wC is binary NPcomplete.
The proof is given by reduction from the PARTITION problem ([2]).
In the following, an algorithm for the exact solution of the problem is provided.
First, it is to be noted that, since the old jobs are sequenced as in π, in an optimal
schedule for problem 1| ∆ ≤ ε| wC, ∆max = ∆nO . In other words, the maximum
disruption is always equal to the disruption of the last job in J O .
Given that, we define two sets L and R of new jobs, where L contains all new
jobs scheduled before nO in an optimal schedule and R, starting at some time C,
w
w
all those scheduled later. Notice that only new jobs j for which pjj > pnnO holds,
O
will be scheduled before nO . An optimal schedule will look like this:

σ∗

J O \{nO } ∪ L
0

...

R
...

nO

C

t

The two subsets to the left and to the right of job nO contain jobs scheduled by
WSPT since this is optimal for old jobs and does not affect the disruption when
applied to the new jobs (but still minimizes the objective function). Also, the
P
completion time of nO will never exceed PO + ε, where PO = j∈J O pj .
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Stated as above, the problem reduces to finding the optimal subset of new
jobs that should be scheduled before nO . This problem is solved via dynamic
programming by the algorithm following below. The optimal solution is found by
iteratively computing the best subset of new jobs to be put in L, when the jobs in
L have a total length of exactly C − PO .
We define a function DPj [C, P ] that computes the minimum total weighted
completion time for a schedule that contains all old jobs and new jobs 1, . . . , j,
where R has a starting time C and the total length to be occupied by new jobs in
L is P ∈ {0, 1, . . . , ε}. For notational convenience we also include infeasible cases
with P < 0. The value of C is bounded to lie in the interval [PO , PO + ε] to make
the schedule feasible.
We also write as i ∈ J O (J N ) : i → j, a job i belonging to the set J O (J N ) that
P
precedes job j in a WSPT order and PN = j∈J N pj .
Algorithm
Input
π, J N , ε ≤ PN

Preprocessing
Order and index all jobs by WSPT.
Boundary Conditions
DPj [C, 0] = f (π), ∀j > 0, ∀C ≥ 0
DP0 [C, P ] = ∞, ∀P > 0, ∀C ≥ 0
DPj [C, P ] = ∞, ∀P < 0, ∀j > 0, ∀C ≥ 0
Recurrence Relation



DPj [C, P ] = min DPj−1 [C, P ] + wj (C +
DPj−1 [C, P − pj ] + (

X

X

i∈J N :i→j

pi − P + pj ),

wi ) pj + wj (P +

i∈J O :j→i

X

i∈J O :i→j



pi )

Given the above algorithm, we seek the optimal solution to the problem given by
min

PO ≤ C ≤ PO +ε

DPnN [C, C − PO ] .

(1)

At every stage of the recursion, the algorithm decides whether to put job j
in R (first term of the recurrence relation) or L (second term). The value of the
objective function is given in the first case by the contribution given by the previous
new jobs scheduled in L and the weighted completion time of job j scheduled at
the end of set R. In the second case, it is given by the old jobs scheduled after j
that are shifted to the right by pj time units and by the contribution of j that will
be scheduled to the end of the available ”slot” of P time units.
Notice that the recursion returns the optimal solution when the whole available
space to place jobs in L is filled and there is no idle time between the last old job
and the starting time C of jobs in R. However, solutions where C implies slack are
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required during the recursion. Iterating over all possible values of C guarantees
that the optimal total length of L is found. The time complexity of the algorithm
is bounded by O(nO + nN ε2 ).
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Introduction

Initially designed for media recording, the usage domain of magnetic tapes has
broadened over the decades and remains a real competitor to disk storage even for
scientific data. The main advantages of this storage medium are a large storage
capacity for a reasonable price, and better data preservation, security, and energy
efficiency. Indeed, it has been estimated that total costs are reduced by a factor
of 6 when archiving data on tape rather than disks. When a file is needed, the
tape it is on will be fetched by a robotic arm, brought to a tape drive, and loaded.
Mounting a tape into a drive requires a delay of about a minute, so it is more
beneficial to mount a tape when many files have to be read. Moving the reading
head to the next file needed is also a time-expensive operation, and the order in
which files are read has to be optimized, which is the focus of this paper.
Recent tapes can store up to 10 terabytes of data on a one-kilometer-long physical storage, longitudinally divided into hundreds of parallel tracks logically linked
as a coiled serpentine. We consider a simplified model of tapes on which optimal decisions are still not well understood and which models local considerations.
Specifically, we consider magnetic tapes composed of a single linear track divided
successively in disjoint files (f1 , . . . , fnf ) of integer size s(fi ). Let `(fi ) be the length
between the left of the tape and the left of the file fi and r(fi ) = `(fi ) + s(fi ). We
are given a set of n read requests on nreq files among the files of the tape, with
duplicates, where each request is a file.
The objective is to design a schedule (i.e., a trajectory of the reading head on
the linear tape) to read all the requested files when the reading head is initially
positioned on the right of the tape. The specificity of this problem is that all files
have to be read from the left to the right. We consider the average service time
as a metric, to ensure a fair service among all requests. In order to model the
temporality of a given schedule, we assume that the speed of the tape is constant,
although it is a mechanical device with inertia. We moderate this inaccuracy by
∗
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taking into account the deceleration induced by a U-turn of the tape as a nominal
penalty. Note that we only consider read requests as write requests are usually
processed separately. We also exclude update requests as they damage nearby
data on the tapes. We therefore consider the following problem.
Definition 1 (Linear Tape Scheduling Problem (LTSP)) Given a set of
requests on files, find a schedule of all requests minimizing the average service
time.
This problem has been previously studied by [Cardonha and Real, 2016,
Cardonha and Real, 2018] without U-turn penalties and conjectured to be impossible to solve efficiently. Indeed, even simpler variations restricting either file
requests to be unique or file sizes to be equal have been conjectured NP-hard. We
solve this open problem in this paper by providing a polynomial algorithm optimally solving the unrestricted LTSP problem, also considering the deceleration as
a U-turn penalty U . The objective is to design a schedule (i.e., a trajectory of the
reading head on the linear tape) to read all the requested files on a tape when the
reading head is initially positioned on the right of the tape. We show that a carefully designed Dynamic Programming implementation (technique which has been
considered in [Cardonha and Real, 2018] but was deemed not conclusive) allows
us to compute an optimal schedule in a reasonable polynomial time.

2

Solving the LTSP problem

The main contribution of this paper is a dynamic programming algorithm called
DP1 . It uses carefully selected memoization to store the cost of specific solutions
used to build an optimal schedule. Structural results show that optimal solutions
can be described as a list of consecutive and possibly intricate detours: a detour
(a, b) with a and b being two requested files with a on the left of b means that the
head goes directly to r(b) then back to `(a) after first attaining `(a), see Figure 1.
The table of DP is indexed by three parameters: the delimiters of a tape portion
and the number of file requests on the right of this portion that have not been
read yet in a partial solution satisfying a few properties on the detours used. Each
cell then computes the optimal way to continue any of these partial solutions on
the considered portion and returns the corresponding overhead on the total cost.
We show that this is sufficient to compute the optimal schedule.
Theorem 2 DP solves optimally LTSP in time O(n3req · n).
The complexity of DP may be prohibitive for an input containing hundreds
of requested files. To address this issue, we provide a lighter algorithm named
LogDP that reduces both the table dimensions and complexity to query a single
1

Concurrently to this paper, a similar algorithm has also been proposed [Cardonha et al., 2021]
with a slightly less general model.
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cell and leads to a time complexity of O(nreq · n · log2 nreq ). Only detours of span at
most λ · log nreq are then considered, and the solution returned is optimal among
this class of schedules. The parameter λ can be adjusted to trade accuracy for
computing time. This solution is a 3-approximation if U = 0 following a result
from [Cardonha and Real, 2018].

Requested files
Tape
time

Reading
Head
f1

f2

f3

f4

f5

f6

Figure 1: Example of schedule for reading six files described by the detour list
[(f6 , f6 ), (f4 , f4 ), (f3 , f5 )]. Remaining files (f1 and f2 ) are read in a single pass.
Note that DP depends on n and not only on nreq so this algorithm is polynomial
only if the input is given as a list of requests and not a list of files associated with
the multiplicity of their requests. This is motivated by the fact that multiple
file requests come from different applications, so the input size is linked to the
number of requests. The complexity of the high-multiplicity version of this problem
therefore remains open.

3

Performance evaluation

We compare the performance of our exact algorithm, DP, its suboptimal version
LogDP, and existing algorithms [Cardonha and Real, 2018] using a real-world
dataset.

3.1

Contribution 1: dataset from production logs

The IN2P3 Computing Center, from which our dataset comes, uses tape storage
for long-term projects in High Energy Physics and Astroparticles physics. Its tape
library is currently composed of 48 TS1160 drives and can store up to 6,700 20TB
IBM Jaguar E tapes. We applied several filtering steps to the raw dataset (that
covers two weeks of activity) to obtain the inputs needed by the algorithms. We
selected a set of 169 tapes of interest storing 3, 387, 669 files. The processed dataset
corresponds to a total of 119, 877 files stored on the 169 tapes. To the best of our
knowledge, this is the first time that a realistic dataset for magnetic tape storage
is made publicly available (https://figshare.com/s/a77d6b2687ab69416557).
This dataset could be used in other contexts as well. It corresponds to 169 distinct
instances of LTSP to solve.
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3.2

Contribution 2: Performance evaluation of algorithms

We compared DP and LogDP (λ ∈ {1, 5}) with state-of-the-art algorithms
from [Cardonha and Real, 2018], modified to take the U-turn penalty U into account. Details concerning our implementation can be found in the full paper,
and in the source code that is freely accessible online (https://figshare.com/s/
80cee4b7497d004dbc70).
All algorithms have been evaluated with different values of U . Overall, our
results validate the performance gain with our exact algorithm DP, and also show
that LogDP is able to maintain a good trade-off between performance and computational cost.
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Introduction

We consider a family of load balancing problems on identical parallel machines.
In these problems, n jobs need to be processed by m machines such that each job
is completely processed by one single machine. Each job j has a given processing
time pj and the load of a machine i is the sum of the processing times of the jobs
assigned to i. The goal is to find a schedule that optimizes some objective function
over the machine loads. In this work, we consider three specific load balancing
objectives: (1) makespan minimization, (2) the Santa Claus problem in which we
want to maximize the minimum machine load and (3) the envy-minimizing Santa
Claus problem with the goal of minimizing the difference between the maximum
and minimum machine load.
All three load balancing problems are well-known to be strongly NP-hard
(see [4]). This led to an extensive research on approximation algorithms for these
problems. The problem of minimizing the makespan is the one of the most classical scheduling problems on parallel machines. The first approximation algorithms
based on list scheduling were introduced by Graham [5, 6]. When the number of
machines is a constant Sahni [9] showed that the problem admits an FPTAS. In the
case that the number of machines is part of the input Hochbaum and Shmoys [7]
found a PTAS which led to a lively line of research improving the running to an
EPTAS [8]. The second load balancing objective we consider, the Santa Claus
objective, has been considered in the restricted assignment case by Bansal and
Sviridenko [2] and an (E)PTAS was presented in the identical case by Alon et
al. [1] and Jansen et al. [8].
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In contrast to previous work, we study approximation algorithms and schemes
for which we measure their performance as the absolute difference between the
value of their computed solution and the value of the optimal solution. To ensure that these additive approximation algorithms lead to same results on scaled
instances, we express the absolute difference in terms of an instance dependent
parameter h(I). This parameter may be much smaller than OP T (I).
Definition 1 For a given optimization problem, consider a quantity defined by
h(I) for each instance I. An algorithm is an additive approximation algorithm
w.r.t. h if for any instance I it computes in polynomial time a solution with value
A(I) satisfying |A(I) − OP T (I)| ≤ h(I). An additive approximation scheme w.r.t.
h is a family of algorithms containing an additive approximation algorithm w.r.t
 · h for each  > 0.
Our main result is the introduction of an additive approximation scheme for
the considered load balancing problems on identical parallel machines.
Theorem 2 There is an algorithm for load balancing on identical parallel machines that for any  > 0 computes a solution with value A(I) such that
|A(I) − OP T (I)| ≤ pmax ,
where pmax is the maximum processing time of the jobs, in running time of
1/
1/
mO(2 ) · nO(1/·2 ) .
To obtain this result, we present a fractional relaxation for this general class of
load balancing problems, which we call the slot-MILP. In this MILP we assign
jobs fractionally, however, for each job type we need to assign an integral number
of slots to each machine. The key idea of the additive approximation scheme is
to first find a solution to the slot-MILP and, finally, round the solution to obtain
an integral assignment of jobs to machines without deviating from the slot-MILP
solution by more than pmax on each machine.

2

The slot-MILP

The slot-MILP can be interpreted as a streghtened variant of the assignment-LP.
In the assignment-LP jobs are fractionally assigned to machines. In the slotMILP we first group jobs of similar sizes without rounding the job sizes. Let
 > 0 and assume w.l.o.g. that 1/ ∈ N. First, we partition the jobs into sets
J1 , . . . , J1/ , where for k = 1, ..., 1/ the set Jk contains all jobs j ∈ J with
pj ∈ ((k − 1) · pmax , k · pmax ]. We define fractional assignment variables xi,j
for each job-machine pair as well as integral slot variables yi,k for each job-sizemachine pair indicating the number of jobs in Jk assigned to machine i. Finally, we
use upper and lower bound variables on the machine loads to define the objective
functions.
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X

∀j ∈ J

xi,j = 1

i∈M

`≤

X

j∈J

pj xi,j ≤ u

X

∀i ∈ M

xi,j = yi,k

∀i ∈ M, ∀k ∈ {1, . . . , 1/}

xi,j ≥ 0

∀j ∈ J , i ∈ M

j∈Jk

yi,k ∈ N0

3

(1)

∀i ∈ M, k ∈ {1, . . . , 1/}

Rounding the relaxation

Given a solution (x, y) to the slot-MILP, we compute an initial solution by assigning each job j ∈ Jk to an arbitrary slot of type k. In this solution there might
be a machine i whose load is not in [` −  · pmax , u +  · pmax ], i.e., the load is too
small or too large. We present a local search algorithm that repeatedly swaps pairs
of jobs from the same set Jk such that eventually each machine i has a load in
[` −  · pmax , u +  · pmax ]. As we only swap jobs within a set Jk , we ensure that the
number of jobs from set Jk on machine i, remains yik . Using a potential function,
we show that after O(n3 ) swaps, each machine has load in [` −  · pmax , u +  · pmax ]
and that a swap can be found in O(n2 ) time. For more details, we refer to [3]
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José Verschae (speaker)

Andreas Wierz

1

‡

§

Introduction

We consider a general framework for covering problems. Our model aims to capture
the basic properties that allow for two natural and widely used greedy algorithms
to be applied. Given a finite set E of resources, a cost function c : E → R+ , a
demand function r : 2E → R, and set-specific weights aS,e ∈ R+ for every set S ⊆ E
and every resource e ∈ E, we are interested in solving the following integer linear
program,
(
)
X
X
min
ce xe |
aS,e xe ≥ r(S), S ⊆ E .
(P̂ )
x∈Z+

e∈E

e∈S

Written in matrix form, the problem can be stated as min{cT x | Ax ≥ r, x ∈ ZE
+ },
2E ×E
where A = [aS,e ]S⊆E,e∈E ∈ R+
denote the underlying constraint matrix. We
assume that aS,e = 0 for e 6∈ S. Hence, this problem can be seen as follows: for
any subset S of elements, we must pick a subset in S (with multiplicities) in order
to satisfy a demand of r(S). Picking an element e once covers an amount of aS,e of
the demand.
Many fundamental combinatorial optimization problems can be formulated as
such a weighted integer covering problem, e.g., set cover [4, 6], knapsack cover [2],
the problem to minimize a linear function over a contra-polymatroid [5], or the
submodular cover problem [7]. Is it worth noticing that the formulation (P̂ ) arises
naturally in this sort of problems. To exemplify the idea, consider a set cover
instance given by a ground set U and a collection E of sets A1 , . . . , An ⊆ U , each
with a cost ci . The objective is to find a collection E 0 ⊆ E that covers all U at
∗
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minimum cost. Given a subset S ⊆ E, let us assume for a moment that the sets
in E \ S are already
S chosen in our solution. Hence, with the sets in S we must
cover r(S) := |U \ A∈E\S A| elements in U , where each set A ∈ S can cover at
S
most aS,A = |A \ B ∈S
/ B| many of them. This yields a formulation as in (P̂ ) for
set cover. The other mentioned covering problems can be handled similarly.
It is also worth noticing that several of the mentioned covering problems
constitute building blocks to other more advanced questions. These include different
scheduling problems; see for example the work by Bansal and Pruhs [1].
Our interest lies in understanding the structural properties of the system (P̂ )
that allow the use of two common algorithm based on the primal and the dual
LP-relaxations:
(P )

2

min{cT x | Ax ≥ r}

(D)

x≥0

max{rT y | AT y ≤ c}.
y≥0

The Primal-Dual and Primal Greedy Algorithms

Primal-dual algorithms are a popular way of designing exact or approximate
algorithms for covering problems. In our setting, we construct greedily a dual
solution, and then raise the primal variables of tight dual inequalities with the aim
of obtaining a feasible primal solution. More precisely, we initialize a dual solution
y ≡ 0 and consider the set S1 = E. In iteration i we raise variable ySi until a
dual inequality
P indexed by an element e ∈ E becomes tight, that is, until the dual
constraint S3e aS,e yS ≤ ce is satisfied
l with equality.
m For the bottleneck element
+

e, we define the primal variable xe = r(S)−r(S\{e})
. Then we iterate by defining
aSi ,e
Si+1 = Si \ {e}. The algorithm terminates when the current set satisfies that
r(Si ) ≤ 0 or Si = ∅. It is not hard to see that the dual solution is always feasible,
and that the constructed primal solution is feasible on the chain S` ⊆ . . . ⊆ S1 .
A different algorithm that has also been widely used is a natural primal-greedy
algorithm. Here, we also start with a set S1 = E. In iteration i we choose
an element e that minimizes the ratio aSce,e , that is, the element that gives you
i
the most
bang for the
buck for set Si . Then we define Si+1 = Si \ {e} and set
l
m
+
xe = r(S)−r(S\{e})
. The algorithm finishes when r(Si ) ≤ 0 or Si = ∅. As before,
aSi ,e
the algorithm guarantees the feasibility of the primal solution for the inequalities
indexed by the chain S` ⊆ . . . ⊆ S1 .
There are several natural questions regarding these algorithms and problem (P̂ ).
The first one is under which conditions do these algorithms yield a feasible primal
solution, as the procedure only guarantees feasibility on the mentioned chain. The
second one is what are the approximation factors.
We say that r is weighted supermodular w.r.t. A if for all S ⊆ T ⊆ E and e ∈ S
with aS,e , aT,e 6= 0 it holds that
r(S) − r(S \ {e})
r(T ) − r(T \ {e})
≤
.
aS,e
aT,e
78

(1)

We say that (A, r) is a greedy system if the following three properties hold: (P1)
S ⊆ T ⊆ E implies r(S) ≤ r(T ), (P2) S ⊆ T ⊆ E implies aS,e ≤ aT,e for all e ∈ E,
and (P3) r is weighted supermodular w.r.t. A.
Theorem 1. If (A, r) is a greedy system, then the primal-greedy and primal-dual
algorithms are guaranteed to construct a feasible solution x of (P̂ ).
Moreover, we can show that each of the three properties in the definition of
greedy-systems are necessary to guarantee feasibility of the constructed primal
solutions.

3

Performance Guarantees

It is not hard to see that greedy systems can have unbounded integrality gaps, even
for simple problems as knapsack cover. Following the idea by Carr et al. [3] for the
so-called knapsack-cover inequalities, we can truncate greedy systems by considering
a modified matrix A0 with entries a0S,e = min{aS,e , (r(S)+ −r(S\{e})+ )} for all S ⊆
E, e ∈ E. If (A, r) is a greedy system, we say that (A0 , r) is a truncated greedy
system. We can show that truncation does not affect the feasibility of (P̂ ) and,
similarly as in Theorem 1, that the solutions returned by the primal-greedy and
primal-dual are feasible.
We define two parameters, δ0 and δ, that we use to derive approximation factors
for our algorithms. Let E ∗ = {e1 , . . . , e` } denote the set of bottleneck elements as
selected by the primal-dual algorithm, and recall that Si+1 = Si \ {ei }. Then, the
parameters are
δ0 =

max

S⊆E
e∈E:a0S,e >0

a0E,e
a0S,e

and

δ = max
i∈[`]

a0E,ei
a0Si ,ei

.

Note that δ ≤ δ0 .
Theorem 2. The primal-dual algorithm is a 2δ-approximation for (P̂ ) when applied
to the truncated system (A0 , r). The primal-greedy algorithm is a 2(1 + log δ0 )approximation for (P̂ ) when applied to (A0 , r).
It is worth noticing δ = 1 for contra-polymatroids and knapsack cover, but
that δ can be as large as the size of the ground set for set cover. Hence, this
theorem in particular recovers the 2-approximation for knapsack-cover via the
primal-dual framework, and a small extension also the exact optimal algorithm for
contra-polymatroids. Similarly, we also recover the classic O(log(n))-approximation
for set cover, among several other results.
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Introduction

We consider buffer-constrained flow shop problems that arise when scheduling the
loading of media objects from online databases for an automatically assembled
multimedia presentation. The media objects are presented sequentially without a
predefined order in a given presentation. Each object has a download time and
a playback time. The presentation of an object cannot be started earlier than it
will finish downloading. It is required to determine the sequence of loading and
presentation of objects to minimize the completion time of the entire presentation. This technique has significant value in digital library/museum applications.
In this application, the amount of buffer by a job is job-dependent and linearly
proportional to its download time. Without loss of generality, we assume that the
loading time of an object is equal to its file size. Indeed, we can scale file size such
that a unit of size is loaded per unit of time. We also suppose that the presentation
process is non-resumable, i.e., it cannot be interrupted and resumed later.
We consider two different models for loading the objects to the buffer. In [8],
the authors considered the case when the loading process is non-resumable and
loading a new media object is impossible if there is not enough free space in the
buffer to store it. That is, if the size of the incoming media object is greater than
the size of free space available in the buffer, we have to wait until the completion
of the presentation(s) of one or more buffered jobs. We call such a problem as
PP-problem. In [6], the authors considered the case where the download process is
resumable, i.e., the download of an incoming media object can be interrupted and
continued after the completion of some buffered job. In such a case, we require
that the total size of the buffered and partially buffered jobs at any instant not
exceed the size of the buffer. We call the second problem as AP-problem.
We are given a set of n jobs J = 1, 2, . . . , n, two machines, and a buffer with
size Ω. Each job has two operations. The first operation of each job has to be
executed on the first machine, and the second operation of each job has to be
∗
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executed on the second machine. The second operation of each job cannot start
earlier than the completion of the first operation of the same job. Let aj and bj be
the processing times of the first and the second operations of job j, respectively.
Let Jt be a subset of jobs that reside or are being loaded in the buffer at time t and
aj (t) be the part of the first operation of job j that is completed at time t. Then
P
the following constraint must hold in the PP-problem:
i∈Jt ai ≤ Ω and in the
P
AP-problem: i∈Jt ai (t) ≤ Ω. Each machine can process at most one operation at
a time. Preemption is allowed on the first machine, but preemption is not allowed
on the second machine. The objective is to minimize the makespan.

2

Related results

The flow shop problems with a buffer have been extensively studied in the literature on scheduling, but most of these publications consider an intermediate
buffer between stages and assume that this buffer limits only the number of jobs
that have completed one operation and are waiting for the commencement of the
next one [2, 4, 9, 10]. In contrast, we consider the scheduling problem, in which
the buffer requirement varies from job to job, and each job seizes the required
storage space during its processing on the machines as well as during its waiting
time between the operations. Our problem also differentiates from the resourceconstrained scheduling that assumes that the additional resource is consumed by
a job only during its processing on the machines but it is released between the
operations [1, 3].
Due to space limitation, we list only the main results directly related to our
study. A more detailed overview of the results can be found in [7]. Both the PPproblem and AP-problem are strongly NP-hard [8, 6]. For the AP-problem, there
exists an optimal schedule in which both machines process the jobs in the same
order [6]. For the PP-problem, it has been shown in [5] that there are instances
for which the set of optimal schedules does not contain a permutation schedule.
Note that if the buffer size is large enough, for example, it may contain all
jobs, then the problem is equivalent to the two-machine flow shop problem without
buffer, and it can be solved in O(n log n) time by Johnson’s algorithm. In [7],
the question of how the buffer size affects the computational complexity of the
PP-problem was studied. The authors presented a O(n log n)-time algorithm for
the case when 3.5 max ai + max{0.5 max ai , max bi } ≤ Ω and proved that the PPi ,bi }
problem remains NP-hard even if for any δ > 0, 4 max{a
≤ Ω holds.
1+δ

3

Our results

In this paper we improve the result obtained in [7] by extending the class of
polynomially solvable instances of the PP-problem.
Theorem 1 Any instance of the PP-problem that satisfies 3 max ai + max bi ≤ Ω
can be solved in O(n log n) time.
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Thus, Theorem 1, together with the NP-hardness result from [7], establishes the
exact borderline between the NP-hard and polynomial-time solvable instances of
the PP-problem with respect to the ratio between the buffer size and the maximum
operation length.
We also get the similar results for the AP-problem.
Theorem 2 Any instance of the AP-problem that satisfies 2 max ai + max bi ≤ Ω
can be solved in O(n log n) time.
Theorem 3 The AP-problem remains NP-hard even if for any δ
3 max{ai ,bi }
≤ Ω holds.
1+δ

>

0,
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Introduction

We consider the general unrelated machines model with arbitrary release times;
with input a set J of n jobs, a set M of m machines, arbitrary processing times
(pij )i∈M,j∈J , and release times (rj )j∈J . A job must be scheduled on a single machine and we allow preemptions1 . We consider the objectives
P of minimizing the
maximum flow time, maxj∈J Fj , and the total flow time, j∈J Fj , where Fj denotes the flow time of j.
Minimizing flow time on unrelated machines is notoriously difficult, and the
best known approximation ratios are O(log n) and O(log n log P ) for max and total
flow time [2], where P is the ratio of maximum to minimum (finite) pij , and can
be bounded by poly(n). These algorithms are based on rounding the natural LP
relaxations, and also give the best known integrality gap for these problems. The
best known hardness bounds are 3/2 [5] and Ω(log P/ log log P ) [4]. So, roughly
there is a factor log n gap for both problems.
In this paper, we relate flow time scheduling to prefix discrepancy, yielding
new improved bounds for the problems above and new directions in discrepancy.
Prefix Discrepancy. In standard discrepancy, we are given a collection of vectors v (1) , v (2) , . . . , v (n) ∈ Rm and the goal is to find signs 1 , 2 , . . . , n ∈ {−1, 1} to
minimize the `∞ -norm of the signed sum 1 v (1) + 2 v (2) + · · · + n v (n) . Beck and
Fiala [3] showed that given arbitrary vectors v (1) , v (2) , . . . , v (n) ∈ Rm of bounded
`1 -norm kv (j) k1 ≤ 1, there exist signs 1 , . . . , n ∈ {−1, 1} such that
k1 v (1) + · · · + n v (n) k∞ ≤ 2.
In the prefix Beck-Fiala problem we wish to find signs 1 , 2 . . . , n ∈ {−1, 1} so
that for every prefix k = 1, 2, . . . , n that

∗

k1 v (1) + 2 v (2) + · · · + k v (k) k∞ ≤ C .
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Banaszczyk [1] developed an ingenious technique using deep
√ ideas from convex
geometry, to bound the prefix Beck-Fiala discrepancy by O( log n).

2

Results

Our main result is a general reduction that allows us to transfer the techniques
from discrepancy to flow time scheduling.
Theorem 1. If the discrepancy of the prefix Beck-Fiala problem is bounded by C,
then integrality gaps of the standard LP relaxations are upper bounded by O(C)
and O(min{log n, log P } · C) for max flow time and total flow time, respectively.
√
Using C = O( log n) by the result√of Banaszczyk [1], this gives improved
bounds on the integrality
gaps of O( log n) for maximum flow time and a
√
O(min{log n, log P } · log n) for total flow time.
The prefix Beck-Fiala problem and its generalization called the prefix Komlós
problem, are interesting problems on their own and it is been conjectured that
the discrepancy for these problems may be O(1). If true, Theorem 1 would imply
tight integrality gaps of O(1) and O(min{log n, log P }) for maximum and total
flow time.
The idea. The idea in the proof is to define a prefix Beck-Fiala instance based on
the LP solution with one vector per job, and given a low discrepancy ±1 coloring of
vectors, use the signs to determine which machine to assign the corresponding job
to. In general, a job might have m potential machines where it can be assigned,
which is not a binary decision. The key is to reduce the problem to that of
rounding a half-integral solution, which relates the problem to discrepancy in a
clean way. This reduction from general to half-integral solutions is quite standard
in discrepancy, however our reduction is somewhat different and requires more
care.
Algorithmic aspects. Our reduction in Theorem 1 is constructive in both
cases: if a discrepancy C coloring for prefix Beck-Fiala can be constructed in
polynomial time, we get a O(C)-approximation algorithm for max flow time and
a O(min{log(n), log(P )} · C)-approximation algorithm for total flow time.
Banaszczyk’s proof does not imply an efficient algorithm to find the signs
1 , . . . , n , and despite a lot of progress in algorithmic discrepancy the best bound
achievable in polynomial time is O(log n). So our bounds in Theorem 1 do not improve the known approximation results. However, they do give improved efficient
estimation algorithms.
Conjectures for prefix discrepancy. In fact, in our reductions in Theorem 1,
the vectors in resulting prefix Beck-Fiala instances have sparsity only two (i.e., two
non-zero entries). So we highlight this seemingly very special case.
Conjecture 2. The discrepancy for the prefix Beck-Fiala problem where each vector v (i) has sparsity 2 is bounded by a constant.
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Proving Conjecture 2 together with Theorem 1 would give tight bounds on the
integrality gap in both variants of flow time, and moreover an algorithmic proof
of the conjecture would give an optimal algorithm for the flow time problems.
Interestingly, the 2-sparse case of the prefix Beck-Fiala problem has been studied before in the further special case where the vectors have entries {0, 1}, due to
the close connection with the classical 2-permutation problem in discrepancy, and
it is known that the prefix discrepancy here is at most 1. Moreover, this can be
achieved by a simple algorithm. This makes Conjecture 2 even more plausible.
From max flow to total flow. Our reduction from flow time to prefix BeckFiala actually shows an equivalence between max flow time and a special case of
2-sparse prefix Beck-Fiala. We make this explicit and use it to relate the two
objectives.
Theorem 3. If the integrality gap of the standard LP of max flow time
is O(C), then the integrality gap of the standard LP of total flow time is
O(min{log(n), log(P )} · C).
In particular, improving our bound for max flow time would immediately imply
also an improvement for total flow time.
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An Inclusion-Exclusion based algorithm for
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Introduction

In this work we consider a permutation flowshop scheduling problem with n jobs
and m machines. Each job i has m operations Oi1 , . . . , Oim , which must be processed on machines 1 to m, in this order. Each operation Oij has a processing
time pij , and each machine can process only one operation at a time. All machines
must process operations in the same job order, and a schedule is essentially defined
by this order. Moreover, this order may be constrained by precedences between
jobs. To each job i is assigned a cost, obtained by computing a cost function fi of
the completion time Cim of the last operation of i. Then, the objective function is
defined as fmax = max1≤i≤n fi (Cim ). Each cost is assumed to be regular, i.e. nondecreasing, and polynomially bounded with respect to its argument Cim , as it is
the case for, e.g, makespan, lateness, or tardiness. Using the Graham notation [2],
this problem is denoted by F |prmu, prec|fmax . It is strongly NP-hard [1].
On a theoretical point of view, we are interested in the time and space worstcase complexities of algorithms solving this problem to optimality. The size of
an instance I is the number of jobs: |I| = n. The measure of an instance I is
P
defined as the sum of processing times: ||I|| = i,j pij . As far as we now, while
many specialized algorithms have been described for particular subinstances of
this problem, the best known algorithm for the general case uses classical dynamic
programming over job subsets [5] and runs with O∗ (2n ||I||m ) time and space complexities. Our main contribution is an algorithm based on Inclusion-Exclusion,
which achieves, without degrading time complexity, reduction of space complexity
by a factor of 2|M | , where |M | is the number of jobs without a successor in the
precedence constraints.
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2

Inclusion-Exclusion
problem

for

the

F |prmu, prec|fmax

To solve the problem, it suffices to count, for each threshold objective value ε, the
number N (ε) of (semi-active) schedules with objective value at most ε. Then, the
optimum objective value is computed by binary search, and an optimum schedule is
determined using self-reduction, as described in [3]. We are about to compute N (ε)
using Inclusion-Exclusion. For that, we relax the problem by allowing schedules
with duplicated or absent jobs, and for any jobset J, we define NJ (ε) as the number
of (relaxed) schedules using only jobs of J. The formula states [3, 4]:
N (ε) =

X

(−1)n−|J| NJ (ε)

J⊂{1,...,n}

~ the completion times of operations of a job
To compute NJ (ε), we denote by C
~ • i as the completion times of operations of
(one per machine), and we define C
~ We also define P rec(i) as the set
job i executed as soon as possible after C.
of predecessors of job i, and M as the set of maximal jobs, i.e. jobs without a
~ `] is the number
successor. Then, we have NJ (ε) = NJ,ε [∅, ~0, n] where NJ,ε [S, C,
~
of schedules composed of ` jobs of J, with objective at most ε, starting from C,
after (n−`) jobs have been scheduled, including all jobs of S, each once, where S
contains only non-maximal jobs. We compute it using this dynamic programming
scheme:
~ 0] = 1 if S={1, . . . , n}\M, 0 otherwise
NJ,ε [S, C,
~ `] =
NJ,ε [S, C,

X

~ `−1]
NJ,ε [S∪{i}\M, C•i,

i∈J
i∈S
/
P rec(i)⊂S
~
fi (C•i)≤ε

∀`>0

We derive the following complexity results. Proposition 1 applies in the general
case, and Proposition 2 applies when precedences are chains.
Proposition 1 For an instance I of the F |prmu, prec|fmax problem, with
|M | jobs without successors, the algorithm computes an optimal solution in
O∗ (2n ||I||m ) time and O∗ (2n−|M | ||I||m ) space.
Proposition 2 For an instance I of the F |prmu, chains|fmax problem, with
c chains of length `1 , . . . , `c , the algorithm computes an optimal solution in
O∗ (2c `1 · · · `c ||I||m ) time and O∗ (`1 · · · `c ||I||m ) space.
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Introduction

In many optimization problems, the decision maker faces crucial information limitations due to the input not being completely known in advance. A natural
goal in such incomplete information settings is to find solutions that have a good
worst-case performance over all potential input instances. However, even though
worst-case analysis provides a useful measure for the robustness of an algorithm,
it is also known to be a measure that often leads to needlessly pessimistic results.
A very recent, yet extensive, line of work on algorithms with predictions models
the partial information that is often available to the decision maker and overcomes
worst-case bounds by leveraging machine-learned predictions about the inputs
(see [9] for a survey). In this line of work, the algorithm is given some type
of prediction about the input, but the predictions are not necessarily accurate.
The goal is to design novel algorithms that achieve stronger bounds when the
provided predictions are accurate, which are called consistency bounds, but also
maintain worst-case robustness bounds that hold even when the predictions are
inaccurate. In the context of scheduling, [10, 8, 6, 2, 5] have studied different
scheduling problems with predictions about the processing times of the jobs.
In addition to the jobs, the machines are another input to scheduling problems
that are often not completely known in advance. Different models that capture
this uncertainty about the machines have been suggested (e.g. [1, 4, 11]). In the
scheduling with an unknown number of machines problem, introduced by Stein &
Zhong [11], there is a first partitioning stage where jobs must be partitioned into
bags without knowing the number of machines available and then, in a second
scheduling stage, the algorithm learns the number of machines and the bags must
be scheduled on the machines without being split up.
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This model is motivated by applications where partial packing decisions have
to be made with only partial information about the machines. As discussed in [11],
such applications include MapReduce computations in shared data centers where
data is partitioned into groups by a mapping function that is designed without full
information about the machines that will be available in the data center, or in a
warehouse where items are grouped into boxes without full information about the
trucks that will be available to ship the items. Since it is not just the number of
machines that might be unknown but also the speeds of these machines, Eberle et
al. [3] study an extension of this model called speed-robust scheduling where the
speeds of the machines are unknown in the partitioning stage and are revealed in
the scheduling stage.
In this paper, we introduce and study the problem of scheduling with machinelearned predictions about the speeds of the machines. In the two applications
mentioned above, MapReduce computations and package shipping, it is natural to
have some relevant historical data about the computing resources or the trucks that
will be available, which can be used to obtain machine-learned predictions about
these quantities. In the scheduling with speed predictions problems, jobs must
first be partitioned into bags given predictions about the speeds of the machines
and then, when the true speeds of the machines are revealed, the bags must be
scheduled on the machines without being split up. The goal is to use the predictions
to design algorithms that achieve improved guarantees for speed-robust scheduling.
The fundamental question we ask is:
Can speed predictions be used to simultaneously obtain improved guarantees for
scheduling when the predictions are accurate as well as bounded guarantees even
when the prediction errors are arbitrarily large?

2

Problem definition and results

We first describe the speed-robust scheduling problem proposed by Eberle et al..
There are n jobs with processing times p = (p1 , . . . , pn ) ≥ 0 and m machines
with speeds s = (s1 , . . . , sm ) > 0 such that the time needed to process job j on
machine i is pj /si .1 The speed-robust scheduling problem is the following twostage problem. In the first stage, called the partitioning stage, the speeds of the
machines are unknown and the jobs must be partitioned into m bags B1 , . . . , Bm
such that ∪i∈[m] Bi = [n] (where [n] = {1, . . . , n}) and Bi1 ∩ Bi2 = ∅ for all
i1 , i2 ∈ [m], i1 ̸= i2 . In the second stage, called the scheduling stage, the speeds
s are revealed to the algorithm and each bag Bi created in the partitioning stage
must be assigned, i.e., scheduled, on a machine without being split up.
The objective considered in [3] is the classical makespan minimization objective, i.e., with Mi being the collection of bags assigned to machine i, the goal is to
1

The non-zero speed assumption is for ease of notation. Having a machine with speed si = 0
is equivalent to si = ϵ for ϵ arbitrarily small since in both cases no schedule can assign any job
to machine i without the completion time of this job being arbitrarily large.
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minimize maxi∈[m] ( B∈Mi j∈B pj )/si . An algorithm for speed-robust scheduling is β-robust if it achieves an approximation ratio of β compared to the optimal
schedule that knows the speeds in advance, i.e., maxp,s alg(p, s)/opt(p, s) ≤ β
where alg(p, s) and opt(p, s) are the makespans of the schedule returned by the
algorithm (that learns s in the second stage) and the optimal schedule (that knows
s in the first stage).
We augment the speed-robust scheduling problem with predictions about the
speeds of the machines and call this problem Scheduling with Speed Predictions
(SSP). The difference between SSP and speed-robust scheduling is that, during
the partitioning stage, the algorithm is now given access to, potentially incorrect,
predictions ŝ = (ŝ1 , . . . , ŝm ) > 0 about the speeds of the machines. The true speeds
of the machines s are revealed during the scheduling stage, as in the speed-robust
scheduling problem. We also want to minimize the makespan.
Consistency and robustness are two standard measures in algorithms with predictions [7]. An algorithm is α-consistent if it achieves an α approximation ratio
when the predictions are correct, i.e., if maxp,s alg(p, s, s)/opt(p, s) ≤ α where
alg(p, ŝ, s) is the makespan of the schedule returned by the algorithm when it is
given predictions ŝ in the first stage and speeds s in the second stage. An algorithm is β-robust if it achieves a β approximation ratio when the predictions can
be arbitrarily wrong, i.e., if maxp,ŝ,s alg(p, ŝ, s)/opt(p, s) ≤ β. We note that a βrobust algorithm for speed-robust scheduling is also a β-robust (and β-consistent)
algorithm for SSP which ignores the speed predictions.
Our results. Our main result is an algorithm for the SSP problem that achieves
a min{η 2 (1 + ϵ)2 (1 + α), (1 + ϵ)(2 + 2/α)}-approximation for any constants α, ϵ ∈
i ,si }
(0, 1), where η = maxi∈[m] max{ŝ
min{ŝi ,si } is the maximum prediction error between the
predicted speed ŝi and the true speed si of the m machines. In particular, this
implies that our algorithm is (1 + ϵ)2 (1 + α)-consistent and (1 + ϵ)(2 + 2/α)-robust.
When the predictions are accurate, this approximation improves over the bestknown approximation for speed-robust scheduling without predictions of 2 − 1/m
[3], while simultaneously maintaining a worst-case approximation of (1+ϵ)(2+2/α)
even when the predictions are arbitrarily wrong. In addition, we show that
• for the cases where the job sizes are equal or infinitesimal, our algorithm is
still (1 + ϵ)2 (1 + α)-consistent, but it also achieves an improved robustness
of (1 + ϵ)(2 + 3/(2α)) and (1 + ϵ)(1 + 3/(2α)) respectively;
• for any constant α ∈ (0, 1), any (1 + α)-consistent algorithm has robustness
1
that is at least 1+ 1−α
2α −O( m ). If we ignore the constant factors in our result,
our algorithm meets the optimal 1/α rate of increase of the robustness;
• even when the prediction errors are large, our algorithm often empirically
outperforms existing speed-robust scheduling algorithms that do not use predictions.
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Non-clairvoyant scheduling is a fundamental problem and has been studied extensively in many variations [9, 7, 2, 5]. We consider non-clairvoyant scheduling problems with the objective of minimizing the sum of weighted completion
times in different settings. We are given a set of jobs {1, . . . , n} =: [n], each
job j arriving online at its release date rj , with an individual weight wj and with
an unknown processing requirement pj . These jobs must be scheduled preemptively on a single or identical parallel machines. Using classical scheduling
P notation, we refer to P
these problems as the non-clairvoyant versions of 1|pmtn| wj Cj
and P|rj , pmtn| wj CP
j . We also consider non-clairvoyant scheduling on unrelated
machines, R|rj , pmtn| wj Cj , where jobs may have very different processing times
on each of the machines, but a machine-dependent processing rate ℓij is given.
The assumption of non-clairvoyance seems too strong for many applications.
While the exact processing time might be unknown, often some estimate is available, e.g., extracted information from past data is commonly used to predict the
future. The recently emerging line of research on learning-augmented algorithms
proposes to design algorithms that have access to additional (possibly erroneous)
input, called a prediction. Ideally, the performance of a learning-augmented algorithm is a monotone function of the quality of the prediction for some error
measure, which definition is a key task.
Recent work on non-clairvoyant
scheduling with predictions [10, 11, 6] studP
ies the problem 1|pmtn| Cj with predicted processing requirements {yj }j∈J ,
which we call length predictions. In their seminal paper [10], Kumar et al. propose an algorithm that is controlled by a parameter λ ∈ (0, 1), which can be
seen as an indicator of the algorithm’s trust in the accuracy of the prediction.
Measuring the quality of a prediction {yP
j }j∈J w.r.t. the actual processing requirements {pj }j∈J by the ℓ1 metric (ℓ1 = j∈J |pj − yj |), they prove a competitive
ratio of at most min{(1/(1 − λ))(1 + nℓ1 /Opt), 2/λ}.
However, the ℓ1 -metric does not seem to distinguish well between “good”
and “bad” predictions, as has been noted recently by Im et al. [6]. They propose
a different error measure ν that satisfies certain desired properties and is based on
the optimal solution of artificial instances mixing yj and pj . Using this error, they
design a randomized algorithm with guarantees depending on ν. Their algorithm
is quite sophisticated, requires large constants to diverge from RR, and it seems
∗
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very challenging to generalize it to scheduling settings with release dates, weights
or even heterogenous machines. Further, the error measure ν is still sensitive to
changes in the predicted job lengths which would not affect an optimal schedule at
all which seems an undesired property.
Our contribution In this work we contribute to non-clairvoyant scheduling with
predictions in two ways: we propose a new prediction model and error definition and
we present a framework for designing learning-augmented scheduling algorithms for
more general scheduling settings, beyond the simple single-machine setting.
We propose a novel prediction model for scheduling problems, which we call
permutation prediction model. In contrast to earlier works predicting processing
requirements, we predict a permutation σ̂ : [n] → [n] on the job set [n], which
suggests an algorithm a priority order for scheduling. For unrelated machines, we
also include a job-to-machine assignment in the prediction model. The idea is
that, instead of predicting job lengths, we take structural properties of an input
instance into account that an optimal algorithm may exploit. Notice that for minimizing the sum of weighted completion time, the Weighted Shortest Remaining
Processing Time (WSPT) order, i.e., jobs in order of their densities µj = wj /pj ,
has proven to be
Puseful in various settings. Indeed, for the non-clairvoyant version of 1|pmtn| wj Cj , knowing the WSPT order of jobs would be sufficient to
determine an optimal schedule. Therefore, we use this order to denote a perfect
prediction σ of an instance. While this knowledge is not sufficient for optimally
scheduling with release dates and/or on multiple machines, it still admits strategies
with good approximations on an optimal solution [8, 1, 4].
Clearly, a WSPT-based permutation prediction could be derived from a length
prediction. The advantage of our model is that it is much more compact, seems
to capture a crucial structural property of an optimal solution and makes error
measures less vulnerable to small noise in the prediction compared to the length
prediction model.
As a key contribution, we define new and meaningful error measures η S (for
identical machine(s)) and η R (for unrelated machines) that quantify the impact of
an error in the prediction to an algorithm’s cost explicitly in terms of the objective
function. They have desirable properties, also in comparison to previous measures,
and are efficiently learnable, in both theory and practice. Intuitively, η S measures
how much an inverted pair of jobs in σ̂ influences the objective value compared to σ.
For example, on a single machine without release dates, if j and its successor j ′ in σ̂
are swapped in σ, the schedule that follows σ̂ pays an additional cost of wj ′ pj but
saves wj pj ′ compared to the schedule that follows σ. Since σ corresponds to the
WSPT order, this value is non-negative. For the case of unrelated machines and
individual release dates, we further include possible errors due to wrong machine
assignments and preemptive scheduling into the more general definition η R .
For the algorithmic part, we revisit the technique of time sharing introduced
by Kumar et al. [10] and extend it to a general framework, which we call Preferential Time Sharing. As a main contribution, we give the first algorithm for
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non-clairvoyant scheduling with predictions on unrelated machines with release
dates and prove strong performance bounds, smoothly degrading with prediction
quality.
Theorem 1 Preferential Time Sharing gives for every λ ∈ (0, 1) learningaugmented non-clairvoyant online algorithms on
P
(i) a single machine, 1|pmtn| wj Cj , with a competitive ratio of at most
min
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Our framework requires a clairvoyant and a non-clairvoyant algorithm for a
given scheduling problem, both of them must satisfy a certain monotonicity property. Then, we design a learning-augmented variation of the clairvoyant algorithm
that admits a competitive ratio as a function of an error measure.
While we use non-clairvoyant algorithms as a black box from the literature, the
new contribution lies in proving error-dependent competitive ratios for monotone
clairvoyant algorithms that use predictions as input. This may require
√ designing
new algorithms. In particular, we show a competitive ratio of 3 + 2 2 ≈ 5.8284
for a natural Greedy algorithm that schedules
jobs preemptively in WSPT order
P
for the clairvoyant problem R|rj , pmtn| wj Cj . This does not match the recent
and best known deterministic bound of 3 [3], but our algorithm satisfies the desired
properties of being error-sensitive and monotone.
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Introduction

One of the central objectives in the design of intelligent systems is the provision of
anytime capabilities. In particular, applications such as medical diagnostic systems
and motion planning require that the system outputs a reasonably efficient solution
given the unavoidable constraints on computation time. Anytime algorithms [6]
offer such a tradeoff between computation time and quality of the output.
Russell and Zilberstein [10] introduced a useful distinction between two different types of anytime algorithms. On the one hand, there is the class of contract
algorithms, which are given the amount of allowable computation time (i.e, the
intended query time) as part of the input. However, if the algorithm is interrupted
at any point before this “contract time” expires, the algorithm may output a result that is meaningless. On the other hand, the class of interruptible algorithms
consists of algorithms whose allowable running time is not known in advance, and
thus can be interrupted (queried) at any given point throughout their execution.
Although less flexible than interruptible algorithms, contract algorithms are
often easier to implement and maintain [5]. Hence a natural question arises: how
can one convert a contract algorithm to an interruptible equivalent, and at which
cost? This question can be addressed using a simple technique that consists of
repeated executions of the contract algorithm with increasing runtimes (also called
lengths). For example, consider a schedule of executions of the contract algorithm
in which the i-th execution has length 2i . Assuming that an interruption occurs at
time t, then the above schedule guarantees the completion of a contract algorithm
of length at least t/4, for any t. The factor 4 measures the performance of the
schedule, and quantifies the penalty due to the repeated executions.
Formally, given a contract algorithm A, a schedule X is an increasing sequence
(xi ) in which xi is the length of the i-th execution of A. We call the i-th execution
of A in X the i-th contract, and we call xi its length. The acceleration ratio of X,
denoted by acc(X), relates an interruption T to the length of the largest contract
∗
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75252, France.
†
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that has completed by time T in X, which we denote by `(X, T ):
acc(X) = sup
T

T
`(X, T )

(1)

Contract scheduling has been studied in a variety of settings. It has long been
known that the schedule X = (2i ) has optimal acceleration ratio equal to 4 [10].
Many other settings have been studied; see e.g. [3] and references therein.

1.1

Our setting: contract scheduling with predictions

Previous work on this problem has mostly assumed that the interruption is unknown to the scheduler, and thus can be chosen adversarially. In practice, however,
the scheduler may have a certain prediction concerning the interruption. E.g., in
a medical diagnostic system, the expert may know that the system will be likely
queried around the time the medical intervention will take place.
We study two settings that capture the above scenarios. In the first setting,
there is a prediction τ concerning the interruption T . In the second setting, the
prediction is in the form of responses to n binary queries, where n is a specified
parameter. For example, a binary query can be of the form “Will the interruption
occur within a certain subset of the timeline?”. For both settings, the prediction
is not necessarily trustworthy, and comes with an unknown error η.
The performance of the schedule is determined by two parameters: the first is
the robustness, which is the worst-case acceleration ratio of the schedule assuming
adversarial error (i.e., an adversary manipulating the prediction). The second is
the consistency of the schedule, which is the acceleration ratio assuming that the
prediction is error-free. In between these extremes, the acceleration ratio will be,
in general, a function of the prediction error. This follows the recent framework
in machine learning of robust online computation with predictions, as introduced
in [8] for the caching problem, and later applied in [9] for other online problem
We make a further distinction between schedules that know an upper bound
H on the prediction error, and those that do not. Namely, an H-aware schedule
is evaluated under the assumption that η ≤ H, for some known H, whereas an
H-oblivious schedule makes no assumption about the range of error.

2

Results

We first consider the setting in which the prediction τ is the interruption time T .
This prediction comes with an error η ∈ [0, 1] such that T ∈ [τ (1−η), τ (1+η)]. We
further say that the error is positive if T > τ , otherwise it is called negative. We
obtain a Pareto-optimal schedule by showing a reduction from an online problem
known as online bidding [7]. This allows us to use, as black-box, a Pareto-optimal
algorithm of [2], and obtain a schedule with the same ideal performance. But
there are two complications: this schedule cannot tolerate any errors, and is also
fairly complex. We give another simple schedule with the same robustness and
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consistency, and thus also Pareto-optimal. We then show how to extend this
schedule to the realistic setting in which η 6= 0, and we complement the positive
results with lower bounds on the performance of any schedule. We summarize one
of the main results below. Define
√
√
r − r2 − 4r
r + r2 − 4r
cr =
and br =
,
2
2
Theorem 1 There exists an H-aware schedule that is r-robust, and has accelerar (1−η)
r (1+η)
, r} for positive error, and at most min{ c(1−H)
, r} for
tion ratio at most min{ c(1−H)
q

1+H
negative error. Moreover, for any H that satisfies the condition 1−H
− δ,
< crc+1
r
for any fixed δ > 0, the acceleration ratio of any H-aware r-robust schedule is at
(1+H)
, r}.
least min{ cr1−H

In the second part, we study the setting in which the prediction is in the form
of responses to n binary queries, for some given parameter n, i.e., we would like to
combine the advice of n binary experts. Thus, the prediction is an n-bit string, and
the prediction error η ∈ [0, 1] is defined as the fraction of the erroneous bits in the
string. First, we show an information-theoretic lower-bound on the best-possible
consistency one can hope to achieve in this setting, assuming optimal robustness
equal to 4. We then present and analyze a family of schedules, parameterized by
the range of error that each schedule can tolerate. There are several challenges
here: the analysis must incorporate several parameters such as the error η, the
number of queries n and the desired robustness r. Moreover, we need to define
queries that are realistic and have a practical implementation. To this end, each
query is a partition query of the form “Does interruption T belong to T ?”, where
T is a subset of the timeline.
The following theorem summarizes some of the main results obtained.
Theorem 2 For every r ≥ 4, define K to be equal to 2pn+1
n , and d to be equal to
br , if r ≤ (1 + K)2 /K, and 1 + K, otherwise. Then there exists a schedule that
1+ 1 +2p

n
, assuming η ≤ p ≤ 1/2.
is r-robust and has acceleration ratio at most d d−1
Furthermore, for any binary prediction P of size n, any 4-robust schedule has
1
consistency at least 21+ 2n .

The full paper is available in [4].
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Introduction

The cut polytope of a graph is given by the convex hull of the incidence vector of
all cuts in the graph. Cut polytopes have been widely studied. One application in
which the cut polytope is used is in solving the NP-hard max-cut problem [1]. The
max cut problem is sometimes considered in relation to scheduling problems [2].
Cut polytopes are also closely related to correlation polytopes, which are tightly
connected to combinatorial problems in the foundations of quantum mechanics,
and to the Ising spin model [3].
There exists a strong connection between stable set polytopes and cut polytopes. In [4], it is shown that every inequality for the cut polytope can be mapped
to an inequality for a stable set polytope of an appropriate graph. The stable set
problem occurs as a sub-problem in scheduling, for example in time discretization
formulations. Therefore, fundamental results for cut polytopes can be relevant for
scheduling models.
An extended formulation of a polytope P is another polytope Q such that P is
a projection of Q. An example is shown in Figure 1. Extended formulations can be
used to simplify optimization over a polytope, when the extended formulation can
be described by fewer inequalities than the original polytope. The extension complexity is the minimum number of inequalities required to represent any extended
formulation of P .
We investigate the exact extension complexity of (small) cut polytopes. We
restrict ourselves to cut polytopes of complete graphs with n nodes, which we will
refer to as the cut polytope of size n from here on.
The extension complexity of cut polytopes of size n has a well-known upper
bound of 2n−1 , which is the number of vertices. This upper bound corresponds to
writing the polytope as a convex combination of its vertices. The first exponential
lower bound by Fiorini et al. [5] was considered a breakthrough result in polyhedral
combinatorics. The best known asymptotic lower bound was given in [6], and is
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Figure 1: Example of an extended formulation. The 3-dimensional red polytope is
an extended formulation of the 2-dimensional blue polytope. Notice that the blue
polytope is defined by 8 inequalities and the red polytope by 6 inequalities.
equal to 1.5n−1 . Until now, little was known about the exact value of the extension
complexity, even for small cut polytopes. We compute this number for small n to
shed light on the true behavior of this measure of complexity. Furthermore, results
of our computations might give ideas for a theoretical proof of better asymptotic
lower or upper bounds.

2

Our contribution

We computed lower bounds for the extension complexity of cut polytopes using
the rectangle covering bound. This is a well known lower bound for the extension
complexity, and is due to Yannakakis [7]. We can view this rectangle covering
bound as acting on a binary matrix defined by the polytope. In this matrix,
the rows are indexed by facets, the columns are indexed by vertices, and each
matrix element is 0 if the corresponding vertex is contained in the corresponding
facet, or 1 otherwise. The value of the rectangle covering bound on a matrix A is
the minimum number of rank-1 binary matrices (called rectangles) such that the
element-wise maximum of these matrices is equal to A. This can be viewed as
covering the support of matrix A with rectangles, which gives the bound its name.
An example is shown in Figure 2.
The rectangle covering bound was used by Fiorini et al. to show that the cut
polytope and the TSP polytope have exponential extension complexity [5], and
by Volker Kaibel and Stefan Weltge in their proof that the cut polytope has an
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Figure 2: Example of a rectangle covering. The matix on the left hand side is
the element-wise maximum of the matrices on the right hand side. It is easy to
prove that we also need at least 3 rectangles here, which implies that the rectangle
covering bound of this matrix is 3.
extension complexity of at least 1.5n−1 [6].
The rectangle covering bound can be relaxed to the fractional rectangle covering bound, which allows covering the matrix with rectangles that only count
partially, both towards the value of the bound and towards covering elements. In
the fractional rectangle covering bound, the fractions of rectangles covering each
nonzero element of A must sum up to at least 1. The fractional rectangle covering
bound is a lower bound on the rectangle covering bound.
We have modeled the rectangle covering bound as a mixed integer program.
The linear programming relaxation of this program gives the fractional rectangle
covering bound. We interpret the dual of this linear program and use the fact that
solutions to this dual are again lower bounds for the fractional rectangle covering
bound. Computing the value of this linear program, we obtain the following result:
Theorem 1 The extension complexity of cut polytopes of size n ≤ 9 is exactly
equal to 2n−1 .
To achieve this result, we use several techniques to reduce computational complexity. Firstly, we consider a submatrix of the slack matrix of the cut polytope,
by only considering certain classes of facets, called pure hypermetric facets [8]. For
illustration, the cut polytope of size 9 is conjectured to have over 12·1012 facets [9],
but we consider only 4912 of those. Furthermore, we use the symmetries of the cut
polytope and the pure hypermetric facets, by arguing that any solution to the dual
linear program can be made symmetric. We use this fact to remove symmetric
constraints in the dual linear program, which greatly reduces the total number of
constraints. Each of these constraints corresponds to a rectangle in our matrix,
so this technique implies enumerating non-symmetric rectangles. Finally, when
enumerating these rectangles we only consider rectangles that are not contained
in any other rectangle.
After this, we construct rectangle coverings and fractional rectangle coverings
for our submatrix. Using these constructions we prove the following limits to our
approach:
Theorem 2 The fractional rectangle covering bound of the submatrix of pure hypermetric facets of the cut polytope of size n > 9 is smaller than 2n−1 .
105

Theorem 3 The rectangle covering bound of the submatrix of pure hypermetric
facets of the cut polytope of size n ≥ 93 is smaller than 2n−1 .
Therefore, to be able to prove via the rectangle covering bound that the extension complexity of the cut polytope is equal to 2n−1 we would need to consider
more classes of facets than the pure hypermetric facets. For our approach, this
becomes computationally intractable, because other classes of facets contain more
facets and have fewer symmetries than the pure hypermetric facets.
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In the cup emptying game, there are n cups, each initially empty. In each
step of the game, the filler distributes up to 1 −  water among the cups, where
0 ≤  < 1 is the resource-augmentation parameter . The emptier then selects
one cup and removes a unit of water from that cup (or all of the water in the cup, if
the cup contains less than one unit). The emptier’s goal is to minimize the backlog
of the system, which is defined to be the height of the fullest cup. This corresponds
naturally to a scheduling problem in which the cups represent threads, the water
represents work that needs to be completed by each thread, and the emptier is a
scheduler that perform up to 1 unit of work per time step.
Beginning in the 1960s [11, 12], much of the work on cup emptying games
focused on fixed-rate games, in which each cup j receives the same amount of
water fj at every step (see the full version [6] of this paper for a detailed literature
review). Baruah et al. [3], in particular, give an algorithm which achieves O(1)
backlog in the fixed-rate game, and runs in polynomial time per step of the game.
In the past thirty years, researchers have turned their focus to the cup emptying game without the fixed-rate constraint. Adler et al. [1] showed that the
simple greedy emptying algorithm, in which the emptier always removes water
from the fullest cup, guarantees backlog O(log n). Moreover, the greedy emptying
algorithm is known to be the optimal deterministic algorithm [1, 7]. Randomized algorithms, on the other hand, can achieve significantly smaller backlog [5, 8].
1
Bender et al. [5] showed that, as long as  ≥ polylog
n , then a randomized version
of the greedy emptying algorithm can achieve backlog O(log log n) at each step
with high probability in n, which is known to be the optimal backlog guarantee for randomized algorithms [5, 8]. Subsequent work by Kuszmaul [10] extends
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these guarantees to arbitrarily small  (even  = 0) for games whose lengths are
polynomially bounded.
The power of randomization comes from the fact that the filler is required to
be an oblivious adversary , meaning that it must decide at the beginning of
the game how much water to put into each cup at each step. Randomness in the
emptying algorithm can therefore be used to add unpredictability to the emptier’s
behavior, making it difficult for the filler to anticipate how much water is in each
cup at a given step. The best known randomized algorithms against an oblivious
adversary work by adding small “random perturbations” to the behavior of the
standard greedy algorithm.
If, instead, the filler is an adaptive adversary, then no randomized emptying
algorithm can achieve backlog o(log n) [5, 7,8]. Rather, the filler can achieve backlog Θ(log n) with the following simple (n − 1)-step construction. In the first step,
the filler spreads 1 unit of water equally among the n cups. In the next step, the
filler distributes 1 unit of water equally among the n − 1 cups that have not yet
been emptied. In each subsequent step t, the filler spreads 1 unit of water equally
among n − t + 1 cups that have not yet been touched by the emptier. After the
(n − 1)-th step, one cup remains with 1/n + 1/(n − 1) + · · · + 1/2 = Θ(log n) water.
The fact that the filler is an adaptive adversary enables the filler to determine
after each step which cups have not yet been touched by the emptier.
Cup games with cyclic feedback. Modeling the filler as an oblivious adversary makes sense as long as the arrival of water across steps is independent of
the emptying decisions in previous steps. This is not true in many natural applications of cup games, however. Often, the work that is cleared from buffers
on one step dictates which work arrives into buffers in subsequent steps. For example, in scheduling/queuing applications, the threads that are scheduled on a
given step determine the tasks that are added to the queues on the next step.
Similarly, in data-structure applications, where cup games schedule tasks within a
data structure, the same type of cyclic feedback can occur [4].
As soon as there is cyclic feedback within the system, the filler can no longer
be modeled as oblivious. This means that the randomized algorithms for the cup
game [5, 8, 10] cannot be applied directly to the vast majority of the cup game’s
applications.
In general, systems that exhibit cyclic feedback can often behave poorly under
stress, even when the cyclic feedback is not explicitly malicious. A classic example
of this phenomenon is cache stampedes which occur in caches on distributed
databases: when the lease on a frequently accessed element of a cache expires,
multiple requests to that item may trigger cache misses and start repopulating
that item at the same time—by bogging down the system, this can then cause
additional cache items to expire, resulting in a cyclic positive feedback loop [2,14].
Another example of this phenomenon is the double-disk failure problem: when
data is stored redundantly on two drives, the two drives often fail at close to the
same time—this is because (a) the two drives experience similar access patterns
over their lifetime, and because (b) the failure of one drive implicitly causes a
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sudden unusual amount of activity on the other (due to rebuild efforts), thereby
increasing the probability of failure on the second drive [9, 13].
When a system is under stress, the cyclic feedback between components of the
system can have critical effects on the system’s behavior. For a cup game, a cup
is “under stress” when it has significantly more water than average.
Thus we have the following natural question: in order for strong randomized
guarantees to be possible, do we really need the adversary to be fully oblivious,
or could we instead handle an adversary that has some information hidden from
them, but that is able to detect which cups are under stress?
This paper: strong guarantees against a nearly adaptive adversary. To
address this question, we consider an adversary that is fully adaptive but that sees
the fills of the cups at a low precision: whenever a cup is nearly empty, containing
3 or fewer units of water, the adversary cannot see the precise amount of water
that is in the cup. One can think of this adversary as being separated from the
cups by a wall of height 3—we call this an elevated adaptive adversary ,
We show that randomized emptying algorithms can be made effective against
elevated adaptive adversaries, achieving the same bound on backlog as if the adversary were oblivious. In particular, we prove that, if the filler is an elevated
1
adaptive adversary, and the emptier has resource augmentation  ≥ polylog
n , then
there is a randomized emptying algorithm that, at any step t, achieves O(log log n)
backlog with high probability in n. This guarantee continues to hold for each step
t, even when t is arbitrarily large.
The elevated adaptive adversary does not necessarily apply out-of-the box to
every application of cup games. For example, in scheduling applications, the decision of which cup is emptied affects which cups receive water in the next step, even
if the emptied cup was under very low stress. On the other hand, our algorithm
only removes water from cups that are under very low stress when the state of the
system as a whole is good (i.e., all cups are under very low stress). This means
that the elevated adaptive adversary does eliminate the possibility of a feedback
loop within the system causing the system to perpetually travel towards a worse
and worse state in terms of its backlog. That is, the only way that a filler can
successfully behave maliciously is if that malicious behavior occurs when all of the
cups in the system are under low stress.
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We consider a problem arising in the context of smart manufacturing, and more
specifically in the cosmetics industry [1].
The industrial partner produces, on a daily basis, a set of products. Before
the actual production starts the necessary ingredients of each product must be
gathered in the right quantities. In general, the same ingredient may be required
by more than one product, a product may require more than one ingredient, also
of the same type. The ingredients are stored in several boxes. Each box may
contain multiple ingredients, and the same ingredient may appear in multiple
boxes. Ingredients cannot be moved from one box to another.
For each product, the operations of processing (that is, weighing and grouping)
all its required ingredients are accomplished by exactly one worker. Every worker
can hold at most one box at a time. The processing time is the amount of time
needed to process an ingredient for a specific product. Each worker may have more
than a single product to process in its duty. In such a case, they can be interleaved
and processed partly before completion. Each box can be in use of a single worker
at a time. They can be moved from one worker to another by means of a single
automated guided vehicle (AGV). The AGV can carry one box at a time. The
setup time is the time needed to move boxes between workers.
The goal of the problem is to find a sequence (over time) of assignments of the
boxes to the workers so to minimize the makespan, i.e., the time needed to process
all ingredients of all products taking into account both processing and setup times.
Contributions and outline. In this paper we operate the assumption that both
the setup times and the processing times of all ingredients are equal to 1 for all
workers. We formalize the problem, proving it to be NP-hard. Then, we consider
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via Celoria 18, 20133 Milano, Italy.
†
antonio.belotti@studenti.unimi.it. Dipartimento di Informatica, Università degli Studi
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a relaxation, mapping to a scheduling problem with multi-purpose machines. We
show how a slight variant of an algorithm from the literature allows its resolution
in polynomial time.

1

Definition, Representation and Complexity of the
Problem

Let T denote a set of ingredients. We are given a set of boxes M = {M1 . . . Mm :
Mi ⊆ T for i = 1 . . . m}, where t ∈ Mi if box Mi contains ingredient t. We are
also given a set of products J = {J1 . . . Jn : Jk ⊆ T for k = 1 . . . n}, where t ∈ Jk
if product Jk requires ingredient t. That is, each box and each product is a set of
ingredients.
Our cosmetics scheduling problem (CSP) can be modeled as follows. Each box
m ∈ M acts as a machine that can stay in one of three states: being used by a
worker for a specific ingredient, being transported by the AGV or being idle. Each
product J ∈ J acts as a job. Each ingredient t required in a product J acts as a
task of the corresponding job.
In this abstract we assume that each worker has a single product in duty: only
minor adaptations are needed to handle duties of more products.
A feasible CSP solution consists of a feasible scheduling of jobs J to the machines M, that is, a scheduling satisfying the following rules
• tasks of the same job can be processed in any order, but cannot be processed
simultaneously,
• each machine can process one task at a time
• each machine can process only tasks of ingredients which are in the corresponding box, i.e., M ∈ M can process t ∈ J only if t ∈ M ,
• whenever a machine M switches from one job to another, a setup operation
is needed on M (setup is not needed for the first job which is processed),
• at most one setup operation can be performed on all machines at a time.
A feasible CSP solution is optimal if it minimizes the makespan, that is, the
completion time of the job that completes last.

2

Results

We observe that the key complicating factor of the problem is the presence and
the structure of the setup operations in a schedule. In fact, it makes the problem
theoretically difficult, as shown in the following proposition.
Proposition 1 The cosmetics scheduling problem is NP-hard.
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We reduce from the Set Covering problem, which is NP-complete [5]. A formal
proof is omitted in this abstract, but its structure relies on mapping of the Set
Covering ground set to ingredients T and the covering sets to boxes M. Dummy
elements need to be added to reach a suitable mapping. Finally, products J take
copies of dummy elements and elements of the ground set. The number of setups in
an optimal scheduling corresponds to the number of subsets used in a Set Covering
solution.
In view of this result, we seek for a relaxation of the CSP that can be solved in
polynomial time by relaxing the structure of setups. In particular, we first focus on
the setup-free relaxation, that is a version of CSP in which no setup is needed. The
objective is not changing, and any feasible CSP solution is valid for the setup-free
relaxation (but the converse might not be true), thus making it valid.
The setup-free relaxation is a variant of open shop problem with multi-purpose
machines [4] (OSP-MPM) as defined in [6] in which all processing times are equal
to 1. It is surprising to notice that recent literature on related problems is very
scarce. For instance, they are not covered in recent reviews like [2].
Proposition 2 The setup-free relaxation can be solved in polynomial time.
Our proof is constructive: we provide a polynomial time algorithm. Its main
idea is a slight variant of that reported in [6]. It is based on the computation of
maximum flows in a sequence of acyclic networks with integer capacities. Networks
in this sequence are built by fixing, in an iterative way, a tentative maximum number of tasks B for each machine. It can be enforced by encoding graph capacities.
B is clearly defining a tentative makespan. We prove that, by fixing B, flows are
feasible if and only if a feasible schedule of makespan B exists.
Once an optimal makespan value B ∗ is found, we prove that a feasible schedule
of makespan B ∗ can be found accordingly, by solving an edge coloring problem
on a bipartite hyper graph. We point out that a similar approach is used to
determine the optimal schedule of classical open-shop scheduling problems with
unit processing times and parallel machines [3, p. 161]. The main modification of
our approach is the presence of parallel edges in the bipartite graph on which the
edge coloring is computed.
Finally, we investigate on ways to improve the lower bounds given by the
setup-free relaxation, by re-introducing setups and progressively imposing more
restrictions on them. We present our ongoing research in this context, and also
discuss some open research question, like which relaxations of setups make the
problem polynomially solvable, and which produce nontrivial bounds.
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Introduction

A practical operating rooms scheduling problem, which arises at a public hospital
located in Northern Italy is considered. It consists in deriving a daily schedule for
a set of operating rooms where each operating room is associated with a surgical
specialty and a set of surgical interventions to be performed for the considered
day. We denote this problem as the Shared Resource Operating Rooms scheduling
(SRORS) problem. Operating rooms scheduling has been widely investigated
in the last 50 years. We mention here four main reference surveys on the topic
published between 2010 and 2019, namely [1], [2], [3] and [4].
The SRORS problem can be formally expressed as follows. We have n surgical
interventions (hereafter also denoted as jobs) 1, · · · , n and m operating rooms
OR1 , · · · , ORm . Each job j belongs to a specific surgical specialty that is univocally
assigned to a given operating room ORi . Then, for each operating room ORi , there
P
are ni jobs to schedule in the considered day, and we have n = m
i=1 ni . We denote
by Ji the set of jobs schedulable in operating room ORi . Each operating room
ORi is available for a common duration W for surgical interventions. Each job j
may or may not require the use of a shared resource. We will denote as red jobs
(j ∈ R) those jobs requiring the shared resource and as blue jobs (j ∈ B) the other
jobs. Also, for each ORi , we will denote as Ri (Bi ) the set of relevant red (blue)
jobs. Each job j schedulable in ORi has a nominal duration wi,j and a profit pi,j
directly derived from the job priority. The goal is to maximize the total profit of
the scheduled jobs. Let us also define as SRORSmin , the minimization version of
the problem where the goal is to minimize the total profit of the rejected jobs.
To avoid unnecessary moves of the shared resource from one operating room to
another, it is assumed that every day this resource can spend at most one single
time interval in each operating room. Correspondingly, for each ORi , w.l.o.g. a
sequence βi1 ρi βi2 holds, where βi1 is a first subset of blue jobs, ρi is a subset of red
∗
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jobs and βi2 is a second subset of blue jobs. Notice that all these subsets may be
empty and that is irrelevant the order of the jobs within each jobs subset.

2

Problem complexity

Being a generalization of the 0/1 Knapsack Problem (see, for instance, [5]), the
SRORS problem is N P -Hard, but it is of interest to determine whether it is in the
weak or in the strong sense.
Theorem 1 We have the following results:
1. For the case when m = 2, the SRORS problem is weakly N P -hard,
2. For the case when m is fixed, the SRORS problem is weakly N P -hard,
3. For the case of an arbitrary m, the SRORS problem is strongly N P -hard
and the SRORSmin problem does not have a polynomial-time approximation
algorithm with a bounded approximation ratio unless P = N P .
Proof: (Sketch): Case 1 (resp. 2) is proved by showing the existence of a DP
algorithm running in O(nW ) time (resp. O(nW 2 ) time) to solve it.
Case 3 is proved by reduction from 3-Partition where the approximation result
relates to a SRORSmin problem where no job is rejected IFF there exists a solution
of 3-Partition.

3

ILP formulation and solution approach

To solve to optimality the SORS problem, we provide an improved knapsack-based
formulation as follows. For each job j ∈ Ji , we introduce two binary variables x1i,j
and x2i,j if job j ∈ Bi (blue job), or a binary variable yi,j if job j ∈ Ri (red job). For
blue jobs, x1i,j = 1 (x2i,j = 1) if job j is selected and is placed in the first (second)
subset βi1 (βi2 ), alternatively x1i,j = 0 (x2i,j = 0). Similarly, for red jobs, yi,j = 1 if
job j is selected and is placed in subset ρi , alternatively yi,j = 0.
Then, for each operating room ORi , we introduce two continuous variables si ≥ 0
and ei ≥ 0 denoting the start time and end time, respectively, of subset ρi of red
jobs. Finally, for each pair Oi , Ok (with i < k) of operating rooms, we introduce a
binary variable zi,k where zi,k = 1 if ei ≤ sk , else zi,k = 0.
The following ILP model holds.

max

X

i∈[1,···,m], j∈Bi

pi,j (x1i,j + x2i,j ) +
X

j∈Bi

X

pi,j yi,j

(1)

wi,j x1i,j ≤ si , ∀i ∈ [1, · · · , m]

(2)

i∈[1,···,m], j∈Ri
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X

wi,j yi,j ≤ ei − si , ∀i ∈ [1, · · · , m]

(3)

wi,j x2i,j ≤ W − ei , ∀i ∈ [1, · · · , m]

(4)

j∈Ri

X

j∈Bi

X

wi,j yi,j ≤ W

(5)

si ≤ ei ∀i ∈ [1, · · · , m]

(6)

ei ≤ sk + W (1 − zi,k ) ∀i, k ∈ [1, · · · , m], i 6= k

(8)

i∈[1,···,m], j∈Ri

x1i,j

+

x2i,j

≤ 1 ∀j ∈ Bi ∀i ∈ [1, · · · , m]

ek ≤ si + W zi,k ∀i, k ∈ [1, · · · , m], i 6= k
x1i,j
x2i,j

∈ {0, 1} ∀i ∈ [1, · · · , m], ∀j ∈ Bi

(7)
(9)
(10)

∈ {0, 1} ∀i ∈ [1, · · · , m], ∀j ∈ Bi

(11)

zi,k ∈ {0, 1} ∀i, k ∈ [1, · · · , m], i 6= k

(13)

yi,j ∈ {0, 1}

∀i ∈ [1, · · · , m], ∀j ∈ Ri

(12)

The considered ILP model can be enhanced in several ways. A preprocessing
step for eliminating all dominated jobs can be applied. Recalling that, given a job
j, every job k with larger profit and smaller weight is preferable to j, we can show
that a red job j ∈ Ri is dominated (hence yi,j = 0) whenever
X

k∈Ri ∪Bi :k6=j, wi,k ≤wj,k , pi,k >pj,k

wi,k > W − wj,k + 1

namely there exists a set of jobs in Ri ∪ Bi that are preferable to j such that
the sum of their durations exceeds W − wj,k .

Similarly, we can show that a blue job j ∈ Ri is dominated (hence x1i,j +x2i,j = 0)
whenever
X
wi,k > W − wj,k + 1
k∈Bi :k6=j, wi,k ≤wj,k , pi,k >pj,k

We tested the above ILP formulation constructing realistic instances from the
considered hospital data. Each job (intervention) j assigned to operating room
ORi was assigned a nominal duration wi,j (in minutes) generated in the uniform
interval [30, 240]. The nominal duration embeds also the setup time required for
cleaning the operating room before the entrance of the following patient. Each job
j assigned to operating room ORi was randomly given a priority prj ∈ {5, 2, 1}
representing the urgency of the intervention: correspondingly, a nominal profit
pi,j = prj wi,j was generated inducing strongly correlated instances. Each job
j was given a probability of requiring the use of the shared resource randomly
selected in the interval [10%, 30%]. Instances were generated with 10 or 20 jobs
for each operating room and 5 or 10 operating rooms. Larger instances do not
seem to be realistic. The considered time horizon was either 360 minutes or 720
minutes and 10 instances were considered for each pair [# jobs,# operating rooms].
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CPLEX 20.1.0.0 applied to the proposed ILP formulation was capable of solving
to optimality all instances within a timelimit of 30 seconds when the time horizon
was 360 minutes. With the 720 minutes horizon, CPLEX failed to reach optimality
within a timelimit of 60 seconds in 3 of the 20×10 instances. Still, at the timelimit
for the unsolved instances, the gap between upper and lower bounds was negligible.
Hence, from a practical point of view, the proposed approach is viable. We also
explored another approach exploiting a genuine combinatorial generation of all
relevant schedules for each operating room ORi : let Si be the set of schedules of
the form βi1 ρi βi2 for ORi . By means of dynamic programming, it is possible to
generate all sets Si . Being able to enumerate the optimal red/blue schedules for
each machine suggests a column-generation approach. Many columns turn out to
be dominated and can be discarded. Usually not many undominated columns are
left (can be thousands, but manageable). Then via a simple master problem it
is possible to compose the optimal solution. Experimental results will show the
efficiency of this latter approach with respect to the first one.
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Introduction

This abstract considers the construction of a double round-robin (2RR) sports
timetable defining when and where teams meet. In a 2RR timetable, each team
faces every other team twice: once as the home team and once as the away team
(the game is played in the venue of the home team). The simplicity of this tournament structure notwithstanding, the planning of a practical 2RR timetable is
challenging due to the large number and the diversity of constraints and objectives
that typically need to be considered. A common approach is therefore to decompose the problem with the first-break-then-schedule (FBTS) approach which first
decides when teams play home or away (the so-called home-away pattern or HAP
set), after which it determines a compatible assignment of opponents. Despite the
common use of FBTS to schedule real-life tournaments in practice (see e.g. [1]),
research on how to backtrack between the different phases of the algorithms is
scarce. This abstract shows how FBTS relates to the classic Benders’ decomposition with integer subproblems. In particular, we show how Benders’ feasibility
and optimality cuts in combination with the well-known no-good and integer optimality cuts can be used to organize backtracking, resulting in an exact approach.
Compared to the classic FBTS approach, our approach has the advantage to be
able to cope with most real-life constraints and can even deal with situations where
the objective is (partly) determined by the assignment of opponents.

2

Problem description and Benders’ decomposition

The input of a typical sports timetabling problem consists of a set of n teams T
that need to play a 2RR, and a set of rounds R (e.g. days or weekends) during which
the games take place. A feasible timetable assigns each game of the tournament
to a round in R, such that no team plays more than one game per round. In
the remainder of this abstract, we assume that the number of teams is even and
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that there are just enough rounds to schedule all games (i.e. |R| = 2(n − 1), socalled compact timetables). We further assume that the objective is to minimize
z = z1 + z2 , where z1 only depends on the HAP set associated with the timetable
(e.g. the minimization of consecutive home or consecutive away games) and where
z2 (linearly) depends on the assignment of opponents (e.g. the minimization of
costs related to the assignment of games). With only very few exceptions, the
vast majority of sports timetabling problems previously presented in the literature
adhere to this assumption.
One possible approach to tackle this problem is to solve the following monolithic
integer programming (IP) formulation, where hi,r indicates whether team i ∈ T
plays home in round R and xi,j,r indicates whether i plays at home against j ∈
T \ {i} in r.
min z1 + z2

(1)

|

z1 = a h

(2)

z2 = b | x
X
hi,r = (n − 1)

(3)
∀i ∈ T (4)

r∈R

X

∀r ∈ R (5)

hi,r = n/2

i∈T

X

xi,j,r = hi,r

∀ i ∈ T, ∀ r ∈ R (6)

xj,i,r = 1 − hi,r

∀ i ∈ T, ∀ r ∈ R (7)

j∈T \{i}

X

j∈T \{i}

X

∀i, j ∈ T : i 6= j (8)

xi,j,r = 1

r∈R

hi,r ∈ {0, 1}, xi,j,r ∈ {0, 1}

∀i, j ∈ T : i 6= j, ∀ r ∈ R (9)

The objective is to minimize the sum of z1 and z2 . The relation between z1 and
the HAP set is expressed by Constraints (2), where a is an application dependent
cost vector and h is the vector of all hi,r variables. Constraints (3) regulate the
value of z2 , where b is again an application dependent cost vector and x is the
vector of all xi,j,r variables. Constraints (4) state that each team plays half of
its games at home, and Constraints (5) state that exactly half of the teams in
each time slot play home (clearly a necessary condition for HAP set feasibility).
Constraints (6) and (7) require that all teams play according to their HAP, and
Constraints (8) ensure that all games are scheduled. Finally, constraints (9) are
the binary constraints.
Instead of solving the above formulation at once, we propose to apply Benders’
decomposition by projecting out the complicating xi,j,r variables. The master
problem then corresponds to constructing a HAP set, whereas the sub problem
is to find a compatible assignment of opponents or to prove that none exists. As
the xi,j,r variables need to be integral, we complement the traditional Benders’
feasibility and optimality cuts with no-good and integer optimality cuts.
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HAP

n

LB

Best

LB

Best

Time

BF

NG

Sol.

4
6
8
10
12
14
16
18
20
22
24
26
28
30

17
43
80
124
181
252
327
414
520
626
744
884
1021
1170

17
43
80
124
181
252
327
417
520
626
749
896
1021
1179

17
43
80
124
181
252
327
414
520
626
744
884
1021
1170

17
43
80
124
181
252
329
418
520
629
749
886*
1025
1181

61
61
61
1373
4162
35
36000
36000
25938
36000
36000
36000
36000
36000

1
36
4
39
156
4
40
185
229
5
17
35
17
12

4
3
0
0
0
0
0
0
0
0
0
0
0
2

1
6
10
20
20
25
37
25
27
44
41
34
51
59

Table 1: Computational results for the C-TTP. Proven optimal solutions are indicated in bold, and new better results are indicated with an asterisk.

3

Minimizing the sum of travel trips

As will be shown in this talk, the Benders’ decomposition approach outlined in
the previous section is widely applicable. To show its effectiveness in this abstract,
we only discuss the results for the constant-distance traveling tournament problem
(C-TTP). The C-TTP is to construct a compact 2RR timetable that minimizes the
total travel trips of the teams such that (i ) no team plays more than 3 consecutive
away games, (ii ) no team plays more than 3 consecutive home games, and (iii ) no
game i at j is immediately followed by game j at i. Team i is said to have a
travel trip whenever it travels from the venue of team j ∈ T to the venue of team
k ∈ T \ {j}.
Over the past two decades, several research efforts have been made to construct
high-quality solutions for the C-TTP (see e.g. [2]). Urrutia and Ribeiro [3] show
that the total number of travel trips can be minimized by maximizing the total
number of breaks (i.e. consecutive home or successive away games). In order
to generate trip-minimal timetables, we apply the proposed Benders’ approach
by first constructing a break-maximal HAP set and then finding a compatible
assignment of opponents.
Computational results for the C-TTP are given in Table 1. The first three
columns of the table give the number of teams, the best known lower bound,
and the best known solution from the literature. Next, the table provides the best
lower bound and solution found, the total time taken, the total number of Benders’
feasibility (‘BF’) and No-Good cuts (‘NG’), and the total number of solutions (i.e.
feasible HAPs) found. The low number of no-good cuts illustrates the strength of
the Benders’ feasibility cuts: for most infeasible HAP sets, infeasibility is already
detected at the level of the LP-relaxation. The table also shows that we are able to
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compute an optimal solution for all but three of the problem instances that have
previously been solved to optimality in the literature. Together with the fact that
we find a new better solution for the 26 teams problem instance, this is remarkable
given that the TTP is a well researched problem.
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Introduction

In many scheduling environments, the jobs are not treated in a fair way. Naturally,
some jobs have higher priority than others. Such scenarios are theoretically modelled in two ways: (i) jobs are associated with weights that reflect their importance.
(ii) there are precedence constraints among jobs. We study a scheduling setting,
motivated by real-life behaviour, in which the priority among jobs is defined in a
different way. In our model, the users are arranged in a dominance hierarchy, and
high ranking users are ready to accept only outcomes in which the service they
receive cannot be improved by hurting the service provided to subordinate users.
Studies in behavioral science show that different organisms have different aggressiveness levels. Aggression is defined as a behavior intended to increase the
social dominance of the organism relative to the dominance position of other organisms. Different levels of aggressiveness lead to a dominance hierarchy. Highly
rank members of the society have better access to valuable resources such as mates,
living space, and food.
Our model is inspired by such environments. Specifically, the jobs are partitioned into c hierarchical levels, and the only allowed schedules are those that
are stable against an aggressive behaviour (bypassing of subordinate jobs) of highranking jobs. Thus, while the assignment is determined by a centralized authority,
it must satisfy some stability constraints implied by the jobs’ dominance hierarchy.
Let J be a set of jobs. Every job Jj ∈ J has a processing time pj , as well
as a due-date dj , denoting the time in which it should be completed. The set
J consists of c sets; J = J1 ∪ . . . ∪ Jc , where J` is a set of jobs in the `-th
hierarchy level. That is, the jobs of J1 have the highest rank, and the jobs of Jc
are the most subordinate. A schedule π on a single machine determines a nonpreemptive assignment of the jobs on the machine. For a schedule π and a job Jj ,
let Sj (π), Cj (π) denote the start time and the completion time of Jj in π. In our
setting, all the jobs are available at time 0 (no release times), and no preemptions
are allowed, therefore, for every job j, Cj (π) − Sj (π) = pj . Also, w.l.o.g., we only
∗
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consider schedules with no intended idle. Clearly, idle segments can be removed
by shifting some jobs to start earlier. By the above, a schedule π can be described
P
by specifying an order of the jobs, and Cj (π) = j 0 :Sj 0 (π)≤Sj (π) pj 0 .
For a given schedule π, let Lj (π) = Cj (π) − dj denote the lateness of job Jj
in π. Tj (π) = max{0, Cj (π) − dj } is the tardiness of Jj , and Uj (π) ∈ {0, 1} is a
binary lateness indicator indicating whether Jj is tardy, that is, Uj (π) = 1 if and
only if Cj (π) > dj .
A schedule π is considered feasible with respect to some objective function, if
for every hierarchy level 1 ≤ ` ≤ c, and every job Ji ∈ J` it holds that the objective
value of Ji cannot be improved by preserving or improving the objective value of
each of the jobs in ∪1≤k≤` Jk , and possibly hurting the objective value of less
dominant jobs (in ∪`+1≤k≤c Jk ). This general definition has a different practical
meaning depending on the objective function, for example, a schedule π is feasible
with respect to tardiness if for every tardy job Ji it holds that there is no schedule
in which Ji has a reduced tardiness and no job from a higher or equal hierarchy
level has an increased tardiness.
We analyze two objective functions. The first is minimizing the maximal tardiness, and the second is minimizing the number of tardy jobs. Both problems
have simple greedy algorithms in an environment without a dominance hierarchy [4, 3]. Using the common three-fields notation for scheduling problems [1], we
denote the corresponding problems in the presence of a dominance hierarchy by
P
1|hierarchy|Tmax and 1|hierarchy| Uj .
For the objective of minimizing the total completion time, in every feasible
schedule, for all `1 < `2 , all the jobs of J`1 will be processed before all the jobs of
J`2 . Thus, an optimal solution is easily obtained by processing the jobs of each
hierarchy level in shortest processing time order. Objective functions that depend
on jobs’ tardiness are more challenging since a job may have a high completion
time and still perform perfectly as long as it is not tardy. Thus, the order of jobs in
an optimal schedule does not necessarily agree with their ranks. This observation
is crucial in understanding the model and the involved challenges.
The general problem we consider is finding a feasible schedule that optimizes
the objective function, that is, minimizes the maximal tardiness of a job, or minimizes the number of tardy jobs. Another problem that we consider is a multicriteria one. Specifically, the primary goal is to optimize the schedule for J1 . Out
of all feasible schedules achieving the best for J1 , the goal is to optimize the schedule for the jobs in J2 , and so on. We use the notation 1|hierarchy|(γ1 , . . . , γc ) the
denote the problem with the multi-criteria objective function γ. E.g., for c = 2, in
the problem 1|hierarchy|(U1 , U1 ), the primary goal is to minimize the number of
tardy dominant jobs, and among all the feasible schedules achieving this objective,
minimize the number of tardy subordinate jobs.
The following example illustrates some of the challenges in scheduling jobs with
different hierarchy levels, and the difference between the global objective function
and the multi-criteria one. Consider the problem of minimizing the number of
P
tardy jobs. That is, 1|| Uj . Assume c = 2. Let A = {a1 , a2 , a3 } be the set of
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P

Figure 1: π0 is optimal for 1|| Uj (no hierarchy), π1 is optimal for
P
1|hierarchy|
Uj , and π2 is optimal for 1|hierarchy|(UA , UB ).

dominant jobs, where p1 = p2 = L and p3 = L+1, for some constant L > 2. The set
B of subordinate jobs includes
L unit-length jobs. Note that n = |A| + |B| = L + 3.

Assume further that all the jobs in the instance have the same due-date of 2L.
P
Without dominance hierarchy, an optimal schedule for
Uj is the schedule π0 ,
presented in the top of Fig. 1. There are L + 1 non-tardy jobs. With hierarchy,
P
an optimal schedule for Uj is the schedule π1 . There are L non-tardy jobs: the
longer dominant job, a3 , and L − 1 subordinate jobs. The schedule π1 is feasible,
even though a1 and a2 are late. None of these jobs can benefit from bypassing
subordinate jobs, as their total processing time is less than L. The schedule π2
is optimal for the problem 1|hierarchy|(UA , UB ). Only the two dominant jobs a1
and a2 are non-tardy, and all the other L + 1 jobs are late.

2

Our Results

We present the following results for scheduling on a single machine with the presence of jobs’ dominance hierarchy:
1. algorithms for testing the feasibility of a schedule with respect to jobs’ tardiness and with respect to the lateness indicator. The two tests are different since
the feasibility constraint for the later problem is weaker. Consider for example the
schedule π1 in Fig. 1. Job a1 may reduce its tardiness from L to 1 if it bypass the
jobs of B. It will remain tardy in the resulting schedule, therefore, a1 cannot reduce its lateness indicator. Thus, π1 is feasible with respect to Uj , but not feasible
with respect to Tj .
2. for the problem of minimizing the maximal tardiness of a job, we present
an algorithms that produces an optimal schedule for both the global objective and
the multi-criteria objective. The algorithm is based on an initial schedule of the
jobs according to EDD order, followed by shifting and reassigning of jobs. The
challenge is to make the minimal possible perturbation of the EDD order that will
guarantee feasibility.
3. for the problem of minimizing the number of tardy jobs, we distinguish between the global objective and the multi-criteria objective. For a constant number
of hierarchy levels we present an NP-hardness proof for the global objective, and
an optimal algorithm for the multi-criteria objective. The algorithm is based on a
P
dynamic programming solution similar to the one presented in [2] for 1|| wj U j
with a constant number of different job weights.
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Motivation

While a system operates its components deteriorate and in order for the system
to stay operational, the components have to be maintained regularly in relation
to their usage in the system. When planning the maintenance for the system,
the decisions to be made concern when each of its components should be maintained (i.e., repaired or serviced) and what kind of maintenance should then be
performed, with respect to the operational schedule of the system. So-called preventive maintenance (PM) can often be planned well in advance, while corrective
maintenance (CM) is done after a failure has occurred, which may come on very
short notice. On the other hand, an unexpected but necessary CM action may
provide an opportunity for PM actions to be be rescheduled, starting from the
system’s current state. While both PM and CM are aimed at restoring the components in order to put the system back in an operational state, CM is often much
more costly than PM, due to a longer system down-time and also due to possible
damages to other components caused by the failure. In this research, we consider PM scheduling, while CM is implicitly included by an additional cost which
increases with the time between PM occasions. The increasing cost reflects the
increased risk of having to perform CM.
We consider a setting with one system operator and one maintenance workshop, which are typically two separate stakeholders, and a contract governing their
joint activities. Components that are to be maintained are sent to a maintenance workshop, which needs to schedule and perform all maintenance activities
while satisfying the contract, which may define conditions on delivery dates for
and/or requirements on the availability of components for the system operator.
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The workshop’s ability to fulfill the
contract is dependent on its capacity, in terms of the number of parallel repair lines; the investment costs for
additional repair lines should thus be
weighed against the cost of not being
able to fulfill the contract at hand.
The original goal of this research
was to investigate how different contracting forms between the stakeholders affect the efficiency of maintenance activities, the flow of components through the system–of–systems,
as well as the availability of the systems
over time. The first contract we modeled resembles the type of contract currently employed by our case industry,
i.e., a component repair turn-around Figure 1: Illustration of the problem for
time based contract. Since the result- an application with a system of aircraft.
ing mathematical model [1] appeared
to be computationally intractable we chose to challenge and compare this contract
with a contract aimed at regulating the availability of repaired components. The
corresponding mathematical model appeared to be substantially more tractable,
and also the solutions—in terms of resulting numbers of repaired components on
the stock—seem to be more robust in terms of ability to keep the systems running.

2

Problem description

A number of systems are operating to fulfill a common production demand;
their operating schedules are assumed to be predefined, resulting in certain timewindows during which maintenance of the systems’ components may be performed.
While the systems operate their components degrade, which lead to a requirement
for maintenance (i.e., service, replacement, or repair of the components of the systems). At a maintenance occasion, one or several components are taken out of
the system, sent to the maintenance workshop for repair, and returned back to
the stock of repaired components, ready to be used again (by any of the systems).
The components that are sent for repair are instantly replaced by components that
are currently on the the stock of repaired components. Hence, there is a circulating flow of individual components, being used and degraded, replaced, repaired or
serviced, and then put back in a system to be used again. This structure of the
system–of–systems is illustrated in Figure 1.
We make a formal definition of the generalized PMSPIC—which models the
replacement scheduling for the components of the systems considered—along with
a mixed-binary linear optimization (MBLP) formulation. Then, the scheduling
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of the maintenance workshop is modeled using mixed-integer linear optimization
(MILP). These systems are then integrated through the dynamics of the stocks of
components waiting to be maintained and those that have finished maintenance
and are available to be used again by the systems. We analyze an availability contracting form between the system operator and the repair workshop by studying
and comparing the Pareto fronts resulting from different parameter settings, regarding minimum allowed stock levels as well as investments in the repair capacity
of the workshop.

3

Summary of Results

Figure 2 shows the computed points on the Pareto front in the bi-objective optimization problem for the workshop capacities L = 10 and L = 3. The lower
limit on the availability is in the interval [5, 10] while the total maintenance cost
is in the interval [5542, 5828] for L = 10 and in the interval [5631, 5856] for L = 3.
We observe that for every increase by
one in the availability, the increase in
the maintenance cost becomes higher.
That leads to longer maintenance interval lengths which increases the risk
of component/system failure. To receive a high lower limit on components available, there has to be a loss
on the system operator’s side, which
could be, for example, that maintenance intervals are longer which leads
to higher maintenance costs. Another
observation is that the difference beMaintetween maintenance costs for L = 3 Figure 2: Availability vs.
and L = 10 decreases as the availabil- nance cost. The computed points on
i
ity of repaired components increases; the Pareto front for (I, Ji , K, T, b ) =
this means that it is costly to obtain (5, 15, 10, 40, 1), ϵ = 1, L ∈ {3, 10}.
a higher availability, regardless of the
capacity in the maintenance workshop.
Figure 3 shows the load of the maintenance workshop over time, for capacities
L ∈ {3, 5, 10}. We observe that for L = 10, the number of active repair lines
does not exceed 7, which implies that L ≥ 7 does not constrain the number of
repair lines used at any time in an optimal solution. However, when reducing the
capacity to L = 5, there are many time steps at which the workshop is working
at full capacity, and that is even more expressed when L is reduced to 3. If some
unexpected failures occur, or if some components have longer processing times, a
planned utilisation of the full capacity of the workshop at multiple consecutive time
steps might lead to later/postponed deliveries. A consequence of later deliveries
is lower levels on the stock of repaired components, which may not satisfy the
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Figure 3: Load of the maintenance workshop over time for (I, Ji , K, T, bi ) =
(5, 15, 10, 40, 1). For L = 10/5/3, the point on the Pareto front is given by: Availability=5 and Maintenance cost=5542/5546/5631.
lower limit on availability. This may lead to maintenance intervals having to be
extended. Therefore, the loading of the parallel repair machines should not be at
the level of its upper limit for too many time steps.

4

Conclusions

We present a brief overview of an integrated model of a system–of–systems composed by the maintenance scheduling for components, the maintenance workshop,
the stock dynamics, and an availability contract governing joint activities of the
two respective stakeholders. The solutions resulting from our modelling can be
used to find a lower limit on an optimal joint performance of a collaboration between stakeholders governing a common system–of–systems regulated by an availability contract.
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Introduction

Many scheduling problems, even seemingly basic ones such as 1|ri |Lmax , have
been proved strongly NP-hard [7] over the years. Upon reaching NP-hardness this
quickly, it becomes difficult to establish anything deeper about these problems
within the scope of classical complexity theory.
To answer this, parameterized complexity theory gives additional tools for
a refined analysis of such hard scheduling problems. Given a parameter k and
denoting n the input size, a problem is called f ixed − parameter tractable (FPT)
with respect to parameter k if it can be solved in time poly(n) × f (k) with f an
arbitrary function [3]. The idea is to identify k as the limiting property and give
a polynomial time algorithm for all instances with a bounded value of k. When
the studied problem is believed to not be FPT, the para-NP class is used as a
parameterized version of NP: a problem is in para-NP with respect to parameter k
if there is a non-deterministic algorithm that solves it in time poly(n) × f (k) with
f an arbitrary function. In order to prove that a problem is para-NP-hard with
respect to k, it is enough to prove that the un-parameterized problem is NP-hard
for some fixed value of the parameter [4]. For example the k-Coloring graph
problem is para-NP-hard with respect to the number k of colors from knowing
that the graph coloring problem is already NP-hard with k = 3 colors.
Several parameters have been considered for the analysis of the parameterized
complexity of scheduling problems, like the maximum processing time pmax [8] or
the width of the precedence graph [2]. In the presence of time windows, recent
papers considered parameters based on the structure of time intervals. Bodlaender
and van der Wegen [1] addressed the single-machine scheduling of a set of chain
like precedence constraints with delays between successive tasks, and each chain
has its own time window (release time and deadline). They defined the thickness
as the maximum number of overlapping intervals of chains and proved that the
problem with minimum delays given in unary is W[2]-hard with respect to the
∗
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‡
alix.munier@lip6.fr. Sorbonne Université, CNRS, LIP6, F-75005 Paris, France
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thickness. Munier Kordon [9] developed an FPT algorithm for the decision problem
P |prec, pj = 1, rj , dj |⋆. A star in the third field denotes here a decision problem.
The parameter was the pathwidth µ of the interval graph induced by the time
windows of the tasks, which equals the maximum number of overlapping time
windows at any given time, minus one. An FPT algorithm with respect to the tuple
of parameters (µ, pmax ) has been provided in [5] for a problem with typed tasks
of arbitrary processing times. This shows that the pathwidth µ is an interesting
parameter to handle problems with time windows. In this work we consider several
single-machine scheduling problems with release dates, deadlines and precedence
relations with or without delays. We analyze the parameterized complexity of
these problems with respect to the parameter µ.

2

An FPT algorithm for 1|prec, rj , dj |⋆

In this section we consider the case where there are no delays. Related problems
are 1|prec, ri |Cmax which is polynomial [6] whereas 1|ri |Lmax is strongly NP-hard
[7]. This implies the NP-hardness of 1|prec, rj , dj |⋆, even without precedence constraints. It is also proved in [5] that P 2|rj , dj |⋆ is para-NP-complete with respect
to the parameter µ. We provide in this talk an FPT algorithm based only on the
parameter µ for the single-machine case. We consider the sorted list (uα ) of end
points of the jobs intervals (ri , di ). The algorithm is based on a dynamic programming recurrence equation for Mα (X), the optimal makespan of a feasible schedule
of a subset X of jobs starting before uα . The parameter µ is used to enumerate the
feasible subsets and the terms of the recurrence equation, leading to the following
result:
Theorem 1 1|prec, rj , dj |⋆ and 1|prec, rj , dj |Cmax are fixed-parameter tractable
with respect to the parameter µ. The complexity of the FPT algorithm is O(n2 ×
22µ ).

3

Hardness results for 1|chains(ℓi,j ), pj = 1, rj , dj |⋆

In this section, delays values ℓi,j are added to the precedence relations. Two cases
are considered: Exact-Delays for which delays are equal to the given values ℓi,j
and Min-Delays for which delays are required to be greater than or equal to the
given values. In both cases we show that adding delays to the problem makes
it para-NP complete with respect to parameter µ even with chains as precedence
relations and unit-time jobs.
Theorem 2 1|chains(ℓi,j ), pj = 1, rj , dj |⋆ is strongly NP-hard with pathwidth µ =
1 in both Exact-Delays and Min-Delays cases.
This result complements the work done by Bodlaender and van der Wegen [1],
which investigated the parameterized complexity of similar single-machine scheduling problems where time windows were given on chains instead of individual jobs
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with respect to the thickness. We establish the para-NP hardness of our problems,
a stronger result than W[2]-hardness. Moreover, our reductions are based on a
trick of our own that do not require delays to be given in unary.
The Exact-Delays case is proven using a reduction from 3-Coloring. We
consider as many chains as there are nodes in the input graph. We dedicate one
time segment of length three to each edge in the graph. The chain relative to
a node i ∈ [1..n] must schedule a job in all the time segments where node i is
part of the corresponding edge. Then two nodes sharing an edge have both a
job to schedule in the same edge time segment of length three at some point. If
we associate the position of jobs to color choices, then scheduling both jobs at
different times corresponds to choosing different colors between nodes sharing an
edge. Finally the exact delays are used to make the color choice consistent along
each chain.
The Min-Delays case is also reduced from 3-Coloring and is based on the
same idea as the previous reduction. Around the beginning and the end of each
chain, we add two gadgets that force all the delays along the edge time segments
to be equal to their minimum value in any valid schedule. This allows us to keep
the color choice consistent along each chain and make the reduction work the same
way as in the Exact-Delays case.

4

Conclusion

In this talk we provide a new FPT algorithm for a single-machine scheduling
problem with release dates, deadlines and precedence relations with pathwidth
µ as the parameter. When precedence delays are added, we show the para-NPcompleteness with respect to parameter µ of a restrictive sub-case of the problem,
which suggests that parameter µ alone is not enough to handle delays efficiently.
Future work would investigate the maximum value of a delay ℓmax as a parameter. It would be interesting to see whether an FPT algorithm exists for problem
1|prec(ℓi,j ), pj = 1, rj , dj |Cmax with respect to the tuple of parameters (µ, ℓmax ).
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1

†

Tı́mea Tamási

‡

§

Introduction

We consider a combination of two classic problems of operations research: the joint
replenishment problem (JRP) and single machine scheduling with release dates.
In this problem, each job requires some resources and it can be processed on the
machine after the required resources are replenished. One has to decide both about
the replenishments and the schedule of the machine. The first subproblem is a wellknown variant of the joint replenishment problem, while the second one belongs
to the class of single machine scheduling problems with release dates, where the
release dates are determined by the replenishment times of the required resources.
In the joint replenishment problem, the goal is to fulfill a set of demands
(jobs) emerging over the time horizon. A demand can be fulfilled by ordering its
required items (resources) not sooner than the arrival time of the demand. Orders
of different demands can be combined, and the cost of simultaneously ordering a
subset of item types incurs a joint ordering cost and an additional item ordering
cost for each item type in the order. None of these costs depends on the number
of units ordered. One of the main variants of this problem is the so-called JRPW , where the objective is to minimize the sum of the ordering costs and the cost
incurred by delaying the fulfillment of the jobs. Our problem is an extension of
this variant: each demand (job) has to be processed on a single machine after the
required items (resources) are replenished. The objective is to minimize the total
ordering cost plus a scheduling criterion. We provide several complexity results
for the offline problem, and competitive analysis for online variants with min-sum
and min-max criteria, respectively.
Formally, we have a set J of n jobs that have to be scheduled on a single
machine. Each job j has a processing time pj > 0, a release date rj ≥ 0, and
∗
kis.tamas@sztaki.hu. Institute for Computer Science and Control, Eötvös Loránd Research
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Figure 1: Two feasible solutions. The arrows below the time axis indicate the
replenishment time points.

possibly a weight wj > 0 (in case of min-sum type objective functions). In addition,
there is a set of resources R = {R1 , ..., Rs }, and each job j ∈ J requires a nonempty subset R(j) of R. A job j can only be started if all the resources in R(j) are
replenished after rj . Each time some resource Ri is replenished, a fixed cost Ki is
incurred on top of a fixed cost K0 , which must be paid each time any replenishment
occurs. These costs are independent of the replenished amount.
A solution of the problem is a pair (S, Q), where S is a schedule specifying a
starting time for each job j ∈ J , and Q = {(R1 , t1 ), . . . , (Rq , tq )} is a replenishment structure, which specifies time moments t` along with subsets of resources
R` ⊆ R such that t1 < . . . < tq . We say that job j is ready to be started at time
moment t with respect to replenishment structure Q, if each resource R ∈ R(j) is
replenished at some time moment in [rj , t], i.e., R(j) ⊆ ∪t` ∈[rj ,t] R` . The solution
is feasible if (i) the jobs do not overlap in time, i.e., Sj + pj ≤ Sk or Sk + pk ≤ Sj
for each j 6= k, and (ii) each job j ∈ J is ready to be started at Sj w.r.t. Q.
The cost of a solution is the sum of the scheduling cost cS , and the replenishment cost cQ . The former can be any optimization criteria know in scheduling
P
P
theory (e.g., the total weighted completion time wj Cj , the total flow time Fj ,
or the maximum flow time Fmax ). The replenishment cost is calculated as follows:
P|Q|
P
cQ := `=1 (K0 + Ri ∈R` Ki ).

Example 1 Suppose there are 3 jobs, p1 = 4, p2 = p3 = 1, r1 = 0, r2 = 3,
P
and r3 = 7, and the objective is to minimize
Cj . The replenishment costs
are K0 and K1 , and we deliberately do not specify numerical values for these
parameters. If there are 3 replenishments from a single resource R, i.e., Q =
(({R}, 0), ({R}, 3), ({R}, 7)), and the starting times of the jobs are S1 = 0, S2 = 4,
and S3 = 7, then (S, Q) is a feasible solution with total replenishment cost of
3(K0 + K1 ) and total completion time 17 (Figure 1 left).
However, if there are only two replenishments in Q0 at t1 = 3 and t2 = 7,
then we have to start the jobs later, e.g., if S10 = 3, S20 = 7, and S30 = 8, then
(S 0 , Q0 ) is feasible. Observe that in the second solution we have saved the cost of
a replenishment (K0 + K1 ), however, the total completion time of the jobs has
increased from 17 to 24 (see Figure 1 right).
As to whether (S, Q) is better than (S 0 , Q0 ) or not depends on the value of
K0 + K1 .
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Table 1: Results of the paper.
Problem
Result
P
1|jrp, s = 1, rj | Cj + cQ
NP-hard
P
1|jrp, pj = 1, rj | Cj + cQ
NP-hard
1|jrp, s = 2, rj |Fmax + cQ
NP-hard
P
1|jrp, s = const, pj = 1, rj | wj Cj + cQ
polynomial alg.
P
1|jrp, s = const, pj = p, rj | Cj + cQ
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jrp indicates the joint replenishment extension, s = 1 limits the number of resources to 1, and
cQ is the total replenishment cost.

2

Results

The main results of the paper fall in 3 categories: (i) NP-hardness proofs, (ii)
polynomial time algorithms, and (iii) competitive analysis of online variants of the
problem, see Table 1 for an overview. We provide an almost complete complexity
P
classification for the offline problems with both of the wj Cj and Fmax objectives.
P
Notice that the former results imply analogous ones for the
wj Fj criterion.
While most of our polynomial time algorithms work only with unit-time jobs, a
notable exception is the case with a single resource and the Fmax objective, where
the job processing times are arbitrary positive integer numbers. We have devised
online algorithms for some special cases of the problem for both min-sum and
min-max criteria. In all variants for which we present an online algorithm with
constant competitive ratio, we have to assume unit-time jobs. While we have a
2-competitive algorithm with unit time jobs for min-sum criteria, for the online
problem with the Fmax objective we also have to assume that the input is regular,
i.e.,
√ in every time unit a new job arrives, but in this case the competitive ratio is
2. The technical details can be found in [1].
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1

Introduction

The d-dimensional Hyperplane Search Problem (informally cow-path problem) asks
for a curve (or search strategy) ζ : R>0 → Rd with ζ(0) = 0 that minimizes the
competitive ratio: We say that ζ is c-competitive if there exists α ∈ R>0 such that
length(ζ|[0,t? ] ) 6 c · dist(0, H) + α
for all H ∈ Hd−1 , where Hd−1 is the set of all hyperplanes in Rd and t? = inf{t :
ζ(t) ∈ H}. The infimum over all such c is the competitive ratio of ζ.
When d = 1, it is well-known that the best-possible competitive ratio is 9 [?],
achieved by visiting the points (−2)0 , (−2)1 , . . . sequentially. Moreover, the competitive ratio can be improved to about 4.591 using randomization [?]. Surprisingly,
in addition to the case of d = 1, results only seem to be known for d = 2 and for
offline versions [?, ?], leaving a gap in the online-algorithms literature. For d = 2,
it is conjectured that a logarithmic spiral that achieves a competitive ratio of about
13.811 is optimal [?, ?] (for a related problem, such a spiral is known to be optimal [?]). The present abstract addresses the aforementioned gap by providing the
first asymptotic results for d → ∞.
For the remainder of the abstract, we will consider the essentially equivalent but
arguably cleaner Sphere Inspection Problem: The goal is to find a d-dimensional
minimum-length closed curve, γ, that inspects the unit sphere in Rd , i.e., γ sees
every point p on the unit sphere S d−1 . Here, we say that an object O ⊆ Rd sees
a point p0 on the surface of the unit sphere if there is a point p ∈ O such that the
line segment pp0 intersects the unit ball exclusively at p0 . Note that the curve is
not required to start in the origin any more. Such a minimum-length curve exists
for any dimension [?]. While this problem is trivial for d ∈ {1, 2}, it has only been
∗
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C

B
ξ

S d−1

Figure 1: The apex of the cone C sees all points on the unit sphere that B does.
shown recently that the best-possible length for d = 3 is 4π [?]. No results for
higher dimensions are known.
It is not difficult to see that both problems are equivalent with respect to the
asymptotic behavior of the achievable competitive ratio and tour length, respectively: A curve that inspects the sphere can be turned into a search strategy by a
standard doubling technique. Conversely, a certain prefix of a search strategy can
be viewed as half of a closed tour that inspects the sphere; scaling can take care of
the additive term. A full proof as well as full proofs of the results in the following
sections are given in [?].

2

Lower Bound

In this section, we sketch a proof of the fact that any curve for the sphere inspection
problem has length at least 2d. Towards this, let γ be a curve in Rd that inspects
the unit sphere. We cut γ into a minimum number of contiguous portions of length
at most δ for some fixed δ < 2. Let ξ1 , . . . , ξn be the resulting tour portions, where
n = d|γ|/δe. Choose a portion ξ, and let x be its midpoint. Clearly ξ is contained
in the ball B that has center x and radius δ/2. Further define C to be the cone
that is the intersection of all halfspaces that contain both B and S d−1 and whose
defining hyperplanes are tangent to both B and S d−1 . Note that the set of points
on the sphere that can be seen by the curve ξ can also be seen from the apex of C,
as visualized by Figure 1. This holds since the radius of B is δ/2 < 1. Note that
a single point p ∈ Rd can see some subset of an open hemisphere H of the unit
sphere. Let H1 , . . . , Hn denote a set of open hemispheres such that Hi covers the
portion of the sphere seen by ξi . Since γ inspects the sphere, we have that (Hi )ni=1
covers the sphere. The claim now follows from the fact that the number of open
hemispheres required to cover S d−1 is d + 1.
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√
Figure 2: The cross polytope that has vertices at distance d from the origin
contains the unit sphere, and thus, a tour of its vertices (thick) inspects the unit
sphere.

3

Upper Bound

In this section we sketch a proof of the fact that there is a curve for the
√ sphere
3/2
d
d
inspection problem of length O(d ). Define C̄ := {x ∈
√ R : kxk1 ≤ d} to be
the d-dimensional cross-polytope scaled up by a factor of d, as shown in Figure 2.
It is not difficult to see that the unit sphere is (just) included in C̄ d and that this
implies that the vertices of C̄ d see the unit sphere. Hence, a closed tour that
includes these vertices inspects the sphere. Since the graph
of C̄ d is Hamiltonian
√
and the distance
between any two adjacent vertices is 2d, there is such a tour of
√
length 2d · 2d ∈ O(d3/2 ).

4

Conclusion

We narrowed down the optimal competitive ratio for the d-Dimensional Hyperplane
Search Problem to Ω(d) ∩ O(d3/2 ). The obvious open problem is closing this gap.
Applications and variants of this fundamental problem are very conceivable.
Acknowledgement. This work was supported in part by the Independent Research Fund Denmark, Natural Sciences, grant DFF-0135-00018B.
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The proposed talk will introduce the topic of probabilistic real-time scheduling
analysis and give an overview over our recent results published in RTSS 2021 [1, 3],
DATE 2019 [6], ECRTS 2018 [2], and SIES 2017 [5].

1

Introduction

In a classical, deterministic scheduling analysis for hard real-time systems, recurrent tasks are usually described by a tuple τi = (Ci , Di , Ti ), where Ci is the task’s
worst-case execution time (WCET), Di its relative deadline, and Ti its minimum
inter-arrival time. The schedulability is determined under the assumption that
all tasks must fulfill their timing requirements under all circumstances. Hence, it
is assumed that all jobs execute according to their WCET, which can be significantly larger than the average-case execution time in practice. However, providing
schedulability guarantees under this pessimistic assumptions not only risks to significantly underutilize the processor in the average case, as it considers exceptional
execution conditions — even certain safety-critical systems can tolerate occasional
deadline misses as long as their probability can be quantified. As a result, there is
increasing interest in probabilistic schedulability and timing analysis in the realtime systems community (a survey was provided in 2019 [7]).
The deadline misses are usually quantified by either the deadline miss rate
(which describes the percentage of deadline misses in the long run) or the worstcase deadline failure probability (WCDFP) (which is an upper bound on the probability of observing the first deadline miss of a task under analysis in a given busy
window). While the deadline miss rate may seem as the more intuitive metric, we
focus on the WCDFP. It allows to lower-bound the mean time to (temporal) failure
of a system and directly corresponds to the deadline miss rate if jobs that miss
their deadline are directly aborted. Furthermore, it is an important subroutine in
the only known analytical approach to determine the deadline miss rate if tardy
jobs are not aborted, which was provided by Chen et al. [4] in 2018.
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Figure 1: A convolution example for two task under rate-monotonic scheduling.

2

Probabilistic Analysis: Basics and Problems

For a probabilistic scheduling analysis, the execution time is not a deterministic
value. Instead, it is either modelled as a probabilistic distribution or as a set of
3
5
pairs of possible modes, each with ET and related probability, e.g., CPii = 0.9
0.1
means τi has ET 3 with probability 0.9 and ET 5 with probability 0.1.
If the release pattern of jobs is known, the probability for jobs to miss their
deadline under a given scheduling algorithm can be determined using job-level
convolution (JLC) as shown in Figure 1 for static-priority scheduling. That is, we
start with an initial state with ET 0 and probability 1 and jobs are convolved one
by one with the current states, in each step adding up the ETs while multiplying
the probabilities. By this process, the probability that the job of τ2 meets its
deadline at t = 8 or at t = 14 can easily be determined, as JLC considers all
possible combinations of job costs. However, Figure 1 also shows one of the main
problems we face in probabilistic analysis: the number of states is exponential in
the number of jobs for a JLC. Therefore, it can only directly be applied if the
number of jobs and the number of possible release patterns we have to consider
are small. Maxim and Cucu-Grosjean showed the worst-case scenario for staticpriority scheduling at RTSS 2013 [8] and the worst-case pattern for EDF scheduling
was established in RTSS 2021 [3]. However, both scenarios require more efficient
calculation methods than JLC to handle task sets with practically relevant size.
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3

Efficient Approximation of Miss Probabilities

JLC can be sped up reducing the number of states by re-sampling [8], that is, if
the number of states exceeds a certain threshold states are collapsed until the set
is small enough. This procedure, however, reduces the precision of the calculation
in a way that depends on the concrete re-sampling scheme in a non-trivial manner.
Instead of considering all possible combinations of job costs at the same time,
the Monte-Carlo Response Time Analysis [1] analyzes individual job traces. That
is, in each iteration, one specific trace (e.g., the one indicated with brown arrows in
Figure 1) is analyzed by, for each job, taking one of the ETs considering the related
probabilities. This procedure is performed multiple times, counting the number
of iterations and of deadline misses. Afterwards, the WCDFP can be determined
within a given interval based on the number of iterations and of deadline misses.
The task-level convolution [2] (TLC) does not consider jobs in order of arrival, but each relevant interval individually (e.g., the intervals [0,8] and [0,14] in
Figure 1). TLC can calculate the probability for each interval more efficiently,
utilizing the observation that, if a task releases multiple jobs in a given interval,
only the number of jobs in a specific mode matters but not the concrete order.
Lastly, analytic bounds also estimate the probability for individual intervals.
However, they do not consider modes for individual jobs, but estimate that the
probability that the workload in a given interval is larger than the interval length
directly, using Chernoff Bounds [5, 6] or Hoeffding’s or Bernstein inequalities [2].
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Introduction

Load balancing problems are one of the most fundamental problems in the field of
scheduling, with applications in various sectors such as manufacturing, construction, communication or operating systems. The common challenge is the search
for an efficient allocation of scarce resources to a number of tasks. While many
variants of the problem are already hard to solve, in addition one may have to face
uncertainty regarding the duration of the tasks; one way to model this is to use
stochastic information learned from available data.
In contrast to the solution concept of a schedule in deterministic problems, we
are concerned with non-anticipatory policies in stochastic scheduling problems.
Such a policy has the ability to react to the information observed so far. While
this adaptivity can be very powerful, there are situations where assigning resources
to jobs prior to their execution is a highly desired feature, e.g. for the scheduling
of healthcare services. This is especially true for the daily planning of elective
surgery units in hospitals, where a sequence of patients is typically set in advance
for each operating room. In this work, we present and analyze semi-adaptive
policies, which allow one to control the level of adaptivity of the policy.

2

Problem Formulation

We consider the stochastic scheduling problem of minimizing the expected
makespan on m parallel identical machines – denoted by P | | E[Cmax ] using the
three-field notation [2]. The input consists of a set of n jobs J and a set of m
parallel identical machines M. Each job j ∈ J is associated with a non-negative
random variable Pj representing the processing time of the job. The processing
times are assumed to be (mutually) independent and to have finite expectation.
The task is to find a non-anticipatory policy minimizing the expected makespan
E[Cmax ] := E[maxj∈J Cj ], where Cj denotes the (random) completion time of job
j under the considered policy. Roughly speaking, a non-anticipatory policy may,
∗
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at any point in time t, decide to start a job on an idle machine or to wait until a
later decision time. However, it may not anticipate any future information of the
realizations. A subclass of policies are constituted by the fixed assignment policies
that have to irrevocably assign jobs to machines beforehand and starts the jobs
on each machine without idle time.
While any (adaptive) list scheduling policy achieves an approximation ratio
of 2 [1], any
 (non-adaptive) fixed assignment policy has performance guarantee
log m
Ω log log m .

3

Our Contribution

Although the performance of fixed assignment policies are worse, there are applications in which non-adaptive policies are desired. We introduce the two classes
of δ-delay and τ -shift policies whose degree of adaptivity can be controlled by a
parameter. These semi-adaptive policies interpolate between the two extremes of
non-adaptive fixed assignment policies and adaptive policies.
Definition 1 (δ-delay and τ -shift policies) A δ-delay policy for δ > 0 is a
non-anticipatory policy which starts with a fixed assignment of all jobs to the machines and which may, at any point in time t, reassign not-started jobs to other
machines with a delay of δ: the reassigned jobs are not allowed to start before time
t + δ.
A τ -shift policy for τ > 0 is a non-anticipatory policy which starts with a fixed
assignment of all jobs to the machines and which may reassign jobs to other machines, but only at times that are an integer multiple of τ .

2
1
t

2

3

1
3

t+δ

t

t+δ

Figure 1: Snippets of the execution of a δ-delay policy.

2
1
τ

2

3

2τ

1
3

τ

2τ

Figure 2: Snippets of the execution of a τ -shift policy.
Observe that for δ, τ → 0 we recover the class of non-anticipatory policies in
general, whereas for δ, τ → ∞ we recover the class of fixed assignment policies.
Our main result is the design of an approximative policy that is a δ-delay and
τ -shift policy.
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Theorem 2 There exists a δ-delay and τ -shift policy Πδ,τ with δ, τ ∈ O(OP T )
that is an O(log log m)-approximation. Moreover, there is a matching lower bound.
In other words, an exponential improvement on the performance of any fixed
assignment policy can be achieved when allowing a small degree of adaptivity.
The policy we analyze can in fact be seen as a generalization of the list policy
Longest Expected Processing Times First (LEPT), which waits for predefined
periods τ before reassigning in a LEPT-fashion the non-yet started jobs, taking
the delay of δ into account. The main idea of the proof for the upper bound is to
show that at the beginning of each period, there is a constant fraction of available
machines with high probability. As a result, after O(log log m) reassigning steps,
the load of the remaining jobs is small with high probability. The lower bound
results from the following instance with n = N m jobs over m machines
for a large

integer N : Each job has processing time Pj ∼ Bernoulli N1 , i.e. Pj = 1 with
probability N1 , and Pj = 0 otherwise.
For more details we refer to the preprint version [3] and the conference proceedings of ESA 2021 [4].
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1

The overlapping memory dumping problem

Scientific instruments for deep space exploration spacecrafts become more and
more sophisticated and consequently produce more and more data that must be
sent to Earth. Data management is highly critical as the onboard memory is
limited and communication with Earth is often a bottleneck. In this paper we
consider the same case as in [2] in the context of the Rosetta/Philae mission, where
the data production plan is known and the problem consists in planning memory
dumps. Data is produced into several memory buffers and the goal is to avoid
data loss, which occurs when data are produced into a full buffer. More precisely,
we want to maximize the minimum margin, where the margin is the percentage of
a buffer’s capacity left free. This objective aims at designing robust plans where
unexpected changes of the dump or fill rates can be absorbed by the margins. Data
can only be dumped when the spacecraft is visible from Earth. This is materialized
by consecutive disjoint downlink windows. Data dumping is a semi-automatized
process. For each downlink window a priority has to be assigned to each buffer,
then, the transfers follow this priority ordering. We therefore consider the problem
of computing a priority assignment that maximizes the minimum margin.
In the overlapping Memory Dumping Problem (oMDP), we are given m downlink
windows, where [sj , ej [ stands for the time interval in which the downlink j is
available, and δj for the dump rate for transfers of downlink j. Moreover, there
are n memory buffers, where Ci stands for the capacity of buffer i; ri (j) for the
maximum handover (residual) usage of buffer i at the end of downlink window j;
and fi : R 7→ R+ for the piece-wise constant fill rate function of buffer i over time.
Let ν be the number of inflection points over all fill rate functions.
The transfers can be controlled by setting a priority function over the buffers
defining a ranking. At every step, one of the buffers of highest priority among those
who have a packet in memory is selected via round-robin to transfer a packet.
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Figure 1: Example with 3 buffers. White areas indicate visibility.

Let Ui : R 7→ R be the quantity of data on buffer i over time and gi : R 7→ R be
the transfer rate out of buffer i over time.
In between downlink window, all transfer rates are null and the memory usage
growth is the fill function, for every buffer i. In particular, for anyRtime t preceding
t
the start of the first downlink s1 , we have gi (t) = 0 and Ui (t) = 0 fi (x) dx.

During a downlink window with dump rate δ, however, the effective transfer rate
at time t depends on the priority function P, and on the usages and fill rates.
We consider the decision problem of finding a priority ranking for every downlink,
such that the peak usage of any buffer (given its fill rate functions, and the data
transfer system described above) is less than its capacity, i.e., without data loss.
The objective function is actually to maximize the minimum margin, min{M (i) |
i ∈ B}, where M (i) is defined as one minus the ratio between the peak usage and
the capacity of buffer i. However, it can be achieved by dichotomic search using
an algorithm for the decision problem above.
Example 1. Figure 1 shows a plan with two downlinks, both with dump rate 1,
and 3 buffers all of capacity 1. Fill rates are figured by colored rectangles, e.g.,
f1 (t) = 21 for t ∈ [0, 1]. In the first downlink, all buffers have equal priority
P1 (1) = P1 (2) = P1 (3) = 1, in the second, buffer 3 has the highest priority then
buffer 2 then buffer 1. The black curves stand for the resulting buffer usage over
time Ui (t). The minimum margin is 61 .

2

Complexity and algorithms

The software used for the real mission (Dalloc) is described in [2] and relies on
a heuristic called DownlinkCount. In a nutshell, this method assigns priorities
based on when each buffer would exceed a given target margin. More precisely,
it counts how many downlink windows would occur before exceeding the target if
no data could be dumped. At each downlink window j ∈ [1, m], the transfers are
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computed starting from the current usage, and with a dump rate equal to 0. Then
a priority assignment is extracted as defined above, and window j is simulated
using the same procedure but with dump rate δj . It is important to notice that
the choice of target margin can change the priority assignment. Therefore, in
Dalloc, this heuristic is used within a binary search. The resulting algorithm is
denoted IteratedLeveling.
As the complexity of the problem was not established, we first consider the decision problem PriorityAlloc: “Is there a priority assignment for each downlink
window such that there is no data loss?”.
First, we show that the problem is in NP because, given a priority assignment,
simulating the transfers and therefore verifying a certificate, can be done in polynomial time, using similar arguments as in [1]. This is not trivial to see that not
every packet of data need to be tracked individually, and the number of packets
can be exponential in the size of the instance. Moreover, to compute the usage
over time of a given buffer, we only need to know the set of buffers of strictly higher
priority and the set of buffers of equal priority (Property 1). In other words, the
exact priority assignment within the set with higher priority is irrelevant. We
define a procedure (denoted Algorithm 1 from now on) to compute the memory
usages (and so the minimum margin) in O((ν + m)(log(ν + m) + n2 log n)) time,
given a priority assignment P on each downlink window. Then we use a reduction
from partition to show that PriorityAlloc is NP-complete.
Next we consider the single-window problem (m = 1). Thanks to Property 1 and
Algorithm 1, we can compute the margin MΓ≺Ω (i, j) of buffer i in window j when
the buffers in the set Γ have a strictly higher priority than i, and the buffers in the
set Ω have the same priority as i. We propose a method (Algorithm 2) to solve
PriorityAlloc on a single downlink window with O(n2 ) calls to Algorithm 1.
Finally, for the general case, we propose a heuristic (RepairDescent) which iteratively computes a seed priority assignment using the heuristic DownlinkCount
as greedy “descent” and then “repairs” it to achieve a strictly higher target margin.
The repair procedure runs the current priority assignment using Algorithm 1 until
reaching downlink j at which the target margin is exceeded. Then, it calls Algorithm 2 to check whether there exists a priority assignment Pj that achieves the
expected margin. If there is such an assignment, it is run by Algorithm 1 and we
advance to downlink window j + 1. If the last window is reached, an improving
solution has been found. Otherwise, if downlink j does not have a priority assignment without data loss, Algorithm 2 returns a set B of buffers guaranteed to
exceed their target margin given the current usage at the end of downlink j − 1,
even if they are given (globally) the highest priority. Therefore, the only way to
avoid data loss in this downlink is to reduce the residual load for at least one of
these buffers at the end the previous downlink. In order to avoid branching on the
possible ways of reducing this load, we instead add one randomly chosen handover
constraint. We pick a random buffer i in the set B, and we set its maximum
handover value ri (j − 1) to the current usage Ui (j − 1) to which we subtract the
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gap we need to achieve the expected margin: the margin we obtain when buffer
i is given highest priority with all other buffers in B (that is, M∅≺B (i, j)) minus
the expected margin obj. Then the previous window is solved again with this new
constraint: it “backtracks” by decreasing the current downlink window j. If the
current downlink window is the first (j = 1), then we stop.

3

Experimental Evaluation

We used the same data set as in [2], constituted of four scenarios (MTP1, MTP2,
MTP3 and MTP4), corresponding to the whole activity sequence of Rosetta divided
in four quarters. The whole sequence has over 40,000 data production events for
16 memory buffers and 324 downlink windows over 3 months. Table 1 give the
margin value as well as average CPU times for: the results of DownlinkCount
published results [2]; our implementation using Algorithm 1 of the same heuristic;
IteratedLevelingre-implemented using our version of DownlinkCount and
finally RepairDescent. We first observe that our reimplementation is much
faster than the original one. Moreover, RepairDescent finds the most robust
download plan for the hardest real scenario (MTP4). As IteratedLeveling, it
matches an upper bound on MTP1, MTP2, and MTP3.

Upper Bound
Dalloc’s DownlinkCount
Our implementation of DownlinkCount
IteratedLeveling
RepairDescent

MTP1

Margin
MTP2
MTP3

MTP4

46.4
40.4
46.4
46.4
46.4

72.5
46.5
68.1
72.5
72.5

53.4
29.8
30.8
48.5
52.8

54.8
17.8
17.8
54.8
54.8

Avg. CPU

14.6
0.018
0.116
0.088

Table 1: Comparison with the state of the art on real scenarios.

Finally, on a much larger randomly generated data set, RepairDescent is consistently faster than IteratedLeveling to find solutions of similar quality and
is able to significantly improve the minimum margin when given more CPU time.
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Better Algorithms for Online Bin Stretching via
Computer Search
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Online Bin Stretching, introduced by Azar and Regev [1] is an assignment
problem similar to Online Bin Packing. A sequence of items of size between 0
and 1 arrive and each must be assigned a bin before processing the next item. We
are assured that the items fit into m bins of size 1. We must also use at most m
bins but we get to increase their size to what is known as the stretching factor α.
Kellerer et al. [5] showed an α = 4/3 < 1.334 algorithm for two bins and proved
it to be optimal. Azar and Regev [1] showed an algorithm with α = 13/8 = 1.625
5m−1
for 3 ≤ m ≤ 21. Better results have been found since then
for any m and 3m+1
with best known results being by Böhm et al. [2] achieving α = 11/8 = 1.375 for
m = 3 and α = 3/2 = 1.5 for all m.
A lower bound of 4/3 was first shown for m ∈ { 2, 3 } by Kellerer et al. [5] and
then generalised to any m ≥ 2 by Azar and Regev [1]. Gabay et al. [4] introduced
the idea of using computer search to find new lower bounds for small values of
m. This approach was then improved by Böhm and Simon [3] who proved a lower
bound of 56/41 > 1.365 for m = 3 and 19/14 > 1.357 for 4 ≤ m ≤ 8.
We modify the computer search approach so that it can be used for finding
new algorithms for small values of m. This yields new algorithms, improving α for
m = 4, m = 5 and m = 6 significantly.
Number of bins

4

5

6

Previous upper bound
Our upper bound

19
13 < 1.462
7
5 = 1.4

3
2 = 1.5
27
19 < 1.422

3
2 = 1.5
19
13 < 1.462

Granularity (see Section 1)

25

19

13

Time needed (hours)

880

1259

27

The computer search was done using a server with an Intel Xeon E5-2630 v3
CPU and 126 GB of RAM. The time complexity grows rapidly with increasing
m and granularity, but we do not believe that we have reached any fundamental
limit of this method. We are working on improving the algorithm to enable further
search.
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Granularity settings resulting in run times exceeding 14 days have been tested
with no success. For three bins, we found an upper bound of 76/55 < 1.382 using
granularity 55 with a run time of 413 hours. This is worse than the previous upper
bound of 11/8 = 1.375 by Böhm et al. [2] For m = 7 we did not find an upper
bound better than 3/2 = 1.5, mostly due to granularity being limited to at most
11.

1

Defining Rounded Game

We wish to view Online Bin Stretching as a game between two players, Algorithm and Adversary. In every round, Adversary generates an item which
Algorithm must place into one of the m bins. The Algorithm is victorious
when the items generated by the Adversary can be proven to no longer fit into
m offline bins of size 1 or when Adversary resigns. The Adversary is victorious
when any online bin exceeds size α. If a winning strategy exists for the Algorithm, there exists an algorithm for Online Bin Stretching with m bins that
requires a stretching factor of no more than α. We shall call this game the Real
Game.
The main obstacles to implementing a search of Real Game are the following:
1. Adversary has an infinite selection of item sizes to pick from.
2. By sending arbitrarily small items, Adversary can make Real Game last
arbitrarily many rounds.
3. Proving that the items generated by Adversary so far do not fit into the
offline bins can be computationally intensive.
In order to avoid these problems, we analyse a simplified version of Real
Game that we shall call Rounded Game and then prove that a winning strategy
for Algorithm in Rounded Game translates to an algorithm for Online Bin
Stretching. We do this by defining Rounded Game in a manner that corresponds to Real Game where Algorithm is restricted in its decision-making
process and Adversary is permitted to cheat to a limited extent.
Rounded Game is parametrized by three values—the number of bins m, the
granularity level k and the target bin size s—and corresponds to Real Game
with m bins and stretching factor s/k. We scale the instance by k and work with
integer values from now on. This makes the size of the offline bins k and the size
of the online bins s.
We classify the items by their size into k classes from 0 to k − 1, where an
item of class c has size in the range (c, c + 1]. We also similarly define fill levels of
bins from 0 to s − 1 with the sole difference being that bins containing volume 0
are considered to have a fill level 0 while items of size 0 are disregarded entirely.
Observe that inserting a class c item will always increase the fill level of the bin
by either c or c + 1. We call the latter case an overflow. Adversary generates
an item by specifying its class and its overflows. In Rounded Game, we do not
insist on the overflows being consistent. For example, item A can overflow on bin
1 and not on bin 2, be placed in bin 3, and the following item B can overflow on
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bin 2 and not on bin 1.
We need to restrict Rounded Game to a finite number of states. Consider a
state defined by the pair (L, H) where L is the list of fill levels of the individual
bins and H is the multiset of non-zero classes of items that have been seen so far.
We show that this leads to a finite number of game states that can be further
reduced by more analysis.
We explore the resulting Rounded Game by a MiniMax algorithm. We
prevent Adversary from exceeding the maximum possible volume and, whenever
Adversary is about to win, use an ILP solver to check if the items can be packed
into the offline bins. In order to attain higher granularity, we implement multiple
optimizations, including smart caching based on us defining a partial order on
game states. These optimizations are described in greater detail in the technical
report. [6] This is how we achieve the results in the table.
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[3] M. Böhm and B. Simon. Discovering and certifying lower bounds for the online
bin stretching problem. arXiv:2001.01125, 2020.
[4] M. Gabay, N. Brauner, and V. Kotov. Improved lower bounds for the online
bin stretching problem. 4OR, 15:183–199, 2017.
[5] H. Kellerer, V. Kotov, M. G. Speranza, and Z. Tuza. Semi on-line algorithms
for the partition problem. Operations Research Letters, 21(5):235–242, 1997.
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Online Bin Stretching is a semi-online variant of the well-studied assignment problem Bin Packing. In 1998, Azar and Regev initiated the study of the
following algorithmic problem. An (online) algorithm is presented with an input
of items with sizes between 0 and 1, which are revealed one by one. Before the
next item is revealed the algorithm must decide in which bin the item should be
packed. In advance, the algorithm has access to the information that the complete
input can be packed in m bins of size 1. In general, we are allowed to use at most
m bins of capacity α ≥ 1. Our goal is to minimize the stretching factor α.
Online bin stretching can also be viewed as semi-online makespan scheduling on
m identical machines, where the optimal (offline) makespan is known in advance.
For any value m ≥ 2 a general lower bound of 4/3 was shown by Azar and
Regev [1]. Böhm and Simon presented improved lower bounds of 56/41 > 1.365
for m = 3 and 19/14 > 1.357 for 4 ≤ m ≤ 8 by computer search [3]. The current
best algorithms are 11/8-competitive for m = 3 and 3/2-competitive for all m by a
subset of the authors of this paper [2]. For m = 2 a simple algorithm achieves optimal 4/3-competitiveness. In a separate MAPSP submission, Lieskovský presents
improved upper bounds of 31/22 < 1.409 for m = 4, 23/16 < 1.438 for m = 5 and
19/13 < 1.462 for m = 6 by a modified computer search approach [4].
Our work considers the case where the number of bins m is large and we are
allowed resource augmentation. This means that we can use not only bins of size
α, but also a small constant number of additional bins. This allows for a much
more readable algorithm and restricts the number of special cases.
Under these conditions, we present a multi-phase algorithm that is the first to
break the crucial 3/2-competitiveness, and point out some challenges that had to
be overcome to achieve this.
∗
boehm@cs.uni.wroc.pl. Combinatorial Optimization Group, Institute of Computer Science,
University of Wroclaw.
†
ml@iuuk.mff.cuni.cz. Computer Science Institute of Charles University, Faculty of Mathematics and Physics, Prague, Czechia. Partially supported by GA ČR project 19-27871X.
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type
top
big
large
half
3-stackable
small+
quarter
small−

max size
10
8
(15 − ε)/2
(15 + ε)/3
(15 − ε)/3
4
10/3
2

TOP

BIG

COMBINATORIAL

CLEANUP

LARGE

Table 1: Item types and sizes

Figure 1: Overview of phases

For readability and for convenience we scale the offline bin size to 10 and
the online bin size to 15 − ε. Hence a positive ε implies a stretching factor of
α = (15 − ε)/10 < 3/2. Our notation for the different item types and their sizes
can be seen in the table. The size of a top item is in the interval (8, 10] .
The decrease of the online bin size from 15 to 15 − ε causes many additional
difficulties. For instance, half items exist, so items that can be packed two per
offline bin but online we gain no advantage because a half item may block a top
item and three half items do not fit in an online bin. This appears to necessitate
the additional item types that we introduce and the consideration of many new
cases.
Algorithm Our algorithm uses multiple phases to deal with the different threats
it faces while processing the input. The main threats are blocks of many items of
one type arriving all at once, for instance m top items. These threats remain until
enough volume has been packed. For example, before we have packed a volume of
2m (resp. (5 + ε)m/2), there is still the threat that m top (resp. big) items will
arrive in the future.
Because top and big items are of size greater than (15 − ε)/2, these items need
to be packed one per bin. Thus, if the adversary starts the input with items that
can be combined with top items in offline bins, we cannot allow the algorithm to
pack any bin above the threshold of 5 − ε. This observation suggests that a good
approach would be to first try to use the additional space of 5−ε that the algorithm
has in each bin. However, any algorithm that is less than 3/2-competitive must
also deal with the threat of 2m items of size between (15 − ε)/3 and (15 + ε)/3
(half items) without being able to pack these items more efficiently than the offline
algorithm. This is one reason why it is so challenging to achieve a competitive ratio
less than 3/2. Instead of 5, we use (15 + ε)/3 as upper bound for half items. This
way no large item can be combined with an half item in an offline bin and we can
argue that whenever two half items arrive the threat of large items decreases by
one. Hence, in the beginning we pack small items by First Fit in slots of size
5 − 5ε/3 instead of 5 − ε.
The main line of our algorithm (shown in red in the figure) is concerned with
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the case where many small items arrive at the beginning. In the so-called top phase
we pack them to at most 5 − 5ε/3 per bin, making sure that m top items still fit.
In the big phase we make sure that no small item is packed above 7 − ε in any bin.
Further, the number of bins containing total size more than 5−ε (but no top item)
plus the number of top items in the input is at most m (including any top items
that may still arrive in the future). Then, in the large phase we start filling up
these bins, making sure to pack at least (15 − ε)/2 additional per bin on average.
This ensures that the threat of big items never becomes a problem. Between the
big and large phase, we transition into the intermediate cleanup phase that takes
care of special items and bins.
We plan to end the top phase if it is true that whenever we pack additional 8
volume, the possible number of future top items is reduced by one. This happens,
for example, if the input starts with a lot of small items with a total volume of
2m. After the top phase the threat of top items decreases gradually and we allow
to fill some bins over the threshold 5 − 5ε/3. In the big phase we gradually enlarge
some of the slots dedicated to small items to 7 − ε, so that still any big item fits
on top of these slots and any input with m big items can be packed. Note that
at this point it is no longer possible for 2m half items to arrive. We end the big
phase once we have filled approximately 3m/4 of the bins (the actual condition is
that a total size of (5 + ε)m/2 must have arrived).
If early in the input for instance some quarter items arrive, we also have the
guarantee that the input will not contain m top items. However, it is not yet the
case that the number of top items that may still arrive decreases whenever we pack
an additional volume of 8. The condition for ending the top phase is purely based
on combinatorics and the condition for ending the big phase is purely size-based.
While in the top or big phase it must still be possible for us to pack m large
items. But these items are the largest items that we can pack more efficiently than
the adversary by pairing them in previously empty bins. Hence, to deal with this
threat we instead of never packing any bin over the threshold (15 − ε)/2 (before
we have packed (5 − ε)m volume), we rather strive to keep some of the bins empty.
This is the reason why we keep half of the bins empty in the top phase and roughly
m/4 bins empty while in the big phase.
If the input does not start with a lot of small items we sometimes need to (or
can) adapt our packing methods and transition to different phases. For example, if
the input starts with k half items, we pack them twice per bin. By a combinatorial
argument we know that in the future at most m − k/2 top items can arrive, but we
still do not have that whenever we pack additional 8 volume, we reduce the threat
of future top items by one. We then transition into the so-called combinatorial
phase. In this phase we combine any future items that are smaller than 3-stackable
items with the pairs of half items. If this indeed happens, we may end up with
a lot of bins that are filled to a very high level. We give a bound on the number
and fill level of those bins, after which we can start using a very simple method
to pack the entire input. If these bounds are met we are in what we call the First
Fit case. On the other hand, if no or not enough such items arrive, we pack the
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remaining input in the combinatorial phase.
To analyze our algorithm we use different kinds of volume and combinatorial
arguments. We combine those arguments by defining and referring to timed value
to decide when to transition between different phases. For an overview, refer to
the figure.
We show that a very small amount of resource augmentation is enough to
break the barrier of 3/2 for this problem. Future work is to reduce or eliminate
the amount of resource augmentation required. We conclude our results in the
following theorem.
Theorem 1 There exists a positive ε for which our algorithm is (15 − ε)/10competitive, if it has access to a small amount of resource augmentation.
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Introduction

Serving on the program committee (PC) for a flagship theory conference is rewarding for the PC members, but it is intense and time-consuming work. Each
submitted manuscript is typically assigned to three or four PC members. As a
result, when you serve on a PC, you are given somewhere between 10 and 60
manuscripts to review, depending on the committee. Reviews need to be completed rapidly—on the order of one month. For many of these papers, you have
only a casual familiarity, meaning that doing a high-quality review will consume
large amounts of time and may be fraught with uncertainty.
Consequently, most PC members rely on subreviewers to provide outside reviews. The subreviewer mechanism works as follows. When you serve on a PC,
you decide which manuscripts require outside assistance. Then you scrape the
Internet for subreviewers, sending request emails to friends, calling in favors, and
searching out new domain experts.
Many of these subreview requests are denied. It is not uncommon that you
need to send 3-8 review requests before you find a subreviewer that is not reading
the paper for another PC member, already overburdened with reviews from the
same conference, also serving on the PC, advising or being advised by one of the
paper authors, having a baby, married to one of the paper authors, or just taking a
well needed break from responding to email. Thus, even the administrative process
of collecting subreviews is work consuming and worth optimizing.
One resource optimization, familiar to seasoned PC members, is the race to
send out review requests the moment that the submissions have been meted out
to the PC. The longer you wait to ask for a review from someone, the less likely
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it is that that person will comply. It is common that you miss out on collecting
another subreviewer by just a few minutes—someone else’s request showed up in
the mail queue first.
Another optimization is the use of parallelism: send requests to several potential subreviewers in parallel to increase the probability of a positive answer. But
every request takes time, and if multiple people say “yes,” this leads to redundant
work for the community and the PC member.
This paper studies this class of resource-allocation problem, which overburdened PC members naturally face while discharging their PC duties. Specifically,
this paper studies the randomized resource-allocation problem of how to find subreviewers for the minimum expected cost. More generally, this paper explores how
to delegate work to others, when delegation has a cost, a nontrivial probability of
failing, and the delegator must take this into account in their decisions.

2

Scheduling Model

There are N papers to review, denoted 1, . . . , N . Reviewing paper j yourself costs
Cj . This cost is paper specific, because some submissions are easier for you to judge
yourself, and others are harder. Each attempt to recruit a new subreviewer costs 1.
The unit cost models the overhead of searching for email addresses, sending review
requests, review reminders, thank you notes, requests for alternative reviewers, and
all the other delegation overhead. Without loss of generality, Cj > 1; otherwise,
it is not cost-effective to recruit subreviewers.
There is a (round-dependent and paper specific) probability of pi,j (0 ≤ pi,j ≤
1) that at round i the candidate subreviewer declines to review paper j. Probability pi,j is monotonically increasing in i, since as time goes on, any candidate
subreviewer is increasingly likely to be reviewing the paper for someone else or
already has all of his/her time accounted for.
The reviewing process proceeds in k + 1 rounds. In the first round, you email
out a bolus of subreview requests for papers 1, 2, . . . , N . Some of these papers get
successfully adopted by subreviewers. For those that do not, you send a second
bolus of review requests in the second round, and so forth. In the last round k + 1,
you need to review those stray papers that did not find a subreviewer owner in
the first k rounds.
The objective is to minimize the total expected cost to review all N papers.
Because we are dealing with expected values, we can analyze the subreviewerfinding strategy for each submission in isolation. Henceforth, we focus on the case
of a single paper, and the multiple-paper case follows by linearity of expectation.
We simplify notation by dropping the subscripts, writing C and pi .
Modeling the process by a series of rounds faithfully captures how many PC
members (including the authors on this paper) act when they serve on PCs.
Round 1 opens with a flurry of energy and enthusiasm. It ends with a quiescent period filled with hope, despair, gratefulness, and occasional sleep. Round 2,
3, and so forth proceed similarly, as the PC members work up the gumption to
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renew soliciting reviews, after getting more declines from potential subreviewers.
Although we describe this problem using the colorful language of beating the
bushes for subreviewers, this model similarly captures a natural parallel scheduling
problem. There are N tasks (the papers). The objective is to schedule all tasks
while minimizing the expected cost. A task j can be executed locally (you write
the review) or remotely (you assign the review to a subreviewer). A local execution
is expensive. A remote execution is cheaper, but even launching a job has a cost
and fails with a certain probability.

3

Results

We first explore the case where the rejection probabilities are known. We give a
closed-form optimal solution for multiple rounds when the number of requests in
each round is not required to be an integer. This closed-form solution gives intuition about how requests should be distributed over rounds, and is an important
building block for our further results. Using the closed form solution, we construct
an optimal algorithm for sending integral requests; the running time is linear in
the number of rounds.
We then consider the bounded-reviewers case, where a submission may have
only a bounded number R of knowledgeable experts. Once all R experts decline
to review the paper, all resources are exhausted and the beleaguered committee
member has no choice but to review the submission without help. We give an
optimal algorithm if the probabilities remain constant, an approximation algorithm
when they are monotonically increasing, and a pseudo-polynomial algorithm when
papers have to share a budget R.
We also study the scheduling problem for the case where the probability that
a subreviewer rejects the subreview
p request is constant but unknown. We give a
two round strategy which is a (4 C/ ln C + 2)-approximation for any C ≥ 2. We
generalize this to a k-round strategy that is a k(C 1/k + 1)-approximation.

4

Related Work

In many papers in scheduling and distributed computing, processors randomly
choose which task to execute from a pool of tasks. Because multiple processors
may choose the same task, there is some probability of wasted work. This is the
case in the so-called do-all or write-all literature (among a very large literature, see
for instance [1, 6, 10]), as well as other contexts where processors randomly choose
tasks to execute and may fail to find one that was not already chosen [2, 9].
The subreviewer scheduling problem is related to the problem of executing
tasks on failure-prone platforms, and particularly to the work on replication for
fault-tolerance [4, 5]. There is an important difference, however. Most work on
fault-tolerance for failure-prone HPC platforms assume that failures are rare [8];
typically the mean time between failures of a component is expressed in tens of
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years. This means that it is almost always better in practice only to duplicate
failed tasks and not be proactive by replicating a priori. Furthermore, the low
failure rate allows for first-order approximations [3, 7], which would be invalid in
the current context of high rejection rates.
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[8] Thomas Hérault and Yves Robert. Fault-Tolerance Techniques for HighPerformance Computing. Springer, 2015.
[9] Zvi M. Kedem, Krishna V. Palem, and Paul G. Spirakis. Efficient robust
parallel computations. In Proc. of the 22rd Annual ACM Symposium on
Theory of Computing (STOC), pages 138–148, 1990.
[10] Dariusz R. Kowalski and Alexander A. Shvartsman. Writing-all deterministically and optimally using a nontrivial number of asynchronous processors.
ACM Transactions on Algorithms, 4:33:1–33:22, 2008.

163

- Tuesday afternoon -

Orthogonal schedules in Round Robin competitions
Roel Lambers (Speaker)
Frits Spieksma

1

‡

∗

Jop Briët
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Introduction

Scheduling major national or international competitions is a big logistic challenge.
Typically, there are several stakeholders involved - the organizing association, the
venues used, the cities where matches are played, the broadcasters that air the
games and of course the teams and players that have to play.
Many competitions use a Round Robin-format, where every pair of teams meet
each other a fixed amount of times, for example once to arrive at a Single Round
Robin (SRR) or twice, to arrive at a Double Round Robin (DRR). In this work
our main focus lies on the SRR competitions.
To schedule competitions while taking into account the wishes of all the stakeholders, a widely used approach is so-called First Break, Then Schedule (FBTS).
When using FBTS, first the Home-Away-Pattern (HAP) is settled for all the teams,
and as a second step the individual matches are scheduled.
Not all constraints depend solely on teams playing Home or Away, so as a
scheduler, one wants to use HAPs that are flexible enough to adhere to the different
needs. However, a priori, it is not clear how flexible the combined set of HAPs,
the HAP-set, is.
Clearly, a match between two teams can only be played in rounds where the
Home/Away assignment differs between the two. However, that is not a sufficient
condition, as matches can be fixed or excluded from rounds, while the HAP-set at
first glance shows more possibilities.
To give some insights in the flexibility, measures were introduced by [1], where
it was shown that the commonly used HAP-sets have a low width - see section 2 for
its definition. In particular, it is shown that single break HAP-sets have width 1,
which means that in any feasible schedule, some matches are fixed to a particular
round.
In this note we present results on the existence of HAP-sets that perform better
with respect to the width, and construct HAPs that even have the highest possible
∗
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flexibility.

2

Terminology

There is a set of teams T with |T | = N = 2n, that form a SRR over N − 1
rounds. The HAP-set of the teams is denoted with H = {H(t) : t ∈ T }, where
H(t) = (Hr (t))r≤N −1 , a binary vector with 0 Home and 1 Away.
S is given by S = ∪r Sr where each Sr is a matching on the 2n teams, in such
a way that for every pair of distinct teams t, t′ ∈ T , ∃r such that (t, t′ ) ∈ Sr every team meets every other team once. As notation, S(t, t′ ) = r means that in
basic schedule S, the match between t, t′ is scheduled in round r. A schedule S
is compatible with HAP-set H if for every match (t, t′ ) ∈ Sr , Hr (t) ̸= Hr (t′ ), for
every round r.
Given a HAP-set H, we denote S(H) = {S : S compatible with H} the set of
all schedules compatible with H. If S(H) ̸= ∅ we say the HAP-set is feasible.
Definition 1 We define two schedules S, S ′ are orthogonal, if for every round r
and every match (t, t′ ) ∈ Sr , (t, t′ ) ̸∈ Sr′ . We denote this as S⊥S ′ .
Definition 2 ([1]) The width of a HAP-set H is the cardinality |S| of the largest
set of schedules S compatible with H, such that any two schedules S, S ′ ∈ S are
orthogonal.
If two schedules are orthogonal, every match is played in different rounds in
both the schedules.
Another interesting property for a pair of schedules, is whether a pair of
matches is never played together in the same round in both schedules. To capture
this property we define match-pair disjointness.
Definition 3 Two schedules S, S ′ are match-pair disjoint, if for every pair of
matches (t, u), (t′ , u′ ) ∈ Sr , there does not exist a r′ such that (t, u), (t′ , u′ ) ∈ Sr′ .
Thus, if two schedules are match-pair disjoint, it follows that for any pair of
matches there is a schedule where they are not in the same round.

3

Our results

We state the following results regarding the width of HAP-sets and match pair
disjoint schedules:
Theorem 4
• Any H on 2n teams has width(H) ≤ n, with strict inequality if n is not a
power of 2.
• When n = 2ℓ , there exists H with width(H) = n.
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• There exists H on 2n teams with width(H) = 2 for every n ≥ 2.
• When N = 8, there exists a H compatible with two match pair disjoint
schedules S, S ′ .
All results stem from constructive arguments. We close this abstract by giving
two schedules for N=8 that are match-pair disjoint and are compatible with the
same HAP-set.
The two schedules S, S ′ are shown in Table 1. The matches per round are
denoted as (Home,Away), and the HAP-set they are both compatible with, can
be extracted from either of the two schedules and is given in Table 2.
Round
S

1
0-1
2-3
5-4
6-7

2
0-2
3-1
4-6
5-7

3
0-3
2-1
4-7
5-6

4
0-4
1-5
6-2
3-7

5
0-5
4-1
2-7
3-6

6
0-6
1-7
2-4
5-3

7
0-7
6-1
2-5
3-4

S’

0-4
2-7
5-3
6-2

0-1
3-6
4-7
5-2

0-7
2-3
4-6
5-1

0-2
1-7
6-5
3-4

0-6
4-5
2-1
3-7

0-3
2-6
1-4
5-7

0-5
6-7
2-4
3-1

Table 1: Two match-disjoint schedules
0
1
2
3
4
5
6
7

H
A
H
A
A
H
H
A

H
A
A
H
H
H
A
A

H
A
H
A
H
H
A
A

H
H
A
H
A
A
H
A

H
A
H
H
H
A
A
A

H
H
H
A
A
H
A
A

H
A
H
H
A
A
H
A

Table 2: The HAP-set compatible with both match-disjoint schedules
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An emerging line of research asks how algorithms can be augmented with
machine-learned predictors to circumvent worst case lower bounds when the predictions are good, and approximately match them otherwise. Naturally, a rich
area of applications of this paradigm has been in online algorithms, where the
additional information revealed by the predictions reduces the uncertainty about
the future and can lead to better choices, and thus better competitive ratios. For
instance, see the work by [4].
However, the power of predictions is not limited to improving online algorithms.
Indeed, the aim of the empirical paper that jump-started this area by [3] was to improve running times for basic indexing problems. The main goal and contribution
of this work is to show that at least in one important setting (weighted bipartite
matching), we can give formal justification for using machine learned predictions
to improve running times: there are predictions which can provably be learned,
and if these predictions are “good” then we have running times that outperform
standard methods both in theory and empirically.
How can predictions help with running time? One intuitive approach, which
has been used extensively in practice, is through the use of “warm-start” heuristics,
where instead of starting with a blank slate, the algorithm begins with some starting state (which we call a warm-start “solution” or “seed”) which hopefully allows
for faster completion. While it is a common technique, there is a dearth of analysis
understanding what constitutes a good warm-start, when such initializations are
helpful, and how they can best be leveraged.
Thus we have a natural goal: put warm-start heuristics on firm theoretical
footing by interpreting the warm-start solution as learned predictions. In this set
up we are given a number of instances of the problem (the training set), and we
can use them to compute a warm-start solution that will (hopefully) allow us to
more quickly compute the optimal solution on future, test-time, instances. There
are three challenges that we must address:
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(i) Feasibility. The learned prediction (warm-start solution) might not even
be feasible for the specific instance we care about! For example, the learned
solution may be matching an edge that does not exist in the graph at testing
time.
(ii) Optimization. If the warm-start solution is feasible and near-optimal then
we want the algorithm to take advantage of it. In other words, we would like
our running time to be a function of the quality of the learned solution.
(iii) Learnability. It is easy to design predictions that are enormously helpful
but which cannot actually be learned (e.g., the “prediction” is the optimal
solution). We need to ensure that a typical solution learned from a few
instances of the problem generalizes well to new examples, and thus offers
potential speedups.
If we can overcome these three challenges, we will have an end-to-end framework for speeding up algorithms via learned predictions: use the solution to challenge (iii) to learn the predictions from historical data, use the solution to challenge
(i) to quickly turn the prediction into something feasible for the particular problem
instance while preserving near-optimality, and then use this as a warm-start seed
in the solution to challenge (ii).

Our Contributions
We focus on one of the fundamental primitives of combinatorial optimization: computing bipartite matchings. For the bipartite minimum-weight perfect matching
(MWPM) problem, as well as its extension to b-matching, we show that the above
three challenges can be solved.
A key conceptual question is finding a specification of the seed, and an algorithm to use it that satisfies the desiderata above. We have discussed warm-start
“solutions”, so it is tempting to think that a good seed is a partial solution: a set
of matched edges that can then be expanded to a optimal matching. After all, this
is the structure we maintain in most classical matching algorithms. Moreover, any
such solution is feasible (one can simply set non-existing edges to have very high
weight), eschewing the need for the feasibility step. At the same time, as has been
observed previously in the context of online matchings [1], this primal solution is
brittle, and a minor modification in the instance (e.g. an addition of a single edge)
can completely change the set of optimal edges.
Instead, following the work of [1], we look at the dual problem; that is, the
dual to the natural linear program. We quantify the “quality” of a prediction ŷ
by its `1 -distance from the true optimal dual y ∗ , i.e., by kŷ − y ∗ k1 . The smaller
quantities correspond to better predictions. Since the dual is a packing problem we
must contend with feasibility: we give a simple linear time algorithm that converts
the prediction ŷ into a feasible dual while increasing the `1 distance by a factor of
at most 3.
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Next, we run the Hungarian method starting with the resulting feasible dual.
Here, we show that the running time is in proportional to the `1 distance of
the feasible dual to the optimal dual. Finally, we show via a pseudo-dimension
argument that not many samples are needed before the empirically optimal seed
is a good approximation of the true optimum, and that this empirical optimum
can be computed efficiently. For the learning argument, we assume that matching
instances are drawn from a fixed but unknown distribution D.
Putting it all together gives us our main result.
Theorem 1 (Informal) There are three algorithms (feasibility, optimization,
learning) with the following guarantees.
• Given a (possibly infeasible) dual ŷ from the learning algorithm, there exists
an O(m + n) time algorithm that takes a problem instance c, and outputs a
feasible dual ŷ 0 (c) such that kŷ 0 (c) − y ∗ (c)k1 ≤ 3kŷ − y ∗ (c)k1 .
• The optimization algorithm takes as input feasible dual ŷ 0 (c) and outputs a
√
minimum weight perfect matching, and runs in time Õ(m n · min{kŷ 0 (c) −
√
y ∗ (c)k1 , n}).
• After Õ(C 2 n3 ) samples from an unknown distribution D over problem instances, the learning algorithm produces duals ŷ so that Ec∼D [kŷ − y ∗ (c)k1 ]
is approximately minimum among all possible choices of ŷ, where C is the
maximum edge cost and y ∗ (c) is an optimal dual for instance c.
Combining these gives a single algorithm that, with access to Õ(C 2 n3 ) problem
instance samples from D, has expected running time on future instances from D
√
√
of only Õ(m n min{α, n}), where α = miny Ec∼D [ky − y ∗ (c)k1 ].

We emphasize that the Hungarian method with Õ(mn) running time is the
standard algorithm in practice. Although there are other theoretically faster
exact algorithms for bipartite minimum-weight perfect matching [2] that run in
√
O(m n log(nC)), they are relatively complex (using various scaling techniques).
Very recent breakthroughs give algorithms of run time Õ((m+n1.5 ) log2 (C)) for the
minimum-weight perfect matching problem and several interesting extensions [5].
However, the algorithms are highly complicated and their practical performance is
yet to be demonstrated. In fact, we could not find any implementation of the above
algorithms, except for the Hungarian method, of which multiple implementations
are readily available.
Note that our result shows that we can speed up the Hungarian method as
√
long as the `1 -norm error of the learned dual, i.e., kŷ − y ∗ (c)k1 is o( n). Further,
as the projection step that converts the learned dual into a feasible dual takes only
linear time, the overhead of our method is essentially negligible. Therefore, even if
the prediction is of poor quality, our method has worst-case running time that is
never worse than that of the Hungarian algorithm. Even our learning algorithm is
simple, consisting of a straightforward empirical risk minimization algorithm (the
analysis is more complex and involves bounding the “pseudo-dimension” of the
loss functions).
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Introduction

For a graph sum problem Q, given a graph G = (V, E), an algorithm has to
assign each element in X = V ∪ E a non-negative value such that the assignment
satisfies certain properties associated with Q. Formally, the assignment is defined
as A : X → R such that A(X ) satisfies a set of propertiesP
PQ . The cost of a feasible
assignment A is defined as a function cost(X , A(X )) = x∈X A(x), which should
be minimized or maximized as appropriate for the objective of the corresponding
problem. In an online model, the elements in X are revealed one-by-one rather
than as a single complete input, and an online algorithm must make irrevocable
decisions on each revealed element without knowledge of future inputs. In this
work, the performance of an online algorithm is measured by the competitive ratio.
For many online graph problems∗ , there is no O(1)-competitive algorithm in
the standard model. This model is pessimistic, in that altering real-world decisions
may be possible (albeit expensive). In this work, we study the model that improves
online algorithms’ performance by allowing recourse (that is, altering decisions).
Specifically, we aim to find the trade-off between the performance improvement
and the amount of amortized recourse, which is defined as the total number of
altered decisions divided by the number of elements whose value can be non-zero.
Beyond the practical motivation of relaxing irrevocability of online algorithms’
decisions, amortized recourse also provides insight on how a given online problem is
affected by uncertainty. In particular, it captures how rapidly the structure of the
offline optimal solution can change: the fewer elements required to do so, the larger
the amortized recourse. Furthermore, the impact of uncertainty is directly correlated
with this idea: the faster the optimal can change, the more impact uncertainty
on future inputs will have. For example, to attain a constant competitive ratio,
one needs exactly O(log n) recourse per edge for min-cost bipartite matching [2, 8],
∗
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while one only needs a constant amount of recourse per element for maximum
independent set and minimum vertex cover [5].
There has been extensive work on online algorithms equipped with recourse
for a variety of different problems. For amortized recourse, people have studied
online bipartite matching [3], interval graph coloring [4], minimum spanning tree [9],
traveling salesperson [9], Steiner tree [7], and online facility location [6]. Worst-case
recourse has also been considered on a variety of graph problems [1, 5].

2

Our contribution

In this work, we define a family of general monotone graph problems and show
that for every problem in this family and any t > 1, there is a tα-competitive
online algorithm, TaSt , that incurs at most polynomial of t amortized recourse. The
algorithm TaSt uses an “incremental” α-approximation algorithm as a yardstick
and greedily assigns the newly-revealed element a feasible value if this assignment
remains tα-competitive. Otherwise, TaSt switches its assignment to the yardstick’s
one and incurs recourse. Notice that by the monotonicity of the problem, the
optimal solution is incremental. Therefore, TaSt can be t-competitive for any
monotone problem with arbitrary t > 1. In addition, if we apply a polynomial-time
approximation algorithm as reference, then TaSt also runs in polynomial time.
We further refine this trade-off between competitive ratio and amortized recourse
for three classical graph problems. For IndependentSet, we refine the analysis of
our general algorithm and show that the actual amount of amortized recourse is
smaller. For MaximumMatching, we use an existing algorithm with limited greed
to reduce the amount of amortized recourse. For VertexCover, we introduce a
polynomial-time algorithm that further limits greed to show that constant amortized
recourse is needed for achieving competitive ratio strictly smaller than 2 for any
given instance. Our results are summarized in Table 1.
Definition 1. In a monotone sum problem, for any two subsets of elements,
S1 ⊆ S2 ⊆ X , OPT(S1 ) ≤ OPT(S2 ), where OPT(S) is the value of the optimal
assignment for S† . Similarly, an algorithm ALG is incremental if for any two
instances X1 ⊆ X2 , ALG(X1 ) ≤ ALG(X2 ).
Theorem 2. Using an incremental α-approximation algorithm as the yardstick,
wmax ·(t+1)
TaSt is (t · α)-competitive and incurs at most min{1,w
amortized recourse
min }·(t−1)
for any monotone-sum graph problem where wmax and wmin are the maximum and
minimum non-zero values that can be assigned to an element‡ .
†

Independent set, vertex cover, and maximum matching are monotone sum problems. Dominating set and matching with delays are sum problems that are not monotone. Coloring is
monotone, but not a sum problem.
‡
For IndependentSet, MaximumMatching, and VertexCover problems, the TaSt algot+1
rithm attains competitive ratio t > 1 while incurring at most t−1
amortized recourse.

172

(Competitive ratio,

(Competitive ratio,

worst case recourse)

amortized recourse)
wmax ·(t+1)
(tα, min{w
)
min ,1}·(t−1)

Monotone sum problems
Maximum Independent Set

(2.598, 2) [5]

Maximum Matching

(k, O( logk k )

Minimum Vertex Cover

(2, 1) [5]

+ 1)) [1]

(1.5, 2) [5]

t
(t, t−1
)

(2.598, 1.626)
∗

(2−t )
(t, (t∗ −1)(3−t
∗) +

t∗ −1
3−t∗ )

((1.5, 1) with t∗ = 1.5)
(2 −

2
10
OPT , 3 )

Table 1: Summary of our results. Note that t > 1 can be any real number, and
α ≥ 1 is the incremental yardstick algorithm’s approximation ratio. For Maximum
Matching, t∗ is the largest number s.t. t∗ ≤ t and t∗ = 1 + 1j for some integer j.
IndependentSet. For the maximum independent set problem in the vertexarrival model, we show that the amortized recourse incurred by TaSt is in fact
smaller than the general bound t+1
t−1 by a more sophisticated analysis.
Lemma 3. (Instance reduction) For any instance (G, σ) of the maximum
independent set problem, there exists an instance (G′ , σ ′ ) for which any newly
revealed vertex is either accepted by TaSt or is part of the optimal offline solution
when TaSt incurs its next switch, but not both, such that the amortized recourse for
(G′ , σ ′ ) is at least that for (G, σ).
Using Lemma 3, we can bound above the amortized recourse incurred by TaSt
against any reduced instance, and thus against any instance.
Theorem 4. For the maximum independent set problem, given a target competitive
t
ratio t > 1, TaSt is t-competitive while incurring at most t−1
amortized recourse.
Furthermore, for any 1 < t ≤ 2, ε > 0, and t-competitive deterministic online
1
algorithm, there exists an instance for which the algorithm incurs at least t−1
−ε
amortized recourse.
MaximumMatching. The TaSt algorithm is greedy in a two-fold manner.
First, the algorithm assigns the value greedily once an element arrives. Second, the
algorithm switches its solution to the optimal one completely when the current
solution fails to be t-competitive. The complete switching costs a lot of recourse.
However, it may be possible to reduce the amount of amortized recourse while
maintaining t-competitiveness by switching the solution partially into the optimal
one. For the maximum matching problem, we show that the L-Greedy algorithm
by Angelopoulos et al. [1] incurs less amortized recourse.
Theorem 5. For the maximum cardinality matching problem in the edge-arrival
model, we consider algorithms with target competitive ratio 1 < t < 2§ . The
§

Since it was shown that to achieve 1.5-competitiveness, every vertex incurs at most 2 recourse.
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∗

∗

(2−t )
t −1
L-Greedy algorithm is t-competitive and incurs at most (t∗ −1)(3−t
∗ ) + 3−t∗ amortized
recourse¶ . Furthermore, no deterministic
t-competitive online algorithm can incur
(2−t∗ )
amortized recourse less than (t∗ −1)(3−t
∗ ) in the worst case.

VertexCover. For VertexCover, we introduce a polynomial-time algo2
rithm Duo-Halve that further limits greed to show that (2 − OPT
)-competitiveness,
where OPT is the optimal vertex cover size, can be achieved with at most 10
3
amortized recourse by a potential function argument.
Duo-Halve Algorithm (DH). During the process, the algorithm maintains a
maximal matching M (X ) on the current input graph X to construct a solution
DH(X ). The algorithm only selects vertices that are saturated by the matching and
rejects as many vertices as possible from the two latest matched edges.

2
Theorem 6. The DH algorithm is (2 − OPT
)-competitive and incurs at most 10
3
amortized recourse, where OPT is the minimum vertex cover size. Furthermore,
DH runs in O(n3 ) time, where n is the number of vertices in the final graph.
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Introduction

The minimum-cost Steiner tree problem is a fundamental network design problem:
Given a set of terminals in a finite metric space, the task is to find a tree that spans
all terminals and has minimum overall cost. While present in the original list of
Karp’s 21 NP-complete problems [7], research on this problem goes back as far as
the 1930s [6], and its origins can be traced back even further, as it is named after
the 19th century Swiss mathematician Jakob Steiner. When the set of terminals
to be interconnected is equal to the ground set of the metric space, we speak of
the equally fundamental minimum-cost spanning tree problem, which is solvable in
polynomial time. Both problems have had major applications in the 20th and 21st
century, particularly in the design of transportation and communication networks.
When considering the efficiency and reliability of a network, it is a common
and natural requirement that vertices are not just connected, but rather connected
with a path that consists of only few edges. In the literature on network design,
this requirement is known as bounded hop distance, where hop refers to an edge and
hop distance to the number of edges on a path. A restriction on hop distances aims
at reducing transmission delays and packet loss, avoiding the flooding of a network
when routing, and increasing reliability of networks by limiting the amplifying
effect of link failures.
Adding hop constraints makes network design problems substantially harder.
The minimum-cost spanning tree problem, for example, is well-known to be
polynomial-time solvable, whereas its hop-constrained variants do admit constant
lower bounds on the approximation ratio [4, 1] in certain metrics. Network design problems without hop constraints often become easier when the underlying
∗
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metric can be represented as a tree or is somewhat close to a tree, such as graphs
with bounded treewidth. In this paper, we investigate whether in presence of hop
constraints this is still true.
Formally, we define the problem as follows. We are given a finite metric
space (V, d) with a set V of n points as well as a distance function d : V ×V → Q+ ,
a set of terminals X ⊆ V , a root r ∈ X , and an integer k ≥ 1. A k-hop Steiner
tree is said to be a tree Š = (VŠ , EŠ ) rooted at r that spans all points in X and
has a depth of at most k. That is, X ⊆ VŠ ⊆ V and for v ∈ VŠ , the number of
edges in the r-v path P
in Š is at most k. The cost of a Steiner tree refers to the
sum of its edge costs, {u,v}∈E d(u, v), with edge costs given by d. We consider
Š
the minimum-cost k-hop Steiner tree problem (k-hop MŠT problem1 ) that asks for
a k-hop Steiner tree of minimum cost.
Special cases of the k-hop MŠT problem include the minimum-cost k-hop
spanning tree (k-hop MST) problem (when X = V ), the Steiner Tree poblem
(when k ≥ n) and the Uncapacitated Facility Location problem (when k = 2).

2

Our contribution

In this paper, we consider the k-hop MŠT problem in tree-like metrics. That is, we
consider metrics which are represented by graphs from tree-like graph classes using
the natural correspondence between metric spaces and weighted complete graphs
via the shortest path metric. We say that a weighted graph G = (V, E) with a
weight function d : E → R+ induces a metric (V, d), if for any two vertices u, v ∈ V
the length of the shortest u-v path in G is equal to d(u, v). We call a metric a tree
(resp. path) metric if there is a tree (resp. path) that induces it, and we call it a
metric with treewidth ω if it is induced by a graph with treewidth ω.
We develop dynamic programming algorithms for path metrics, tree metrics
and metrics with treewidth ω to show the following results.
Theorem 1 On path metrics, k-hop MŠT can be solved exactly in time O(kn5 ).
Theorem 2 On tree metrics, k-hop MŠT can be solved exactly in time nO(k) .
Theorem 3 On metrics with treewidth ω, k-hop MŠT can be solved exactly in
time nO(ωk) .
We further extend the dynamic programming algorithm of Theorem 3 to graphs
with bounded highway dimension [3] and graphs with bounded doubling dimension [5]. In both cases we only achieve a (1 + )-approximate solution and we need
to relax the hop constraint by allowing one more hop than the optimal solution.
1

For brevity and as an homage to the work of Jarník and Kössler [6, 8], we use the Czech
letter Š to distinguish Steiner trees from spanning trees in MŠT resp. MST. The pronunciation
of Š is h sh i, the same as the German pronunciation of the letter S in Steiner.
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Theorem 4 For a metric induced by a graph with bounded highway dimension
(resp. bounded doubling dimension) and a constant k, let OPTk be the cost of a
k-hop MŠT. A (k + 1)-hop Steiner tree of cost at most (1 + ε)OPTk , for ε > 0, can
be computed in quasi-polynomial time.
Finally, supplementing our positive results, we show that in general metrics, we
cannot hope for better than log n-approximations in polynomial time, even when
we relax the hop-constraint.
Theorem 5 For any two constants c and `, and given a weighted graph G as input,
it is NP-hard to find a (k + `)-hop Steiner tree in G of cost (1 − c) · log n · OPT,
where OPT is the minimal cost of a k-hop Steiner tree in G. This remains true
even when all edges in the graph G have weight equal to 1.

References
[1] L. Alfandari and V. T. Paschos, Approximating minimum spanning tree
of depth 2, International Transactions in Operational Research, 6 (1999),
pp. 607–622.
[2] M. Böhm, R. Hoeksma, N. Megow, L. Nölke, and B. Simon, Computing a Minimum-Cost k-Hop Steiner Tree in Tree-Like Metrics, in MFCS,
vol. 170 of LIPIcs, 2020, Schloss Dagstuhl–Leibniz-Zentrum für Informatik,
pp. 18:1–18:15.
[3] A. E. Feldmann, W. S. Fung, J. Könemann, and I. Post, A (1+ε)embedding of low highway dimension graphs into bounded treewidth graphs,
SIAM Journal on Computing, 47 (2018), pp. 1667–1704.
[4] S. Guha and S. Khuller, Greedy strikes back: Improved facility location
algorithms, Journal of Algorithms, 31 (1999), pp. 228 – 248.
[5] A. Gupta, R. Krauthgamer, and J. R. Lee, Bounded geometries, fractals, and low-distortion embeddings, in FOCS, IEEE Computer Society, 2003,
pp. 534–543.
[6] V. Jarník and M. Kössler, O minimálních grafech, obsahujících n daných
bodů, Časopis pro pěstování matematiky a fysiky, 63 (1934), pp. 223–235.
[7] R. M. Karp, Reducibility among combinatorial problems, in Complexity of
Computer Computations, The IBM Research Symposia Series, Plenum Press,
New York, 1972, pp. 85–103.
[8] B. Korte and J. Nešetřil, Vojtěch Jarník’s work in combinatorial optimization, Discrete Mathematics, 235 (2001), pp. 1–17.

177

- Wednesday morning -

On the Extended TSP Problem∗
Julián Mestre (Speaker)

†

Sergey Pupyrev

Seeun William Umboh

1

‡

§

Introduction

Profile-guided binary optimization (PGO) is an effective technique in modern compilers to improve performance by optimizing how binary code is laid out in memory.
At a very high level, the idea is to collect information about typical executions of
an application and then use this information to re-order how code blocks are laid
out in the binary to minimize instruction cache misses, which in turn translates
into running time performance gains. Newell and Pupyrev [3] recently introduced
an optimization problem, which they call the Extended TSP (Ext-TSP) problem
that aims at maximizing the number of block transitions that do not incur a cache
miss.
The input to the Ext-TSP problem is a weighted directed graph G = (V, E),
which in the context of PGO corresponds to the control flow representation of the
code we are trying to optimize: Every node u ∈ V corresponds to a basic block
of code (for the purposes of this paper we can think of each of these blocks as
a single instruction that takes a fixed amount of memory to encode); every edge
(u, v) ∈ E represents the possibility of an execution jumping from u to v, and the
weight w(u, v) captures how many times the profiler recorded said jump during
the data collection phase. Our ultimate goal is to find a linear ordering of the
nodes, each of which represents a possible code layout of the binary; we let this
linear ordering be encoded by a one-to-one function d : V → {1, . . . , |V |}. Finally,
each edge (u, v) contributes f (|du − dv |) · w(u, v) to the objective, where |du − dv |
is the distance between the edge endpoints in the linear ordering, and f (·) is a
non-increasing discount function such that f (1) = 1 and f (i) = 0 for i > k, where
k = O(1) is part of the problem definition.
Newell and Pupyrev [3] designed and evaluated heuristics for Ext-TSP leading
to significantly faster binaries. Their implementation is available in the open
∗
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source project Binary Optimization and Layout Tool (BOLT) [1, 4, 3]. In their
experiments, they found that setting k to be a small constant1 and
(
v|
for 1 < |du − dv | < k,
1 − |du −d
k
f (|du − dv |) =
0
otherwise
yields the best results. The high level intuition is that the discount factor is a
proxy for the probability that taking the jump causes a cache miss. Thus, the
Ext-TSP objective aims at maximizing the number of jumps that do not cause a
cache miss.
In this paper we initiate the theoretical study of Ext-TSP by providing a
variety of hardness and algorithmic results for solving the problem both in the
approximate and the exact sense in both general and restricted graph classes.

2

Our results

We show that Ext-TSP is APX-hard to approximate in general. We give a polynok
mial time (k + 1)-approximation algorithm and a nO( ϵ ) time (2 + ϵ)-approximation
k
for general graphs. We also give a nO( ϵ ) time (1+ϵ)-approximation for some sparse
graphs classes such as planar or treewidth-bounded graphs.
Interestingly, the problem remains challenging even on very simple graph
classes; indeed, there is no exact no(k) time algorithm for trees unless the ETH fail.
Finally, we complement this negative result with an exact nO(k) time algorithm
for trees.

3

Open problems

We regard our work as the first step in the theoretical study of Ext-TSP. As
such, there are some interesting questions that remain unanswered:
1. Is there a polynomial-time O(1)-approximation, independent of k?
2. Is there an exact O(f (k, t)nO(k) ) time algorithm where t is the treewidth of
the instance?
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Introduction

Since the pioneering work by Murray and Chu [4] in 2015, the scientific literature about applications of drones to routing and parcel delivery has grown at a
remarkable pace. At the time of writing, searching the words “truck drone routing” by Google Scholar produced 8 620 results, 40% of which from just 2020. An
impressive number of surveys on the topic already appeared, like, among other
interesting ones, those by Macrina et al. [3] and Otto et al. [6]. The interest in
drones’ applications also comes from institutions and companies. For example,
the European Commission forecasts more than 100 000 people employed and an
economic impact of over 10 billion Euros per year in the European drone sector by
2035 [2]. At the same time, the e-commerce multinational Amazon obtained the
approval from the relevant US authority for its Prime Air service “beyond visual
line of sight” [5].
In this presentation, we examine a specific optimization problem named Traveling Salesman Problem with Drones (TSP-mD), in which a single truck and multiple drones cooperate to visit all the customers in a given network in the minimum
amount of time. In the TSP-mD, the drones are allowed to serve multiple customers per sortie (i.e., drone flight), and to return to the launching location itself
for landing. The truck can revisit customers, and traverse any arc multiple times;
in the latter case we refer to the resulting solution as arc-retraversing. Although
their practical implementation does not require any further technology, we observe that no previous studies in the related literature included arc-retraversing
solutions in their problem definitions. On the one hand, we prove that it is instead necessary to include these solutions in the solution space of the TSP-mD,
by showing instances for which all the optimal solutions are arc-retraversing. On
the other hand, we provide conditions under which at least one optimal solution
is not arc-retraversing. Finally, we establish bounds on the completion time in a
number of different problem settings.
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2

Problem statement

The TSP-mD can be defined as follows. Let N be the set of nodes including the
customer locations and the unique depot (denoted by 0), and A be the set of arcs
(i, j) for any distinct nodes i, j ∈ N . We denote the length of an arc a ∈ A by
ℓa . The resulting graph G = (N, A) is complete and directed. A non-capacitated
truck and multiple identical drones cooperate to serve all the customers in N ; the
truck and the drones do not necessarily travel at the same speed, but the ratio
of their speeds is constant. We denote by N dr ⊆ N and N tr ⊆ N the subsets of
the locations that can be served by the drones and by the truck, respectively. The
depot 0 belongs to N tr ⊆ N . Notice that if a node i ∈ N \ N tr , then the truck
cannot traverse any of the arcs that are incident to i.
The truck travels along a route that starts and ends at 0, and serves all the
nodes contained therein. The drones can be independently launched onto sorties,
and must be retrieved by the truck along its route. A sortie can contain multiple
customers. The energy consumed by any sortie must not exceed the maximum
amount allowed by the battery, and every time a drone lands, its battery is swapped
with a fully-charged one in a negligible amount of time. For this reason, the total
length of the arcs traversed by a drone during a sortie must not be higher than a
given value B > 0.
In our problem setting, both the truck and the drones are allowed to wait for
each other at customer locations. The whole operation is complete when all the
customers are served, and both the truck and the drones have returned to the
depot. We minimize the completion time.
As in Agatz et al. [1] and closely-related variants, we allow the truck to visit
customers multiple times. Furthermore, we allow the truck to traverse arcs multiple times, and refer to the corresponding solutions as arc-retraversing. Notice
that the truck can traverse an edge {i, j} twice in the two opposite senses without
retraversing the same arc (i, j), because each sense of traversal corresponds to a
different arc between (i, j) and (j, i). Finally, we prove that there exist instances
where all the optimal solutions are arc-retraversing, and consequently that it is
necessary to incorporate them in our problem statement.

3

Main results

In this talk, we prove the necessity of arc-retraversing solutions; the corresponding
result is stated as follows.
Proposition 1 There exists an instance such that N = N dr = N tr and all the
optimal solutions are arc-retraversing.
At the same time, under two different sets of conditions, we prove that it is
sufficient to consider solutions that are not arc-retraversing. The corresponding
results are stated as follows.
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Proposition 2 At least one optimal solution is not arc-retraversing if only a single drone is available and sorties contain at most one customer.
Proposition 3 At least one optimal solution is not arc-retraversing if only a single drone is available, N tr = N , and the truck and the drones travel at the same
speed.
As a complement to the proofs of the aforementioned propositions, we also
develop a MIP model capable of solving middle-sized instances with a time limit
of two hours. Finally, we establish bounds on the objective function in a number
of different problem settings.
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Introduction

We consider a real-life production problem of off-road vehicles, which involves
both machines and workforce constraints. We present a mathematical model and
compare its performance with some heuristics.
The production of the vehicles is an assembly process of several components on
a basic chassis. The shop floor is organized in workcenters, and each workcenter
may consist of a few identical machines. Every machine in a workcenter is functionally identical to every other machine in the same workcenter. For uniformity
with the literature we speak of “machines”, but in some workcenters, the actual
machine is a specific tool or even a predetermined section of the floor where the
worker must perform the assembly operation. Every operation is assigned to a
given workcenter, but the choice of the machine to be used for that operation is
left to the scheduler. Each machine can execute at most one operation at a time,
and preemption is not allowed.
The assembly of a specific model of the vehicle is made by moving the chassis to
some workcenters, accordingly to a model dependent sequence. In each workcenter
it is performed a specific assembly operation. Each of these operations require a few
components to be mounted on the chassis, and each component is build by means
of a single operation to be executed on a dedicated workcenter (different from the
workcenters used for the assembly operations). Let us call first level component the
elements that must be mounted on the chassis, and, when no ambiguity arise, the
corresponding operation. These components are usually made using some second
level component, which are produced in other workcenters.
Each operation (assembly operation or first/second level component) requires
one human worker from a finite worker’s set with cardinality smaller than the
number of available machines. This constraint turns our production scheduling
into a dual-resource constrained problem: machines and workers.
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Studi di Modena e Reggio Emilia.

184

The problem is a generalization of the Flexible Job Shop Problem with dual
Resource Constraints and partial path flexibility. In the job shop each job consists
of a sequence of operations, while in our case we have to deal with the production
of the first and second level components. We address the interested reader to two
recent surveys [1] and [5]. The problem also generalizes the scheduling of tasks
with caterpillar precedence graph on identical machines (see [3]), but in our case
we have lobster graphs instead of caterpillars (see below) and the operations must
be executed on a subset of the machines. The problem has also relations with the
project scheduling problem with resource constraints (see, e.g., [2]).

2

Formal description

Let W denote the set of workcenters, andSlet M w be the set of identical machines
available in workcenter w ∈ W . Let M = w∈W M w denote the set of all machines
and T the planning horizon. As usual in scheduling, we can represent the production constraints through and acyclic digraph G = (V, A), where each vertex v ∈ V
corresponds to an operation. Each arc (i, j) in the arc set A represents a precedence constraint: operation i must be finished before operation j can start. Each
operation v ∈ V has an associated processing time pv , and must be executed on
exactly one machine in a given workcenter w(v) ∈ W . Preemption is not allowed
and each machine can handle one operation at a time. Finally, it is given a set of
Rmax human resources with same skills, and each operation can be executed only
if are contemporarily available a machine and a human resource. All operations
are available at time 0, and must be scheduled in time interval T . The objective
function requires to minimize the makespan.
This formulation holds for any digraph G, but the actual precedence constraints
of the manufacturing problem instances form a very specific kind of digraph, called
a lobster (a tree having the property that the removal of leaf nodes leaves a caterpillar graph).

2.1

Mathematical Model

Our model resembles the time-indexed model proposed in [4] for the project
scheduling problem with resource constraint.
In order to simplify the writing we need to introduce, for each w ∈ W ,
the set Vw ⊂ V of the operations associated to workcenter w (i.e., such that
w(v) = w ∀v ∈ Vw ). We will use binary variables x where
xvt

(
1 if operation v starts at time t
=
v ∈ V, t ∈ T
0 otherwise
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X
min max (
txvt + pv )
v∈V

s.t.

(1)

t∈T

X

xvt = 1

t∈T

X

t
X

v∈Vw h=t−pv +1

X
t∈T

X

xvh ≤ |M w |

txit + pi ≤
t
X

v∈V h=t−pv +1

X

txjt

t∈T

xvh ≤ Rmax

xvt ∈ {0, 1}

∀v ∈ V

(2)

∀t ∈ T, w ∈ W

(3)

∀(i, j) ∈ A

(4)

∀t ∈ T

(5)

∀v ∈ V, t ∈ T

(6)

We minimize the makespan (1). Constraints (2) impose that each operation is
executed once, constraints (3) ensure that no more than |M w | machines are used
in parallel in each workcenter w ∈ W . Constraints (4) impose the precedence
constraints for each arc (i, j) ∈ A. Finally, constraint (5) impose that no more
than Rmax human resources can be used in parallel.

3

Real-life problem and solution approach

The real-life problem consists of scheduling the production of 20-30 vehicles on a
set of 48 machines. Each operation can take several hours, so the entire production
requires a couple of weeks to be terminated. The shop floor is divided in k+1 areas.
Each of the first k areas contains two workcenters: one dedicated to the assembly
operations and one to the first level operations which produce components for the
assembly workcenter of the same area. The last area is dedicated to produce the
second level components for all the first level operations. In our case we have
k = 6, four machines in each assembly workcenter and up to six in each of the
workcenters dedicated to the first level operations. In the last area there are up
to ten machines.
Each model of vehicle is described by a subgraph containing a main path
describing the assembly operations on the k assembly workstation, plus some 2-arc
paths describing the first and second level operations (see Figure 1 for a pictorial
representation).
We implemented some list scheduler approach and Local Search improvement
methods and we will present comparison of the solutions obtaind with the mathematical model and with manual solutions by the company.
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Figure 1: Example of the precedence graph for a single model (lobster graph)
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Introduction

In this abstract, we discuss a recent paper [4] on the discrete Bamboo Garden
Trimming problem (BGT). In this problem, we are given a garden with n bamboos,
where bamboo i grows with a rate of hi per day. We assume w.l.o.g. that h1 ≥
h2 ≥ . . . ≥ hn . Initially, all bamboos have height zero. At the end of each day, one
can cut down one bamboo to height zero. The goal in BGT is to make a perpetual
schedule of cuts (trimming schedule) such that the height of the tallest bamboo
ever is minimized. BGT has, among others, applications in scheduling maintenance
of machines. Gasieniec et al. [6] gave a 2-approximation for BGT. Recently, Della
Croce [3] improved this to a guarantee of approximately 1.888. In this paper, we
will extend the approach of [6] in order to obtain a 12/7-approximation algorithm.
This result is obtained by reducing BGT to the Pinwheel Scheduling problem (PS).
In the Pinwheel Scheduling problem [7], we are given n jobs with integral
periods p1 ≤ . . . ≤ pn . On each day, we can schedule at most one job. The goal is
to design a perpetual schedule such that each job i is scheduled at least once in any
period of pi consecutive days, or to conclude that no such schedule exists. Holte
et al. [7] showed that the problem is contained in PSPACE, but no completeness
result is known. An important issue of PS, and other related problems like BGT,
is the representation of a solution. Explicitly writing down the schedule may take
exponential time and space. In this paper, we only consider periodic schedules
that can be represented by numbers oi and ti for each i. In a periodic schedule,
job i is scheduled for the first time on day oi , and then scheduled every ti days
later. Our algorithm will be able to compute the oi ’s and ti ’s in polynomial time.
An interesting aspect of a PS-instance
P is the density. The density of instance
A = {p1 , . . . , pn } is defined as ρ(A) = i 1/pi . Clearly, if ρ(A) > 1, instance A
is not schedulable. Holte et al. [7] showed that if pi divides pj whenever i < j,
and ρ(A) ≤ 1, then A is schedulable. Consequently, if ρ(A) ≤ 1/2, A can be
scheduled by rounding each period down to its nearest power of 2. Later, more
elaborate ways of rounding the periods were considered [1, 2, 5]. In the first paper
*
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by Chan and Chin [2], they designed an algorithm that was able to round any
instance A with ρ(A) ≤ 2/3 to a schedulable instance. They also considered a
simpler algorithm such that any instance with density at most 7/12 is rounded
to a schedulable instance. We will use this algorithm for our main result. They
also observed that instance A = {2, 3, M } cannot be scheduled for any value of
M . Hence, there exists an instance with density above 5/6 that is not schedulable.
They conjectured that any instance A with ρ(A) ≤ 5/6 is schedulable. In the
second paper by Chan and Chin [1], they improved the achievable density bound
to 7/10. Finally, Fishburn and Lagarias [5] showed that any instance with density
at most 3/4 can be scheduled.

2

Approximation algorithm

Our algorithm
uses the same approach as the 2-approximation by [6]. Define
P
H = i hi . As observed in [6], H is a lower bound on the optimal value. Hence,
if we find a solution with value αH, we know that we are within a factor α of the
optimal value. Given an instance of BGT, we initially define periods:
pi :=

12H
.
7hi

The period pi can be interpreted as the (possibly fractional) number of days it
takes for bamboo i to reach height 12H/7. Since the pi ’s need not to be integral,
we call A = {p1 , . . . , pn } a pseudo-instance of the Pinwheel Scheduling problem.
A feasible solution for a pseudo-instance of the Pinwheel Scheduling problem is a
schedule assigning at most one job per day such that each job i is scheduled at
least once in any period of bpi c consecutive days. If we are able to find a feasible
schedule for the created pseudo-instance, we know that no bamboo will ever exceed
height 12H/7.
However, if p1 < 2, it follows (assuming n 6= 1) that a maximum height of
H is unachievable. Hence, we can increase the lower bound until p1 = 2 holds.
Effectively, this means that we use the lower bound H 0 = max{7h1 /6, H}, and
create a pseudo-instance of the Pinwheel Scheduling problem by defining periods:
p0i :=

12H 0
.
7hi

The created pseudo-instance A0 has density ρ(A0 ) ≤ 7/12, and all periods are at
least 2. As noted in the introduction, Chan and Chin [2] designed an algorithm
that is able to round any instance of PS with density at most 7/12 to a schedulable
instance. As it turns out, this algorithm is even able to round any pseudo-instance
of PS with density at most 7/12 and p1 ≥ 2 to a schedulable instance of PS.
Theorem 1 The algorithm of Chan and Chin [2] obtains a schedulable PSinstance for any pseudo-instance A with ρ(A) ≤ 7/12 and p1 ≥ 2. Moreover,
a representation of a feasible schedule for the obtained instance can be found in
polynomial time.
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Corollary 2 There is a 12/7-approximation algorithm for the discrete Bamboo
Garden Trimming problem.
Next, we will illustrate that the approximation guarantee of 12/7 is essentially
the best we can hope for when our algorithm is based on a reduction to a pseudoinstance of PS. First, we give an example of a pseudo-instance of PS with density
7/12 + δ, with δ > 0, that is not schedulable.
Example 3 Consider the pseudo-instance with p1 = 3−, p2 = 4−, and p3 = M ,
with  > 0 and M a large number. This pseudo-instance has density
7


1
+ δ with δ =
+
+
.
12
9 − 3 16 − 4 M
In order to obtain a feasible schedule for this pseudo-instance, we should round p1
to 2. Similarly, we should round p2 to an integer smaller than or equal to 3. In
the most conservative rounding, we obtain the PS-instance {2, 3, bM c}, which is
known to be non-schedulable [2]. Hence, our pseudo-instance is not schedulable.
The example above shows that if we reduce instances of BGT to pseudoinstances of PS, and then only focus on schedulability of these pseudo-instances,
we will not improve upon the guarantee of 12/7. However, it might be possible
that “bad” pseudo-instances like the one in Example 3 are not encountered after
the reduction. Now, consider the BGT-instance with h1 = 4, h2 = 3, and h3 = γ,
with γ small. If we use H 0 as our lower bound, and a magnifying factor of 12/7−η,
with 0 < η < 5/7, to make the reduction from BGT to a pseudo-instance of PS,
we will encounter the pseudo-instance of Example 3. This shows that if we use H 0
as our lower bound, algorithms based on a reduction to a pseudo-instance of PS
will not give guarantees better than 12/7.
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In the discrete bamboo garden trimming problem (BGT), first introduced by
Gasieniec et al. [1] we are given a set of n bamboo that grow at rates v1 , . . . , vn per
day. We assume that these growth rates are arranged such that v1 ≥ v2 ≥ · · · ≥ vn .
Each day a robotic gardener cuts down one bamboo to height zero. The goal is
to design a trimming schedule such that the height of the tallest bamboo that
ever exists is minimized. Gasienic et al. gave a 2-approximation for discrete BGT
which was improved by van Ee [2] to a 12
7 -approximation.
Both results are obtained by reducing BGT to the pinwheel scheduling problem.
In the pinwheel scheduling problem, we are given n jobs with (integer) periods
p1 , . . . , pn . Time is slotted, and only one job can be scheduled in each time slot.
The goal is to design a schedule such that each job i is scheduled at least once in
any period of pi consecutive days,Por to conclude that no such schedule exists. The
density of a pinwheel problem is ni=1 p1i . Chan and Chin [3] conjectured that any
pinwheel problem with density at most 56 can be scheduled. Fishburn and Lagarias
[4] showed that any instance with density at most 0.75 can be scheduled and for
the special case of p1 = 2 they give a guarantee of 10/7.
Given an instance of BGT and a desired maximum height K, we may divide K
by the growth rates and create a set of frequencies the bamboo need to be visited
with to maintain a maximum height of K. Rounding these frequencies down to
the nearest integer creates an instance of the pinwheel scheduling problem. A valid
schedule for the pinwheel problem also maintains the desired height in BGT.
Gasieniec et al. also consider a continuous version of the BGT problem. In
this version the bamboo are distributed in some metric space and the gardener
needs to travel between the bamboo to cut them. Cutting is done instantly and
the goal is to find a route that minimizes the maximum height of the bamboos.
For this problem they provide a O(log n)-approximation algorithm that works on
any metric space.
Our results for discrete BGT We first take a look at discrete BGT for which
we propose the following 10/7-approximation algorithm that is also based on a
slightly cleverer reduction to the pinwheel-problem.
∗
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Algorithm 1:
P
Let H = ni=1 vi and R = 10
7 . Using binary search in the interval [H, 2H]
find the smallest K such that the following procedure returns a valid
schedule and return this schedule.
∗
1. Given K define p∗i = b K
vi c and pi = bRpi c.

2. Solve the pinwheel problem (p1 , . . . , pn ).
H is a lower bound on the optimal value and it is known that there is an
algorithm that produces a schedule of height 2H. It is a lower bound because as
long as all bamboo have height at most H 0 < H the sum of all bamboo increases
by at least H − H 0 > 0 each step until it exceeds nH 0 . Then there must be a
bamboo with height more than H 0 and since there are only finitely many heights
for bamboos that are less than H at some point there must be a bamboo with
height at least H. Thus the optimal value is somewhere in the interval [H, 2H].
We show the following theorem to establish the algorithm as a 10/7-approximation.
Theorem 1 If there is a schedule that maintains maximum height K then the
procedure in Algorithm 1 finds a schedule that maintains a maximum height of at
most 10
7 K.
Since there is a schedule that maintains optimal maximum height within the
interval [H, 2H], the algorithm, given this theorem, returns a schedule that maintains a maximum height of at most 10/7 times the optimal height. What remains
is to show that the algorithm can indeed always solve the pinwheel-problem that
is presented to it.
To this end we refer to the criteria developed by Fishburn and Lagarias that
give bounds on the density required to ensure that the pinwheel problem can be
solved. If the frequencies pi are small enough, we can immediately argue that their
density must be below 3/4, which means the instance can be scheduled. It is also
possible that there are a few frequencies that are too large. In these cases we use
custom schedules for just the first few large frequencies that leave holes for the
remaining frequencies. Afterwards the criteria can again be used to find a schedule
that fits the remaining smaller frequencies into the holes.
For the ratio 10
7 these subproblems are easier than the original problem. We
conjecture that a ratio arbitrarily close to 34 can be achieved using a more involved
case analysis.
Our results for continuous BGT For the continuous BGT problem, Gasienic
et al. give a O(log n) approximation algorithm that works in any metric space.
We show that the deadline driven strategy is a constant approximation on the star
metric if there is a bamboo in every leaf (none in the center). This algorithm
always cuts the bamboo with the earliest deadline provided that the height of this
bamboo has reached a certain threshold. The deadline of a bamboo is the time it
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reaches the height the algorithm wants to maintain. This algorithm has already
been considered for discrete BGT and there it is a 2-approximation as shown by
John Kuszmaul [5].
After finding a suitable √
lower bound on Opt and using it to determine deadline
and threshold we get a (2+ 3)-approximation on the star graph. It is also possible
to extend the argumentation to a star that has multiple plants on each branch.
Here our adjustments to the lower bound and the behaviour
of the algorithm pay
√
a price in the approximation ratio and lead to a (5 + 21)-approximation for this
problem.
We also consider the algorithm Reduce fastest and show that this algorithm
is a 4-approximation on the star graph. This algorithm always cuts the fastest
plant provided that the height of this bamboo has reached a certain threshold.
For discrete BGT the algorithm is a 2.62-approximation as shown by Bilò et al. [6]
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Introduction

The bamboo trimming problem considers n bamboo with growth rates
P
h1 , h2 , . . . , hn satisfying i hi = 1. During a given unit of time, each bamboo grows
by hi , and then the bamboo-trimming algorithm gets to trim one of the bamboo
back down to height zero. The goal is to minimize the height of the tallest bamboo,
also known as the backlog. The bamboo trimming problem is closely related to
many scheduling problems, and can be viewed as a variation of the widely-studied
fixed-rate cup game, but with constant-factor resource augmentation.
Past work has given sophisticated pinwheel algorithms [4] that achieve the optimal backlog of 2 in the bamboo trimming problem. It remained an open question,
however, whether there exists a simple algorithm with the same guarantee—recent
work has devoted considerable theoretical and experimental effort to answering
this question. Two algorithms, in particular, have appeared as natural candidates: the Reduce-Max algorithm (which always cuts the tallest bamboo) and
the Reduce-Fastest(x) algorithm (which cuts the fastest-growing bamboo out of
those that have at least some height x). It is conjectured that Reduce-Max and
Reduce-Fastest(1) both achieve backlog 2.
This paper improves the bounds for both Reduce-Fastest and ReduceMax. Among other results, we show that the exact optimal backlog for ReduceFastest(x) is x + 1 for all x ≥ 2 (this proves a conjecture of [3] in the case of
x = 2), and we show that Reduce-Fastest(1) does not achieve backlog 2 (this
disproves a conjecture of [3]).
Finally, we show that there is a different algorithm, which we call the DeadlineDriven Strategy, that is both very simple and achieves the optimal backlog of 2.
This resolves the question as to whether there exists a simple worst-case optimal
algorithm for the bamboo trimming problem.
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2

Background

A classic scheduling problem is the so-called cup game, which is a two-player game
that takes place on n cups. In each step of the game, the filler player distributes 1
unit of water among the cups arbitrarily; the emptier player then selects a single
cup and removes up to 1 unit of water from that cup. The emptier’s goal is to
minimize the backlog of the system, which is defined to be the amount of water in
the fullest cup.
The cup game was first introduced in the late 1960s [6], and has been studied in many different forms. The game has found extensive applications in areas
such as processor scheduling, network-switch buffer management, quality of service
guarantees, and data-structure deamortization. See the full version of this paper
as well as [5] for a more detailed discussion of the related work.
Perhaps the most natural emptying algorithm is the Reduce-Max algorithm,
which always empties from the fullest cup. Reduce-Max achieves an asymptotically optimal backlog of O(log n) [1]. In fact, in addition to being asymptotically
optimal, Reduce-Max is known to be exactly optimal—no other algorithm can
do better, even by an additive constant [1].
An important special case of the cup game is the setting where the filler’s
behavior is the same on every step, also known as the fixed-rate cup game. Whereas
the optimal backlog in the variable-rate cup game is O(log n), the optimal backlog
in the fixed-rate cup game is O(1) [4, 6]. Perhaps surprisingly, though, the ReduceMax algorithm is no longer optimal (or even asymptotically optimal!). In fact, the
algorithm still allows for backlog Ω(log n) in the fixed-rate setting [1].
Recent work has identified a potential path to redemption for the ReduceMax algorithm, however. Bilò, Gualà, Leucci, Proietti, and Scornavacca [2] showed
that, if the emptier is given resource augmentation over the filler, meaning that the
emptier is permitted to fully empty a cup on each step rather than removing just
a single unit of water, then the backlog achieved by the Reduce-Max algorithm
becomes O(1). Note that, since the backlog is constant, the resource augmentation
never results in the emptier removing more than O(1) units of water at a time.
Although there is a long history of studying resource-augmented variants of the
cup game, it is only relatively recently that researchers have begun to study the
resource-augmented fixed-rate version of the game [4]. These papers have dubbed
the problem as the Bamboo Garden Trimming Problem, based on the following
(rather creative) problem interpretation. A robotic panda gardener is responsible
for maintaining a bamboo garden. The garden consists of n bamboo b1 , . . . , bn with
P
corresponding growth-rates h1 ≥ . . . ≥ hn satisfying ni=1 hi = 1. Each bamboo
bi starts at height 0 and grows at a steady rate of hi every time unit. At the end
of each time unit, the player chooses one of the bamboo and chops this bamboo
down to height 0. The goal, of course, is to achieve the smallest possible backlog,
which is the height of the tallest bamboo.
It is known that no bamboo trimming algorithm can guarantee a backlog less
than 2, as it is possible to achieve backlog at least 2 − 2ε against any bamboo
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trimming algorithm with two bamboo that have fill rates 1 − ε and ε [2]. Recent
work has yielded complex pinwheel algorithms [4] that achieve backlog 2, and are
thus optimal in terms of the worst-case backlog; there has also been effort to extend
the guarantees of these algorithms to achieve strong competitive ratios for cases
where backlog less than 2 is possible.
The quest for a simple optimal bamboo-trimming algorithm. The relative
complicatedness of the known pinwheel algorithms has sparked a great deal of
interest in the question as to whether there exists some simple algorithm that
achieves the optimal backlog of 2. It would be especially interesting if ReduceMax were to achieve backlog 2, since this would mean that the algorithm is optimal
for both bamboo-trimming and the standard cup game. Currently, the best known
bound for Reduce-Max is a backlog of 9 [2]. Experimental work [3] has found
that Reduce-Max does, in fact, seem to achieve a backlog of 2, however, leading
the authors to pose a backlog of 2 as a conjecture.
Another algorithm family that has been studied for its simplicity is ReduceFastest(x). This algorithm trims down the fastest-growing bamboo out of those
that have height at least x at the end of each time unit. Initial study proved that
Reduce-Fastest(2) achieves backlog at most 4 [4], and further work demonstrated
x2
x2
that Reduce-Fastest(x) achieves backlog at most max(x+ 4(x−1)
, 12 +x+ 4(x−1/2)
)
for all x > 1, which yields a bound of 19/6 at x = 2 [2] (and is ≥ 1.25x for all
x > 1). Extensive computer experimentation [3] suggests that this bound of 19/6
is still not optimal, and has led researchers to conjecture that Reduce-Fastest(2)
actually achieves a backlog of 3. Based on the same experiments, the authors
further conjecture that Reduce-Fastest(1) achieves the optimal backlog of 2 [3].
However, as of now, no theoretical bounds on the backlog of Reduce-Fastest(1)
are known.
Our results. Our first result is an improved bound on the backlog of ReduceMax for bamboo trimming. We prove that Reduce-Max achieves a backlog of
4, which narrows the gap between the upper and lower bounds from 7 to 2. At a
technical level, our bound relies on a novel potential-function argument; we believe
that this argument may be of independent interest as a tool that could help in
future analyses of similar problems.
Our second set of results analyze Reduce-Fastest(x) for different values of x.
We are able to prove that Reduce-Fastest(x) achieves backlog x + 1 for all x ≥ 2,
and we give a matching lower bound showing that this analysis is tight. This is the
first time that a tight analysis has been achieved for Reduce-Fastest(x) for any
value of x. For x = 2, the result gives a backlog of 3, which resolves a conjecture of
[3]. On the other hand, we disprove the conjecture of [3] that Reduce-Fastest(1)
achieves backlog 2. Instead, we show that Reduce-Fastest(1) allows for a backlog
of 3−ε for any ε > 0. More generally, we show that there is no x for which ReduceFastest(x) achieves a backlog of 2.01, meaning that Reduce-Fastest(x) is no
longer a candidate in the quest for a simple optimal algorithm.
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Our final result is a simple algorithm, which we call the Deadline-Driven
Strategy , that does in fact achieve a backlog of 2. The algorithm, which is based
upon Liu and Layland’s algorithm from the early 70s for a related scheduling
problem [6], maintains the simplicity associated with Reduce-Max and ReduceFastest(x), while also matching the backlog bounds of the more complicated
pinwheel-based algorithms.
The Deadline-Driven Strategy selects the bamboo that will soonest achieve
height 2 of the bamboo that have height at least 1. From a scheduling standpoint,
we can consider the time at which a bamboo achieves height 2 to be its deadline.
From this perspective, the Deadline-Driven Strategy is simply chopping down
the bamboo with the closest deadline, while not considering very short bamboo
with height less than 1.

Acknowledgments
I would like to thank Michael A. Bender and William Kuszmaul for their mentorship and advice during this project. This research was funded by National Science
Foundation Grants CNS-1938709 and CCF-2106827.

References
[1] M. Adler, P. Berenbrink, T. Friedetzky, L. A. Goldberg, P. Goldberg, and
M. Paterson. A proportionate fair scheduling rule with good worst-case performance. In Proceedings of the Fifteenth Annual ACM Symposium on Parallel
Algorithms and Architectures (SPAA), pages 101–108, 2003.
[2] B. Davide, L. Guala, L. Stefano, P. Guido, and S. Giacomo. Cutting bamboo
down to size. In The Tenth International Conference on Fun with Algorithms
(FUN 2020), 2020.
[3] M. D’Emidio, G. Di Stefano, and A. Navarra. Bamboo garden trimming problem: Priority schedulings. Algorithms, 12(4):74, 2019.
[4] L. Gąsieniec, R. Klasing, C. Levcopoulos, A. Lingas, J. Min, and T. Radzik.
Bamboo garden trimming problem (perpetual maintenance of machines with
different attendance urgency factors). In International Conference on Current
Trends in Theory and Practice of Informatics, pages 229–240. Springer, 2017.
[5] W. Kuszmaul. Achieving optimal backlog in the vanilla multi-processor cup
game. In S. Chawla, editor, Proceedings of the 2020 ACM-SIAM Symposium
on Discrete Algorithms, SODA 2020, Salt Lake City, UT, USA, January 5-8,
2020, pages 1558–1577. SIAM, 2020.
[6] C. L. Liu and J. W. Layland. Scheduling algorithms for multiprogramming in a
hard-real-time environment. Journal of the ACM (JACM), 20(1):46–61, 1973.

198

- Wednesday morning -

An approximation algorithm for sequencing unreliable
jobs on parallel machines with job duplication
Ben Hermans (Speaker)

*

Paolo Detti

1

Alessandro Agnetis
§



Marco Pranzo

Mario Benini
¶

Introduction

We study the problem of scheduling a set N = {1, . . . , n} of n unreliable jobs
on m identical machines, where jobs can be duplicated in order to increase the
probability of being successful on at least one machine. When a job j ∈ N is
performed on a certain machine, then it succeeds with a given success probability pj .
If the job fails, then the machine gets blocked and cannot perform any further jobs.
We say that a job is successful on a machine if and only if all jobs preceding it,
as well as the job itself, succeed. There are m exact copies of each job, such that
a copy of each job can be attempted on each machine. A job is then said to be
carried out if and only if it has a successful copy on at least one machine. Failures
are assumed to occur independently, both between jobs and between their copies.
Given a revenue rj for each job j ∈ N that is attained if and only if the job is
carried out, we study the problem of finding a sequence of the n job copies for
each of the m machines so as to maximize the expected revenue. This problem
was originally introduced in [1] and is NP-hard, even if m = 2.
One possible application of this problem is in the setting of scientific computing, where there are multiple unsupervised servers available to perform certain
computational tasks. Each successfully completed task leads to a reward, but each
task also has a probability to fail (e.g., due to a bug), which then causes the server
to be blocked.
If there is only one machine (i.e., m = 1), then it is well-known that an optimal
sequence can be found by following the so-called Z-rule [2, 3]. More specifically,
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§
detti@dii.unisi.it. Dipartimento di Ingegneria dell’Informazione e Scienze Matematiche,
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Table 1: Approximation guarantee for m ∈ {1, . . . , 20}.

m

Hm /m

m

Hm /m

m

Hm /m

m

Hm /m

1
2
3
4
5

1
0.75
0.611
0.5208
0.4567

6
7
8
9
10

0.4083
0.3704
0.3397
0.3143
0.2929

11
12
13
14
15

0.2745
0.2586
0.2446
0.2323
0.2212

16
17
18
19
20

0.2113
0.2023
0.1942
0.1867
0.1799

define the Z-ratio of a job j ∈ N as
Zj =

pj rj
,
1 − pj

then it holds that a sequence is optimal if and only if it schedules the jobs in nonincreasing order of their Z-ratio. In this talk, we show that following the Z-rule
on each machine guarantees an expected revenue that is within factor Hm /m of
P
the maximum, and that this bound is asymptotically tight. Here, Hm = m
k=1 1/k
denotes the mth harmonic number; Table 1 lists the approximation guarantee for
different values of m.

2

Establishing the approximation guarantee

We establish the approximation guarantee in three steps. Firstly, we obtain an
upper bound on the maximum expected revenue by studying a relaxation in which
one can decide upon a schedule for each machine sequentially. That is, only when
a certain machine gets blocked by a job failure, the next machine’s schedule needs
to be decided. We show that, for this relaxation, it is optimal to always schedule
first the jobs that have not been carried out yet, and this in non-increasing order
of their Z-ratio. We refer to the resulting upper bound as the sequential upper
bound. This result and the ensuing bound are interesting in their own right, since
they might also be useful to assess the quality of other heuristics.
Secondly, we characterize a number of structural properties of the sequential
upper bound using induction on the instance size. Interestingly, we find that if
job j has the maximum Z-ratio, then the maximum expected revenue is upper
bounded by mZj . This provides a new interpretation of the Z-ratio. Combined,
the derived properties allow us to prove the approximation guarantee.
Finally, we establish that the bound is asymptotically tight. To show this, we
consider a family of instances where all jobs have unit reward and the same success
probability p. By letting the number of jobs n tend to infinity and the success
probability p to one, we then show that the bound is attained. Since all jobs are
identical, this also establishes that our bound is essentially the best possible for
all heuristics that consider the same schedule on all machines.
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Introduction

We consider the partitioned scheduling of a set of periodic tasks T = {τ1 , . . . , τn }
on m identical processors. A periodic task τi = (oi , ci , di , pi ) ∈ N4 releases a job
at each time point oi + kpi for k ∈ N. Every job released by τi has an execution
time requirement of ci time units and a deadline di time units after its release.
We say that T is synchronous if oi = 0 for all τi (and asynchronous otherwise).
We say that T has implicit deadlines if di = pi for all τi and has constrained
deadlines if di ⩽ pi for all τi (and has arbitrary deadlines otherwise).
We want to understand the complexity of the following family of decision problems.
Definition 1 (partitioned A-schedulability).
Instance: ⟨T, m⟩, where T is a set of periodic tasks and m is the number of processors.
Question: Is there an m-partitioning T1 , . . . , Tm of T such that each partition Ti
is schedulable by scheduling algorithm A on a single processor with no deadline
misses?
Partitioned scheduling is a very commonly used strategy for real-time systems.
It reduces overhead costs by disallowing migrations between processors and importantly allows the reuse of mature results for single-processor scheduling in a
multiprocessor setting.
It is not difficult to see that partitioned A-schedulability generalizes
bin packing in most settings and is NP-hard, but other previously known lower
bounds on its complexity are only the ones for the corresponding single-processor
A-schedulability problems. We want to narrow down the complexity, which among
other things lets us find a distinction between the partitioned schedulability problems can efficiently be formulated as ILP or SAT instances, and which cannot
unless the polynomial hierarchy collapses. To find better bounds we first define a
partitioned version of a helpful number-theoretic decision problem that has been
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used for several hardness results for periodic tasks in single processor systems, the
Simultaneous Congruences Problem.

2

Partitioned simultaneous congruences

The Simultaneous Congruences Problem (scp) concerns finding a set of congruence
classes that all share some element. The scp was shown to be NP-complete by
Leung and Whitehead [3] (and was later shown to be so in the strong sense by
Baruah et al. [1]).
Definition 2 (scp).
Instance: ⟨A, k⟩, where A = {(a1 , b1 ), . . . , (an , bn )} is a set of pairs of non-negative
integers satisfying ai < bi for each i, and k is a positive integer.
Question: Is there an integer x and an A′ ⊆ A such that |A′ | = k and
x ≡ ai

(mod bi )

for each (ai , bi ) ∈ A′ ?
We define partitioned scp as a natural generalization to the scp.
Definition 3 (partitioned scp).
Instance: ⟨A, k, m⟩, where A = {(a1 , b1 ), . . . , (an , bn )} is a set of pairs of nonnegative integers satisfying ai < bi for each i, and k and m are positive integers.
Question: Is there an m-partitioning A1 , . . . , Am of A such that ⟨Ai , k⟩ ̸∈ scp for
each partition Ai ?
Through a reduction from generalized graph coloring [4] we can pinpoint the complexity of partitioned scp. The reduction is closely inspired by
Leung and Whitehead’s reduction from clique to scp [3] and works by assigning
congruences classes to vertices such that a set of congruences classes have a joint
element if and only if the corresponding set of vertices form a clique.
Theorem 4. partitioned scp is ΣP2 -complete, even when m = 2.

3

Asynchronous tasks

For asynchronous periodic tasks we find a new general lower bound by reducing
from partitioned scp in a fairly straight-forward manner.
Theorem 5. The partitioned A-schedulability problem for asynchronous periodic
tasks with constrained (or arbitrary) deadlines is ΣP2 -hard for any work-conserving
scheduler A (preemptive orPnon-preemptive), even when restricted to m = 2 processors and task sets with τi ∈T pcii < φ for any constant φ > 0.
When A is an optimal preemptive single-processor scheduling algorithm, such
as Earliest Deadline First (EDF), this can be shown to be a tight bound.
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Theorem 6. The partitioned EDF-schedulability problem for asynchronous periodic tasks with constrained (or arbitrary) deadlines is ΣP2 -complete.
In contrast, for preemptive Fixed Task Priority (FP) scheduling we still have
a gap to the lower bound of Theorem 5.
Theorem 7. The partitioned FP-schedulability problem for asynchronous periodic
tasks is in ΣP3 . This holds both if we are given the priority ordering or are asked
to find one.
The partitioned EDF-schedulability problem with implicit deadlines is essentially just plain bin packing and is NP-complete. However, FP-scheduling with
implicit deadlines can be shown to be harder than EDF when we are given a
predefined priority ordering.
Theorem 8. The partitioned FP-schedulability problem for asynchronous periodic tasks is ΣP2 -hard if we are given a priority ordering, evenPwhen restricted to
implicit-deadline tasks, m = 2 processors and task sets with τi ∈T pcii < φm for
any constant φ > 1/2.
It is an open problem if this remains ΣP2 -hard if we are instead asked if the set
of tasks is FP-schedulable with any priority ordering.

4

Synchronous tasks

There is relatively less to say about synchronous periodic tasks at this time, but
we have the following observations.
Theorem 9. With synchronous periodic tasks, partitioned EDF-schedulability with
implicit deadlines and partitioned FP-schedulability with implicit or constrained
deadlines are NP-complete.
The above follows directly from observing that the corresponding single processor problems are in NP. However, EDF-schedulability with constrained or arbitrary deadlines is not contained in the first level of the polynomial hierarchy
(unless it collapses), but is contained in the second.
Theorem 10. Partitioned EDF-schedulability of synchronous periodic tasks with
constrained or arbitrary deadlines is both NP- and coNP-hard, and is in ΣP2 .
FP-schedulability with arbitrary deadlines has a larger gap still. (Here even
the single processor case is not yet pinpointed!)
Theorem 11. Partitioned FP-schedulability of synchronous periodic tasks with
arbitrary deadlines is NP-hard, and is in ΣP3 .
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We do suspect that the partitioned EDF-schedulability problem with constrained or arbitrary deadlines (as in Theorem 10) is in fact ΣP2 -complete, just
as with asynchronous tasks, but have yet been unable to show this. It seems significantly more difficult to construct a reduction from partitioned scp here due
to the lack of the tasks’ offset parameters oi , which in many ways mirror the ai
parameters in partitioned scp. Still, such a reduction has been done from scp to
the single processor synchronous case [2], so there is still hope that partitioned
scp can help in resolving this important outstanding problem.
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We study a scheduling problem motivated by the creation of a startlist schedule for orienteering. Orienteering is an individual sport in which athletes navigate
themselves through the forest with a map. A competition consists of multiple categories with different tasks. There are up to 2000 athletes and up to 50 categories
in the national competitions. To give an efficient schedule, multiple athletes from
different categories start in parallel at the same time. The maximal number of
parallel starts is given. Also, some categories have the same first navigation point,
so their athletes cannot start at the same time. To ensure maximum fairness, the
athletes of each category start with the same gap between each other. This gap is
called period of the category and for each category we are given its minimal value.

1

Problem definition

Now, we translate the problem into scheduling terminology. The categories are
represented as periodic jobs with the length equal to the number of athletes and
a given minimal period. Furthermore, there are resources that correspond to the
first navigation point, and each category requires exactly one of these resources.
Finally, the number of machines corresponds to the given maximal number of
athletes that can start in parallel. The time is discrete, each start of an athlete is
an action of the corresponding periodic job that takes one time step, we also say
it takes one minute.
Definition 1 Let R be a finite set of resources. Then we define a periodic job j
as a triple (pj , fj , gj ), where
• pj ∈ N is the number of actions of job j,
• fj ∈ R is the resource of job j, and
• gj ∈ N is the minimal period between the actions of job j.
The goal of the problem is then to schedule a set of periodic jobs within some
restrictions and minimize the makespan.
∗

v.kostejn.vk@gmail.com, sgall@iuuk.mff.cuni.cz, Computer Science Institute of Charles
University, Faculty of Mathematics and Physics, Prague, Czech Republic. Partially supported by
the projects 19-27871X and 22-22997S of GA CR.

206

Definition 2 (Periodic scheduling with shared resources (PSR))
Periodic scheduling with shared resources is an optimization problem whose
input is a finite set of periodic jobs J and the number of machines m ∈ N and
output is schedule that specifies for each job j
• Sj ∈ N, the starting time of job j,
• Cj ∈ N, the completion time of job j and
• Gj ∈ N the period of job j.
satisfying
(∀j ∈ J) (Cj = Sj + (pj − 1) · Gj ),

(1)

(∀j ∈ J) (Gj ≥ gj ),

(2)

(∀i, j ∈ J, fi = fj )(∀ai ∈ {0, . . . , pi − 1}, ∀aj ∈ {0, . . . , pj − 1})

(3)

(∀t ∈ {0, . . . , e})

(4)

(Si + ai · Gi ̸= Sj + aj · Gj ),

(|{ j ∈ J | (∃a ∈ {0, . . . , pj − 1})(Sj + a · Gj = t) }| ≤ m) .

The objective is to minimize the makespan, i.e., Cmax = maxj∈S Cj .
Condition (1) defines Cj as the completion time for each job and (2) constrains
the period to be at least the minimum period. Condition (3) says that actions of
the jobs with the same resource are not scheduled in the same time step. The
capacity condition (4) limits the number of actions for each time to be at most the
number of machines m.

2

Our contributions

This problem is strongly NP-hard even if all jobs have distinct resources and
equal minimal periods, and in addition either we have a single machine or the
common minimal period is one. Thus we focus on analyzing greedy approximation
algorithms.
It should be noted that complexity considerations are delicate for two reasons.
First, the definition of the problem corresponds to scheduling on multiple machine where migration of jobs among different machines is allowed. This together
with the flexibility of periods gives the problem preemptive nature which complicates the NP-hardness proof. Our NP-hardness proof uses a reduction from
numerical 3D-matching where we arrange the lengths of the jobs so that all the
periods are necessarily equal to the minimal one in the optimal schedule, in which
case the migration is irrelevant.
Second, we use a compact representation of the input where the actual schedule
can have exponential length if some of pj or gj on input are large. Thus it is not
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even clear if we can check a feasibility of a given schedule in polynomial time.
Nevertheless, all our algorithms are polynomial even in the size of this compact
representation and guaranteed to produce feasible solutions.
Multiple machines. We begin to analyze the special case with the restriction
that the minimum periods are the same for all jobs. We analyze a greedy algorithm
that schedules each job at the first possible time in the schedule and prove the
approximation ratio 3 for this algorithm. We prove that the algorithms that set
(∀j)Gj = gj (similary to the greedy algorithm) cannot have an approximation
ratio smaller than 2.
The next special case that we analyze is restricted even more, namely the
minimal period is 1 for each job. If the same greedy algorithm is used as before,
we can get the approximation ratio 2. We construct a better algorithm that takes
the longest job (with the highest pj ) from the most frequent resource (according to
length√of pending jobs using this resource). Our best contribution is upper bound
3
of 22+
(≈ 1.83) on the approximation ratio for the algorithm. This improved
13
bound is obtained by a delicate accounting for both large jobs and resources. We
also show that this algorithm cannot obtain an approximation ratio lower than 11
8 .
Single machine. In addition, we analyze the special case on a single machine
and with the restriction that the minimum period is a power of two for each job.
We give an algorithm with an approximation ratio 2 for this case. We prove that
the ratio cannot be better if we use only the length of the job and the volume of
all jobs (the number of all actions) to bound the optimum.

3

Related work

While scheduling with resource constraints is a wide area, very little is known
about periodic jobs in these settings. We are not aware of any previous work
studying our specific problem.
Most related is the subarea that studies the special case of resource constraints
with renewable resources and a single resource needed for each job. The case of
non-periodic jobs with general processing times, corresponds to periodic jobs with
all periods equal to 1, without possibility to increase the periods. Hebrard et al give
a (2 − 2/(m + 1))-approximation algorithm for makespan in this setting. Janssen
et al [3] studies the same problem with a different objective, namely the total
completion time, and gives a 2-approximation algorithm. See also the survey [1]
for this area.
Finally, let us mention that our setting is very different from periodic jobs
in real-time scheduling. There the number of repetitions is unbounded (or infinite) and the main question is feasibility; that setting is not compatible with the
makespan objective.
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Problem Definition

In this work, we analyze a list Tn = τ1 , τ2 , . . . , τn of n hard real-time sporadic tasks,
each one releasing a sequence of jobs at time 0. The tasks are scheduled over a
single processor by Preemptive Fixed Priorities (PFP). Task τi is characterized by:
• a minimum time Ti (that we call period ) between the arrival of two consecutive jobs,
• a worst-case execution time Ci ,
• a relative deadline Di which is the time interval between the arrival time of
a job and the time at which the job should be completed, and
• a fixed priority which is implicitly given by the order in the task list: τi has
a higher priority than τj if and only if i < j. At a given time, the processor
executes the task with the highest priority of all tasks currently ready for
execution. A running task at this time with a lower priority is preempted.
The task periods are assumed to be harmonic that is Ti divides Tj or vice
versa (Ti |Tj ) or (Tj |Ti ). All task parameters are positive integer numbers. We
assume constrained deadlines i.e., Ci ≤ Di ≤ Ti . The ratio Ui = Ci /Ti denotes
the utilization of task τi , that is, the fraction of time required by τi to execute.
P 0
We denote with Uk..k0 = kj=k Uj the utilization of a sequence of tasks τk , . . . , τk0 .
P
Notice that the utilization U1..n of entire task set is equal to nj=1 Ci /Ti ≤ 1. If
U1..n > 1, then there are job sequences in Tn that cannot be feasibly scheduled by
any algorithm [5].
Consider a task system with a given fixed priority order. We can consider
without loss of generality the synchronous arrival sequence (SAS) of jobs. In SAS,
∗
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the response time of the first task τi is the largest among the jobs of τi [2, 3, 8, 12].
Hence, to test the schedulability of a task system, it is sufficient to compute for
each task τi the response time Ri of the first job of τi and to check whether Ri ≤ Di
for each i = 1, . . . , n [6, 9].
It is known [1] that Ri of a task τi is the minimum t > 0 that satisfies the
following equality:
& '
X t
Ci +
· Cj = t.
(1)
Tj
j<i

2

New Result

For simplification in the notation, from now on we consider the worst-case response
time of task τn but our results could easily be applicable for any i < n. Now in
order to keep the calculation of the indices simple in the various processing steps
described below, we choose an inverse rate-monotonic order. Such rearrangements
were also made in [4, 5]. To formally describe this reordering we introduce a
bijective mapping
π : 1 . . . n − 1 → 1 . . . n − 1,
(2)
in which π(i) = k signifies that task τk with priority k is at position i in the
new order. The reverse rate monotonic order satisfies the condition that for all
i < j period Tπ(j) divides the period Tπ(i) having the priorities π(i) and π(j),
respectively.
In the talk we prove the following main result:
Theorem 1 Let a set of n tasks be given, where the first n − 1 tasks are ordered
such that Tπ(n−1) |Tπ(n−2) | . . . |Tπ(2) |Tπ(1) and Uπ(1)...π(n−1) < 1 applies. Then the
least fixed point of the equation
Rn = Cn +

n−1
X

l

Cπ(i) Rn /Tπ(i)

i=1

m

(3)

can be obtained in O(n) time by applying the iterative formula:
e (0) =
R
n

Cn
1 − Uπ(1)...π(n−1)

e (i) = R
e (i−1) +
1 ≤ i ≤ n − 1, R
n
n
(n−1)

en
we finally get Rn = R

Cπ(i)



(4)
en
R
Tπ(i)

(i−1)



−

en
R
Tπ(i)

(i−1)

1 − Uπ(i+1)...π(n−1)



(5)

.

In comparison, the algorithm in [5] (which uses the same assumptions as our
algorithm) has the complexity O(n·(log Tmax +log n)) with Tmax = max1≤i≤n (Ti ).
In [13] an algorithm has been proposed that is also based on a binary search but
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with a slightly reduced complexity O(n · (log Tmax − log Tmin )) with Tmin =
min1≤i≤n (Ti ) to compute the response time of task τn if the priorities are rate
monotonic (i.e. decrease with increasing or equal periods).
Notice that the algorithm above has the disadvantage that it has to perform
floating point operations. On the other hand, we are able to modify our algorithm
so that only integer operations are required. For this we calculate 1 ≤ i ≤ n −
e n (1 − U
1, R
π(i+1)...π(n−1) ) (see also our full version [10, 11]).

3

Conclusion

Response time analysis is possible in strongly polynomial time with harmonic
tasks, while in the general case it has pseudo-polynomial complexity and is known
to be NP-hard [7]. We have proposed a new algorithm that calculates the exact
worst-case response time of a task in linear time O(n) when the higher-priority
tasks are ordered by non-increasing periods and in O(n log n) in general.
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Problem statement and related literature

Transportation accounts for a quarter of the EU’s greenhouse gas emissions and
it is still growing. According to the European Commission [5], it is necessary to
accelerate the shift to sustainable and smart mobility. They report that a 90%
reduction in transport emissions is needed by 2050 to achieve climate neutrality.
Their priority is to shift a substantial part of the 75% of inland freight carried today
by road onto rail and inland waterways. This shift will require better management
and increased capacity of railways and inland waterways.
In this research, we aim to automate the lock process on inland waterways.
Currently, the lock operator processes the vessels in an ad-hoc manner. An automation of this process would reduce human error and would make the efficiency
of the lock less dependent on the experience and skill of the lock operator. This
research project is motivated by our close collaboration with Trapps Wise, a Dutch
company that developed smart technology for sustainable transportation.
To our knowledge, the combination of periodicity and lock scheduling has not
been addressed in literature. However, several publications have been made on
the periodic maintenance problem. In [1], the authors discuss the free periodic
maintenance problem (FPMP), a variant of the periodic maintenance problem
where the cycle length T is a decision variable, for m machines without servicing
costs. The cost of operating a machine at a given time linearly depends on the
time since its last maintenance. They prove that there exists an optimal schedule
that is cyclic and provides an exact, network-flow based algorithm with exponential complexity. Additionally, they introduce an approximation algorithm which
even provides an optimal solution for the 2 machine setting. The authors of [2]
formulate a generalization of this problem, showing that the feasibility problem
∗
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is NP-hard. Additionally, they develop a near-optimal solution using non-linear
programming and provide several approximation algorithms - one of which is a
1.57-approximation.

2

Model Definition

Consider an infinite horizon, discrete time scheduling problem of n incoming
streams of vessels, I = I1 , . . . , In on a single lock. A stream is defined by the
following three parameters:
1. Periodicity of vessels of stream i arriving at the lock, λi ∈ N,
2. Time of first occurrence of a vessel of stream i, bi . Without loss of generality,
we assume for all streams i that b1 = 0 and bi < λi , and
3. The direction di , indicating whether vessels of stream i arrive from upstream,
U , or downstream, D.
We consider a waterway with a single lock present. The processing time of
the lock is the sum of the time needed to change the lock state from high to low
(or vice versa) and the duration of loading and unloading the lock chamber. We
assume that the time space is discretized, such that the processing time is exactly
equal to one time unit. Furthermore, we assume that this lock is uncapacitated,
i.e. it can level up or down any number of vessels simultaneously.
At each time period, the lock operator has three possible actions:
1. D: move the lock from downstream to upstream, while processing a batch
of vessels, coming from downstream.
2. U : move the lock upstream to downstream, while processing a batch of
vessels, coming from upstream.
3. W : wait at current position.
Furthermore, a policy σ, is a sequence σ = σ0 , σ1 , . . . where σt ∈ D, U, W denotes
the action of the lock operator during period t. A policy is cyclic if it consists
of repetitions of a finite sequence, i.e. σt = σt+T for some T and all t. In this
work, we aim to find policies that minimize the long-run average waiting time of
the arriving vessels.

3

Research Contribution

Exact solutions. For the general problem, the encoding length is
O(n log(max λi )). Given the short input, we expect a small output from a complexity point of view. When restricting the problem to only two streams, we
propose a closed-form formula to create a feasible and optimal cyclic policy. In
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the general case, we first prove that the length of the cycle with underlying optimal policies is bounded by a constant T = O(lcm(λi )). This allows us to propose
a dynamic programming solution on this solution space. The complexity of the
dynamic programming solution is O(T ) and therefore it is not polynomial in the
input size.
Approximate solutions. If T is very large, it is not only intractable to compute
such a schedule but even storing such a large schedule would be impractical. For
practical purposes, it is useful to have an algorithm that, in reasonable time,
computes a good sequence of actions for the immediate future. We adapt our
dynamic programming algorithm to only look a ”short” amount of time into the
future, generating schedules that are close to optimal in a reasonable amount of
time. Our algorithm yields solutions with an approximation guarantee. For any
ϵ > 0, looking O(n2 /ϵ) time units into the future provides solutions that are
1 + ϵ-approximations of an optimal cyclic schedule. Our algorithm is thus an
incremental fully polynomial time approximation scheme (IFPTAS). The name is
based on the notion of incremental polynomial time algorithms, which means that
the next set in the list of output sets is generated in time that is polynomial in the
size of the input plus the size of the already generated part of the output. Such
algorithms have been applied in enumeration and high multiplicity scheduling, see
for example [3] and [4].
Computational experiments and future research. Our solution concepts
are based on periodic arrival times that do not completely resemble reality. Next
to the solutions concepts, we are also implementing heuristics for our problem.
These are then tested against real arrival times that are extracted from a real life
AIS data set provided by our industrial partner.
For future research, we are considering an algorithm that constructs input
instance for the periodic lock scheduling problem. Given a real arrival of vessels
(and a number of streams), the problem is then to compute the optimal periodicity,
optimal shift, and an assignment of vessels to these streams such that the total
error is minimized.
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1 Introduction
A data gathering network is a computer system comprising a set of worker nodes
and a base station. The workers obtain or produce datasets which have to be
transferred to the base station. Data gathering wireless sensor networks find applications in military surveillance, environment monitoring and healthcare. A distributed system, where the computation results obtained by many workers have
to be passed to a single server, is also a data gathering network.
In a star data gathering network, the workers communicate directly with the
base station. Contrarily, in a tree network, data are relayed through a set of intermediate nodes. Scheduling algorithms were designed for optimizing data gathering
in several types of star networks, such as, e g., networks with data compression
[1, 5, 6], with variable communication speed [3] and with limited base station
memory [2]. Tree data gathering networks have attracted less attention so far.
Minimizing the maximum lateness in a tree network with dataset release times
and due dates was studied in [4].
This work considers scheduling in a tree data gathering network with limited
memory. Each of the worker nodes holds a dataset that has to be sent to an
appropriate intermediate node. The intermediate node processes the dataset and
then sends it to the base station. A dataset occupies the intermediate node’s
memory buffer from the moment when it starts being received until the time when
its transfer to the base station completes. The total size of datasets coexisting in
the memory of an intermediate node can never exceed its buffer size. Our goal
is to organize dataset transfers and processing so as to minimize the total time
required to gather the data.

2 Problem formulation
The data gathering network consists of n worker nodes, m intermediate nodes and
a single base station. An intermediate node Pi , where 1 ≤ i ≤ m, gathers data
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from ni workers Pij , where 1 ≤ j ≤ ni . Thus, n1 + · · · + nm = n. A worker Pij
holds a dataset Dij of size αij , which has to be sent to the intermediate node Pi
for processing. The processed dataset is then passed by Pi to the base station.
Sending dataset Dij from Pij to Pi takes time c1 αij , and processing this dataset
by Pi requires time aαij . The processed dataset Dij is sent to the base station in
time c2 αij . Preemptions in communication or computation are not allowed. Each
node, including the base station, can receive at most one dataset at a time. An
intermediate node can process at most one dataset at a time, but it can receive
one dataset, process another dataset, and send yet another dataset simultaneously.
Each intermediate node processes and sends datasets in the order in which it
i
receives them. The size of the memory buffer of node Pi is Bi ≥ maxnj=1
αij . At
the moment when a dataset Dij starts being sent to Pi , a memory block of size αij
is allocated at Pi . The block is released when the transfer of the processed dataset
Dij to the base station is completed. The total size of memory blocks allocated
at Pi cannot at any time exceed Bi . The scheduling problem is to minimize the
makespan, i.e., the time by which all processed datasets arrive at the base station.

3 Results
The analyzed problem generalizes makespan minimization in a star data gathering
network with limited base station memory [2], and hence, it is strongly NP-hard.
We first formulate it as an integer linear program (ILP). The program contains
O(n) rational variables, O(n3 ) binary variables and O(n3 ) constraints, and in
consequence, it cannot be used in practice for solving even moderate size instances.
Therefore, we also propose heuristic algorithms.
First, we design simple heuristics running in O(n2 ) time. Each of these algorithms is defined by two rules. The first one determines the order in which the
datasets are transferred to each intermediate node Pi , and the second one defines
the order in which the datasets are passed to the base station. We consider the
following rules for sending datasets to intermediate nodes.
• Inc: send the datasets in the order of non-decreasing sizes αij .
• LF: always choose the largest dataset which fits in the memory currently
available at the intermediate node.
• Rnd: send the datasets in a random order.
Since the datasets are sent to the base station by an intermediate node Pi in the
order in which they were received and processed, a rule designed for sending the
datasets to the base station only has to choose the order of the datasets received
from different intermediate nodes. We analyze two scheduling methods for this
stage.
• FIFO: transfer the datasets in the order in which their processing at the
intermediate nodes completed.
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• B: choose the dataset from the intermediate node which has the smallest
currently available memory.
An algorithm that uses Rule1 for sending the datasets to the intermediate nodes,
and Rule2 for transferring them to the base station, is denoted by Rule1-Rule2.
Furthermore, we design a variable neighborhood search algorithm VNS. In
this algorithm, a schedule is represented by an array x[1..n] of dataset priorities,
where a smaller number means a higher priority. The priority of dataset Dij is
∑
x[ i−1
k=1 nk + j]. In order to compute the makespan, the schedule is constructed using the defined priorities both for sending the datasets to the intermediate nodes,
and for transferring them to the base station. Variable neighborhood search consists in systematically changing the neighborhoods used during local search. Suppose a sequence of neighborhoods N1 , . . . , Nkmax are defined. The algorithm starts
with the current neighborhood number k = 1 and a given initial solution x. In
each step, the best solution x′ in neighborhood Nk (x) is found. If x′ is better than
x, then x is changed to x′ and k is set to 1. If x′ is not better than x, then k is
increased by 1. The search continues until k exceeds kmax . In our algorithm, the
initial solution is x = [1, . . . , n], and the following three neighborhoods are used.
• N1 (x) contains all arrays obtained from x by reversing any subarray x[i..j].
• N2 (x) contains all arrays obtained from x by swapping a pair of values x[i]
and x[j].
• N3 (x) contains all arrays obtained from x by moving a value x[i] to an
arbitrary position j ̸= i in the array.
The proposed algorithms were implemented in C++ and tested in a series of
computational experiments on randomly generated instances. The obtained results
lead us to the following conclusions.
• The computational cost of ILP is very high even for small instances.
• The B rule for scheduling the transfers to the base station is counterproductive. Much better results are obtained by the FIFO rule.
• Among the simple heuristics, the best solutions are usually produced by
LF-FIFO. Still, if c2 , δB or m is very large, or c1 or a is very small, then
Inc-FIFO obtains better schedules.
• VNS significantly outperforms the simple heuristics. It delivers very good
results in a short time.
Acknowledgement. This research was partially supported by the National Science Centre, Poland, grant 2016/23/D/ST6/00410.
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Consider the following data transmission problem [1]. We have a communication
medium (such as a wireless network, a shared bus, CAN, etc.) that is shared
amongst several entities (“nodes”) seeking to communicate messages amongst
themselves. Each message is characterized by a source node and a destination
node, and takes the same duration – a “slot”. We assume that the local clocks in
all the nodes are adequately synchronized such that each node knows when each
slot begins and ends. The set of messages that is to be transmitted is known beforehand. We wish to pre-compute a static fault-tolerant schedule denoting which
message is to be transmitted during which slot, and distribute this schedule to all
the nodes beforehand. During run-time, each message will only be transmitted in
a slot to which it has been assigned in this schedule. We assume that a failure of
such a transmission may arise from either or both of two factors:
1. A collision – multiple messages are transmitted during the slot. All the messages that are transmitted during the slot are lost when such a collision occurs.
2. A transmission error – this is some (external) fault in the transmission medium.
If such an error occurs then even a single (and hence non-colliding) message
sent during the slot will not be successfully received, and must therefore be
retransmitted.
We assume that at the end of each slot all the nodes can determine (by monitoring
the communication medium during the slot interval) whether a successful transmission has occurred during that slot or not, and not retransmit any successfullytransmitted message. Given n messages and a fault-tolerance parameter f ∈ N,
we desire to generate a schedule of minimum length that guarantees the successful
transmission of all n messages in the presence of up to f transmission errors.
Results [5]. It is clear that each message must be assigned to at least f + 1 slots
– if any message m is assigned to fewer slots, the f medium errors can occur on all
the slots where m is assigned and m will fail to transmit. The simplest schedule is
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to send each message (f + 1), times which uses (n + nf ) slots and the overhead is
nf . This is the best we can do if we assign at most one message to each slot in the
static schedule. One can take advantage of the fact that the sender knows when a
message has transmitted successfully and will not transmit such a message again
to generate shorter schedules. An algorithm was obtained in [1] for generating
fault-tolerant static schedules of length (n + nf /2) slots — this algorithm has an
overhead of nf /2. This algorithm was significantly improved in [5], which contains
three major results:
1. An algorithm for designing fault-tolerant static schedules of length n +
O(f 2 log2 n)
2. Proof of the existence of fault-tolerant static schedules of length n +
O(f log f log n)
3. The above forms the basis of a randomized algorithm for generating a faulttolerant static schedule of length n + O(f log f log n) with non-zero probability. Although the algorithm for generating the schedule is efficient, verifying
that the schedule is fault tolerant takes time exponential in f . Therefore,
this may not be a viable approach for large f , but can be practical for small
f since the schedule need be generated just once prior to run-time.
Future directions. There are many directions for future work. First, we do
not know of any non-trivial lower bounds for the problem. Both the efficient
algorithms mentioned above are based on the idea of α-good mappings [2] or
selectors [3]. This problem is also related to cover-free families [4], which are
extensively studied. However, the upper and lower bounds from these areas do
not directly apply to the fault-tolerant scheduling problem. Second, as mentioned
above, the schedule with O(f log f log n) overhead does not have a fast constructive
algorithm and is not practical for large values of f and n. We would like to find
constructive algorithms for this schedule. Finally, a more practical fault model
would allow, for instance, f faults every t time steps, instead of f faults regardless
of schedule length. While the above algorithms can be used in this model, they
generate pessimistic schedules. We would like to design algorithms specifically for
these practical fault models.
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Introduction

A sensor network (SN) is a network of sensor enabled devices that communicate
with their neighbors. This network is used in many application areas including
environment monitoring, traffic management, and wild life monitoring. Depending
on the application, a SN can consist of a few nodes to millions of nodes connected
by a graph. A sensor node may have one or more sensor modules for measuring
some information, for example intensity of light, temperature, humidity, pressure,
or sound. In addition, each sensor node includes components to handle storage,
processing, communication, and power. When activated by a simple broadcast
message from a source, the network monitors the environment continuously to
detect and/or react to certain predefined events or patterns.
As an example, the technology for active pixel image sensors for Complementary Metal Oxide Semiconductor (i.e, CMOS) is chosen over charge-coupled devices (i.e., CCD’s). This is due to the possibility of on-chip signal processing for
rapid image analysis for applications such as particle tracking in Physics (see [1]).
Recent development on highly sensitive active pixel image can be found in [2].
Instead of offloading each image consisting of pixel values, we want each pixel in
the SN to act as a mini-processor capable of performing communication with its
neighbors and perform active pattern detection and only offload the image if a
pattern appears. A pattern in this context is an image specified as a (2k + 1) by
(2k + 1) matrix.
For simplicity, let us consider a grid network with each node communicating
to its eight neighbors. We consider a synchronous network and at each time step,
a sensor detects information at its location and then exchanges messages with its
immediate neighbors. Let us assume that the sensor detects a 0 or a 1 at its
location at each time step. Based on what the sensor detects at its location, if a
pattern of pixel values of size 2k + 1 by 2k + 1 appears at time t then the sensor
at the center of the pattern must detect it no later than time t + O(k). This is
achieved by devising a protocol to exchange messages between neighboring nodes.
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The detection process is not a one-time process but it is an ongoing process. Every
occurrence of the pattern (time and space-wise) must be detected by the designated
nodes. In 2015 MAPSP ([3]), we considered the grid network and presented many
results relevant to the grid network.
As a logical next step, we want to extend the pattern detection problem to any
arbitrary graph where each sensor node detects a 0 or a 1 at each time unit. After
the sensor detection process at each time unit, we assume that the sensor node
communicates some composite information with its neighbors and this process
repeats every time unit. In this paper, we consider the problem of checking if all
neighbors at a distance k or less at each time step have the same sensor value
(say 0) or not. This is often referred to as monochromatic pattern of size k. We
want every sensor node to detects monochromatic pattern at each time step. In
other words, this problem is equivalent to the following problem. Given a graph
of sensor nodes, each sensor node must detect if there is a 1 within a distance k
from the node.
We define communication complexity of a protocol to be the maximum number
of bits sent by a node to its neighbor at any time. The communication complexity
of a pattern is the communication complexity of the best protocol. This definition
is intuitive and captures the sampling rate of the detection process.
For now, we assume that each sensor node detects a bit at each time step. In
this paper, we consider only monochromatic pattern of size k. We consider the
tree network. While a line-network is a tree [3], its protocol fails for a tree since
the tree has many branches. However, if we allow the protocol to differ for each
node then we can solve the problem in O(log k).
Theorem 1 There is a protocol to detect a monochromatic pattern of size k (say
all 0) on a tree with communication complexity O(log k).
Each sensor node gets two numbers in the range [0, k]. One number is designated for UP sweep of the tree and the other number is designated for DOWN
sweep of the tree. Any node can be identified as a root. Once the root is identified
then we set the DOW N (root) to be i where i = −α mod (k + 1) where α is the
distance to the furthest node from the root. Starting from the root, we go one
level down and assign DOW N (x) = (i + 1) mod (k + 1) for all x reachable directly
from the root. In this way, if a node y is distance ℓ from the root then assign
DOW N (y) = (−α + ℓ) mod (k + 1) to the node y.
Let z be the farthest node from the root. We now set DOW N (z) = U P (z) = 0.
In fact z cannot communicate with nodes below it since there are none. For all
other nodes w, we set U P (w) = −DOW N (w) mod (k + 1).
The protocol for detecting monochromatic pattern is given below.
Protocol For Tree:
1. Assign U P (.) and DOW N (.) numbers for each node.
2. At time t, each node x gets its sensor value. The node then transmits the
information it has gathered about time t − U P (x), t − (k + 1) − U P (x), t − 3(k +
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1) − DOW N (x) and t − 4(k + 1) − DOW N (x). For each of the four time units,
it sends information only about furthest going 1.
We will give a high level description of the proof. In the U P −sweep, we will
argue that the node x learns about the information about how far a given 1 has
travelled from below. We will argue that the node keeps the one that travelled the
least and discards everything else. It is interesting to note that after U P −sweep,
every node knows the status of 1’s from below. However, it does not know if there
is a 1 that is at most distance k from above. This information is conveyed when
we do the DOW N −sweep after the U P −sweep. When we put both U P − and
DOW N −sweeps we get the answer. In summary, any node will send 4 information
about any particular time t to its neighbors. Each time, it sends the farthest going
1, if any. This information takes O(log k). Hence the bound.
We now explore how we could extend this simple idea to include other graphs
that have cycles in it. One such graph is what we call a ”tree of cycles.” Imagine
a tree where each node of the tree is a super-node. When we expand the supernode, it yields a simple cycle. When a super-node has degree x, the cycle that
corresponds to the super-node has x branches and the branches can happen at any
of the nodes of the cycle. The resulting graph is called a planar cycles.
Theorem 2 There is a protocol to detect a monochromatic pattern of size k on a
tree of cycles with communication complexity O(log k).
If a cycle is not a simple cycle but a planar graph with the following limitations.
Assume that there are r nodes in a cycle and they form the outer part of the cycle.
These r nodes are also connected by edges to form a planar graph inside the circle.
But there are no nodes inside the circle. We call such a graph, a planar cycle. We
can easily extend the result to any tree of planar cycles. The crux of the argument
is that the planar cycle can be simulated by another tree of cycles.
Theorem 3 There is a protocol to detect a monochromatic pattern of size k on a
tree of planar cycles with communication complexity O(log k).
Our ultimate goal is to show that monochromatic pattern of size k has communication complexity O(log k) for a bounded degree network.
Finally, we will argue why detecting a monochromatic pattern on a bounded
degree is indeed hard. One could do a Breadth First Search, BFS for short, and
create a tree. One could then apply U P and DOW N as we did for a tree. But
unfortunately the BFS will have edges between nodes at the same level or easily
get to the same level by either going one level up or down. This alternating
path between a level and adjacent level below will be a difficult problem to solve.
This shows that one has to argue in an asynchronous fashion that the correct
information gets to all of the nodes within the time limit of O(k).
Open Problem: Is there a protocol with communication complexity O(log k) to
detect a monochromatic pattern of size k on a bounded degree network? Can we
at least show that the communication complexity is O(log k) for a bounded degree
planar graph?
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Introduction

Cloud computing covers a wide landscape of approaches, starting from IaaS,
through PaaS, to FaaS. In IaaS (Infrastructure-as-a-Service), customers deploy
complete virtual machines. In PaaS (Platform-as-a-Service), they deploy scalable
applications running in environments managed by the cloud provider. Eventually,
in FaaS (Function-as-a-Service), they deploy functions [1]. FaaS products are offered by all major cloud providers, including Amazon, Google and Microsoft. One
can also maintain FaaS services on premises with Apache OpenWhisk, a standard
open-source solution.
In FaaS, the cloud customer deploys a function (e.g. a snippet of Python code)
to the FaaS cloud provider. Once deployed, the function may be invoked, by, e.g.,
an HTTP request. Each invocation received by the cloud provider is passed to
a FaaS controller which acts as a load balancer. Thus, the controller sends the
invocation to a selected worker node (a physical or virtual machine). Finally, the
worker node executes the function and returns the result. To use hardware efficiently, a single node usually hosts many functions and executes many invocations
in parallel, using containers.
We take a cloud provider’s view on optimization of FaaS serving: given a particular workload (a stream of end-user requests), we want to serve those requests
(invocations) as efficiently as possible. There are two main, orthogonal perspectives to take here. First, on the level of a FaaS cluster, one can manipulate the way
invocations are assigned to worker nodes. Second, on the level of a single node,
the performance can be improved by applying different container- and invocationmanagement methods. We take the second approach. Our method changes the
scheduling of individual invocations on the node’s processors.
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In FaaS, each function is usually executed multiple (hundreds to millions) of
times. Having this in mind, we gather information that can be used to make better
decisions in the future: call frequencies and execution times for each of the hosted
functions. Then, we adapt some theoretically-grounded heuristics like SEPT or
SERPT, and we propose a number of new ones. We evaluate these strategies using
Azure Functions Trace [2], a dataset on FaaS usage, in our simulations. Compared
to standard FIFO or Round-Robin, our data-driven scheduling strategies significantly improve the performance of the node.

2

Model, strategies and objectives

We consider a set of functions that are already reachable, i.e. loaded into containers
stored in the memory of the node. In our model, the node makes online decisions on
how to assign incoming invocations to parallel processors. In contrast to standard
approaches for interactive systems, we take advantage of the fact that in FaaS
each function is usually invoked multiple times. Thus, the local scheduler is able to
learn and make better decisions when subsequent invocations of the same functions
appear. We estimate the expected execution time of the function call based on just
a few previous invocations (our experiments show that when considering more than
10 invocations the gains in response time are negligible). Additionally, we count
the number of invocations of each function. Then, given a queue of invocations
(each invoking a particular function) ready to be executed (and — in preemptive
variants — additionally considering currently executing invocations), we prioritize
them based on one of the following strategies:
• FC# (Fair Choice) — the priority is based on the expected number of
invocations of the same function in the nearest future and the actual number
of invocations in the nearest past;
• FCP (Fair Choice) — the priority is based on the total execution time of
invocations of the same function in the nearest future and the actual total
actual execution time in the nearest past;
• SERPT (Shortest Expected Remaining Processing Time) — the priority is
based on the estimated processing time of the invocation and its current
execution time;
• SEPT (Shortest Expected Processing Time) — the priority is based on the
estimated processing time;
In addition to standard performance metrics like the average flow time (AF),
the average stretch (AS), the 99th percentile of flow time (F99), and the 99th
percentile of stretch (S99), we also propose two new objectives specifically for the
FaaS environment: the average function-aggregated flow time (FF) and the
average function-aggregated stretch (FS). Our goal is to measure how the
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Figure 1: The performance of different strategies for preemptive (left) and nonpreemptive (right) cases. Each box shows statistics over 20 independent instances.
Each instance is prepared for 20 processors, 30-minute time frame and 90% load.
The objective is to minimize the function-aggregated flow time (top) and stretch
(bottom). All the results are normalized to Round-Robin with a 10 ms window
(left) and FIFO (right). SRPT and SPT are clairvoyant (and we use them as a
reference).
response time (or stretch) for a specific function is affected by the calls of other
functions. These two metrics take into account that resources of a single node are
shared between functions deployed by multiple users — thus, scheduling needs to
be fair not only to individual invocations, but also to individual functions.
Using the extended three-field Brucker’s notation, we denote the theoretical variants of the considered problems as Pm|on-line, ri , pi ∼ Pf (i) |E[σ] and
Pm|on-line, pmtn, ri , pi ∼ Pf (i) |E[σ] where f (i) is the function related to i-th invocation, and σ ∈ {AF, AS, F99, S99, FF, FS}.

3

Simulation results

Our simulations are based on the real-world data from Azure Function Trace.
We vary the number of processors on a node (10, 20, 50 or 100), their average
load (70%, 80%, 90% or 100%) and the duration of the time frame (30, 60 or 100
min). For each configuration, we generate 20 independent instances. Each instance
consists of functions selected randomly from the Azure Function Trace, for which
we reproduce the sequence of invocations following the trace data. We compare
our strategies against the standard FIFO and Round-Robin, for non-preemptive
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Figure 2: The performance of the FCP strategy in a non-preemptive case, depending on the average load. Each box shows statistics over 20 independent instances.
Each instance is prepared for 20 processors and a 30-minute time frame. The objective is to minimize the function-aggregated flow time (left) and stretch (right).
All the results are normalized to FIFO.
and preemptive cases, respectively. Example results of such comparison, for 20
processors, 90% load, 30-minute time frame, and average function-aggregated flow
time and stretch are presented in Fig. 1.
In general, our SERPT and SEPT implementations show significant improvement over the baselines. For preemptive approaches, our SERPT strategies are
close to the clairvoyant SRPT. This suggests that estimations based on just 10
previous invocations are very close to actual processing times. Moreover, compared with the baseline Round-Robin, these strategies reduce the average stretch
by a factor of 2, and the 99th percentile of stretch by over an order of magnitude. For non-preemptive approaches, all our strategies are significantly better
than the baseline FIFO. Our SEPT variants show improvements of over two orders of magnitude when it comes to all stretch-related metrics. When measuring
the average function-aggregated flow-time, our FC#/FCP strategies have the best
performance. Additionally, their relative performance, compared to the FIFO
baseline, increases with the increase of load, as shown in Fig. 2.

Acknowledgements
This research is supported by a Polish National Science Center grant Opus (UMO2017/25/B/ST6/00116).

References
[1] P. Castro, V. Ishakian, V. Muthusamy, and A. Slominski, “The rise of serverless
computing”, Commun. ACM, vol. 62, no. 12, 2019.
[2] M. Shahrad, R. Fonseca, I. Goiri, G. Chaudhry, P. Batum, J. Cooke, E. Laureano, C. Tresness, M. Russinovich, and R. Bianchini, “Serverless in the
wild: Characterizing and optimizing the serverless workload at a large cloud
provider”, in USENIX ATC. USENIX Association, 2020.
232

- Thursday morning -

Automatic HBM Management: Models and Algorithms
Daniel DeLayo (Speaker)
Michael A. Bender

∗

Ben Moseley

1

∗

Kenny Zhang

∗

Jonathan W. Berry
¶

Kunal Agrawal
‡

Rathish Das

Cynthia A. Phillips

†

§

‖

Introduction

Some past and future supercomputer nodes incorporate high-bandwidth memory or HBM . Compared to standard DRAM, HBM has similar latency, higher
bandwidth and lower capacity.1 HBM’s bandwidth is so high because it is placed
directly onto the processor package (unlike DRAM). HBM thus augments the existing memory hierarchy by providing a memory that can be accessed with up to
5x higher bandwidth than DDR4 when feeding a CPU [1], and up to 20x higher
bandwidth when feeding a GPU [7].
HBM is not a replacement for DRAM since it is generally about five times
smaller than DRAM.2 Moreover, HBM does not fit into the standard cache hierarchy because its latency is no better than DRAM’s. (With standard “pyramidshaped” hierarchies, the bandwidth and latency get better as the sizes get smaller.)
In this paper, we evaluate algorithms for managing High-Bandwidth Memory
automatically. Previous work suggests that, in the worst case, performance is
extremely sensitive to the policy for managing the channel to DRAM. Prior theory
shows that a priority-based scheme (where there is a static strict priority-order
among p threads for channel access) is O(1)-competitive, but FIFO is not, and in
the worst case is Ω(p) competitive.
It is not known how well the asymptotically good algorithms introduced by
Das et al. [2] work on real workloads. It also has been unknown how well the
theoretical abstraction accurately predicts empirical performance. Following this
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theoretical guidance would be a disruptive change for vendors, who currently use
FIFO variants in their DRAM-controller hardware. Our goal is to determine theoretically and empirically whether we can justify recommending investment in
priority-based DRAM controller hardware.
In order to experiment with DRAM channel protocols, we chose a theoretical
model, validated it against real hardware, and implemented a basic simulator. We
corroborated the previous theoretical results for the model, conducted a parameter
sweep while running our simulator on address traces from memory bandwidthbound codes (GNU sort and TACO sparse matrix-vector product), and designed
better algorithms.
Central problem of HBM management.
Given this lack of consensus,
machines that use HBM, such as Intel’s Knights Landing [6], boot in multiple
modes specifying how much of the HBM is system managed and how much is user
managed. In cache mode the system controls HBM as a last level of cache, in flat
mode the programmer explicitly copies data in and out of HBM, and in hybrid
mode the HBM is split into a “flat” piece and a “cache” piece. In Intel’s Sapphire
Rapids, there is also HBM-only mode, for systems without DRAM [4].
HBM+DRAM model. In HBM, the channel(s) to DRAM are a sequential
bottleneck [2]. The p cores can simultaneously send a memory request in each
time step. Up to p requests can be fulfilled by the HBM in parallel, but only
one request (or a small number of requests) at a time can use the channel to
DRAM. Thus, if multiple cores simultaneously request memory from DRAM, the
channel accesses need to be scheduled and serialized. Waiting for access to DRAM
dominates the running time over other considerations. For current systems, the
number of channels is generally not more than 6.
A natural performance objective is makespan which, given a batch of running
processes, is the time when the last process completes. Minimizing cache misses is
not the same as minimizing makespan, and can be very far from it [2, 3]. In fact,
a workload could have relatively few cache misses, but because it does not take
advantage of the parallelism between cache and HBM, it has a poor makespan.
A system-controlled HBM has two algorithmic policies to set:
• HBM replacement policy. When the system brings a new block from
DRAM to HBM, it first needs to decide which block to evict from HBM.
• Queue-management policy for channel to DRAM. Multiple requests
(up to p requests: one request per core) for blocks on DRAM can occur
simultaneously, but at most q requests (1 ≤ q << p) can be fulfilled per time
step. The system must decide in each time step which of the outstanding
block requests to fulfill (and which ones to keep in the queue).
The traditional way we think about replacement policies (Least Recently
Used [5], or LRU) turns out also to work with HBM. That is, LRU can also
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be used in the context of HBM management to help obtain theoretically good
performance guarantees [2].
FIFO queue management for DRAM channel is the problem.
This
algorithmic challenge can be restated as follows: how to partition the pages of
the HBM among all processes and then change this allocation dynamically in each
time step. This is because if in each timestep we have control over which process’s
page is brought into HBM, and which process’s page is ejected, then we are exactly
determining the partitioning of HBM among the processes. The problem with the
FIFO policy for serializing DRAM access is that it tends to have the effect of
spreading out HBM evenly and thinly among all the processes.
Priority queue management for DRAM channel. An alternative policy
called Priority was recently proposed by Das et al. [2]. In this scheme, each
thread is assigned a fixed priority. These priorities effectively determine at each
step, which thread gets to use the DRAM channel.
The Priority scheme has a good makespan because the priority scheme naturally does a good job of partitioning the HBM among the threads. If there is
not enough space in the HBM to satisfy all of the threads, then the lower-priority
threads starve until the higher-priority threads do not need as much as space.

1.1

Results

In this paper, we evaluate priority-based methods for managing High-Bandwidth
Memory automatically.
Explanation of Knight’s Landings performance by the HBM+DRAM
Model.
We validate that the HBM+DRAM model Knight’s Landing
(KNL) [6], an example system with HBM, has a performance profile explained
by HBM+DRAM model. We develop and run a series of microbenchmarks on
KNL in its different modes. In our measurements HBM has a similar but slower
access latency than DRAM by 20ns (roughly 10 percent outside of shared L2),
HBM has a higher bandwidth by about 4.8×, and accessing HBM in cache mode
can incur an extra latency cost.
Evaluation of FIFO versus Priority.
We compare FIFO and Priority’s
makespan when running the TACO Sparse Matrix-Matrix Multiplication and GNU
sort workloads.
In our instrumented traces, at low thread counts where HBM is plentiful, Priority gives a worse makespan than FIFO by up to 37%. When the number of
threads increases and HBM becomes more scarce, FIFO gives up to a 3.3× worse
makespan than Priority. We also design a request sequence to be bad for FIFO,
hold the amount of memory per core constant, and get a linearly worse makespan,
up to 40×. Because Priority is provably good, we cannot create a bad request
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sequence for it.
Demonstration that periodically changing priorities fully eliminates
FIFO’s advantage.
We propose Dynamic Priority, which retains the theoretical guarantees of Priority. Unlike Priority, Dynamic Priority is either as good
as FIFO or outperforms FIFO in all of our simulations. We also find that Priority
suffers from having highly variable response times, where the response time of a
page request is the duration between sending the page to the DRAM queue and the
page being served. Dynamic Priority reduces this variance by occasionally permuting the priorities. Changing priority more often decreases the standard deviation
of response times but may increase the makespan. We characterize this tradeoff
and, for our experiments, identify a broad range of parameters where variance is
small and the makespan is as good as or better than both Priority and FIFO.
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In the classical on-line resource augmentation problems is paging , in which a
sequence of page requests p1 , p2 , . . . must be serviced using a memory of size P
pages [12]. The cost of servicing a page request is 0 if the page is currently cached
in memory. Otherwise there is a page fault and an IO must be performed, which
means that the page must be fetched from disk to RAM (perhaps evicting another
page) at a cost of 1.
Paging is critical to virtual memory systems, where programs reference pages
by virtual page addresses. When a page is cached in memory, it also has a
physical page address in the range {1, 2, . . . , P }, specifying the location where
it is actually stored. Every virtual address referenced by a program must be
translated to a physical address by a process called address translation (AT ).
If a virtual page does not have a physical address, the page’s data must be fetched
from external storage, a physical page must be allocated (and potentially freed
first), the physical page filled with the contents from storage, and assigned to that
virtual address. Address translations are stored in an in-RAM dictionary called
the page table.
AT incurs such a significant cost on real computers that modern CPUs come
with specialized hardware accelerators called translation lookaside buffers
(TLBs) that cache part of the page table. TLB hits, that is, successful lookups
in the TLB, are fast, typically a single or small number of cycles [11]. In contrast, it can take hundreds or even thousands of CPU cycles to perform an address
translation in the page table, when there is a TLB miss [1, 7].
Although the cost of AT is ignored in the paging problem, the cost can be high
because every memory reference must undergo address translation, whereas page
fetches may be rare. Moreover, one can avoid paging by purchasing more RAM,
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and this is generally considered money well spent. In contrast, TLBs have hit hard
physical and power limits, making AT costs effectively unavoidable. Larger TLBs
would have higher hit rates, but the size of TLBs is limited because it is expensive—
in terms of time, transistors, and power [3]—to perform (parallel) hardware keyvalue lookups in tables with many entries. TLBs are so small that some workloads
spend as much as 83% of their execution time on address translations [1] (see
also [5, 6, 8, 13]).
Here, we address the resource allocation problem of how to organize both the
TLB and the physical-address assignment in order to simultaneously optimize the
total cost of address translation and paging. We show that, by combining ideas
from low-associativity paging, recent advances in hashing, and compression, one
can achieve strong, provable guarantees on the costs incurred by both the TLB
and the page fetches. The main idea is to take into account not just which pages
are cold but where they are stored when scheduling which pages to evict.
A critical benefit of proliferating address-translation hardware is scalability:
by decentralizing and replicating the translation, each device can independently
mediate and translate memory accesses, without the CPU and OS kernel becoming
a bottleneck. This is similar to the fact that in multi-CPU systems, each CPU core
has its own TLB, facilitating more scalable AT. These hardware address translators
have different names in different contexts, so for simplicity, in this paper we will
call them all TLBs.
Huge pages and how TLBs change page allocations. What makes TLBs
interesting is that, rather than caching data, they cache pointers to data. Notably,
this means that a single pointer can potentially point to a very large amount of
data.
Indeed, the main thrust of increasing the effectiveness of TLBs in systems
design has been to use huge pages, which are runs of pages that are contiguous
in the virtual address space [5]. Critically, existing huge-page methods require the
run of pages also be placed contiguously in RAM (i.e., physical memory), so that
a single TLB entry can translate any address in any page that is included in the
huge page.1 In this case, the TLB is used as a key-value store in which the keys
are virtual addresses of huge pages (rather than of standard-size pages) and the
values are physical addresses of huge pages (rather than of standard-size pages).
We call the set of page translations that a TLB entry encodes its coverage. If
the coverage of a TLB entry forms a contiguous run of virtual addresses defined by
the high-order bits of the virtual addresses so encoded, we say that that entry encodes a virtual huge page. If, additionally, the corresponding physical pages are
stored contiguously in physical memory, then we say those pages form a physical
huge page.
1

In our discussion, we elide many details of huge pages and TLBs, such as that most systems
that implement huge pages use different TLBs for each size [4, 14] and only between one and
three sizes are allowed, depending on the implementation. The algorithmic problems are the
same, whether we are considering TLBs in the wild or the semi-domesticated TLBs described
here.
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Virtual and physical huge pages, the good and the bad. Virtual huge pages
are an effective technique for reducing TLB misses [8,10], not merely because they
increase the coverage of each individual TLB entry, but also because they translate
a contiguous run of virtual addresses. Programs that exhibit spacial locality in
their memory-access patterns benefit from the large coverage of each huge page.
On the other hand, physical huge pages increase IO costs for three reasons.
Page-fault amplification: a huge page must have all constituent pages in memory,
which may increase the cost of paging. Reduced RAM utilization: Huge pages
may waste memory, reducing the effective size of RAM. Fragmentation: Mixing
regular and huge pages in a RAM (or even having more than one size of huge
page) induces fragmentation, or it induces more IO in order to defragment.2
In summary, huge pages come with a tradeoff: virtual huge pages enable a
reduction in TLB misses, but physical huge pages cause an increase in IOs. There
is a vast architecture and operating systems literature on optimizing the benefits
and costs of huge pages (see, e.g. [10] and citations therein).
The full cost of address translation. In order to fully quantify the cost of
address translation, one must consider TLB misses and IOs together. We call
the software/hardware algorithm that manages the TLB, the page table, and the
layout of pages in RAM a memory-management algorithm.
To measure the cost of a memory-management algorithm we introduce the
address-translation cost model : each IO costs 1, each TLB miss costs ϵ ∈
(0, 1), and each TLB hit costs 0.
Huge-page decoupling: all the virtual with none of the physical. We show
how to transform any paging algorithm into a low-associativity paging algorithm
without increasing the IOs, while using minimal resource augmentation. Using
this transformation, we can implement huge-page decoupling in order to realize
the benefits of virtual huge pages without the need for physical huge pages.
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Introduction

In the parallel paging problem, there are p processors that share a cache of size
k. The goal is to partition the cache among the processors over time in order to
minimize their average completion time. For this long-standing open problem, we
give tight upper and lower bounds of Θ(log p) on the competitive ratio with O(1)
resource augmentation.
A key idea in both our algorithms and lower bounds is to relate the problem
of parallel paging to the seemingly unrelated problem of green paging. In green
paging, there is an energy-optimized processor that can temporarily turn off one or
more of its cache banks (thereby reducing power consumption), so that the cache
size varies between a maximum size k and a minimum size k/p. The goal is to
minimize the total energy consumed by the computation, which is proportional to
the integral of the cache size over time.
We show that any efficient solution to green paging can be converted into an
efficient solution to parallel paging, and that any lower bound for green paging
can be converted into a lower bound for parallel paging. We then show that, with
O(1) resource augmentation, the optimal competitive ratio for deterministic online
green paging is Θ(log p), which, in turn, implies the same bounds for deterministic
online parallel paging.

2

Background on Sequential and Parallel Paging

The problem of managing the contents of a cache (i.e., a small fast memory ) is
critical to achieving good performance on large machines with multi-level memory
hierarchies. This problem is classically known as paging or caching . When a
processor accesses a location in fast memory, the access cost is small (the access
∗
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is a hit); when it accesses a location that is not in fast memory, the access cost is
large (the access is a miss or a fault). The paging algorithm decides which pages
(or blocks) remain in fast memory at any point in time or, in other words, which
page(s) to evict when a new page is brought into fast memory. This problem is
generally formulated as being online, meaning that the paging algorithm does
not know the future requests.
Sequential paging—when there is a single processor accessing the fast
memory—has been studied for decades and is a very well-understood problem [2, 13, 15], including several of its extensions.
In this paper, we study the problem of parallel paging where p processors
share the same fast memory of some size k. Each processor runs its own program,
and the set of pages accessed by different programs are disjoint. At each point in
time, the paging algorithm gets to decide how much cache goes to each processor,
and also gets to dictate each processor’s eviction strategy. The goal is to share the
small memory among the processors in a way that minimizes some objective function of processors’ completion times. We focus on minimizing average completion
time, and we also give bounds on makespan and median completion time.
The parallel paging problem introduces complexity that is not seen in the sequential problem. First, multiple processors compete for the same resource and the
paging algorithm must decide, for each processor and at each time, how many and
which of its pages to keep in cache. The marginal benefit of having more memory
may vary across processors and this relationship may not have good structure. For
instance, it may be that Processor 1 derives more marginal benefit from one extra
page compared to Processor 2 while at the same time, Processor 2 derives more
benefit from ten extra pages compared to Processor 1. In addition, this marginal
benefit of extra cache can vary over time and the online paging algorithm must
change the number of pages of fast memory allocated to the processors accordingly.
Complicating matters even further, the actual scheduling of processors matters.
For instance, running a small subset of processors—and temporarily stalling all
others—may allow for better performance compared to running all processors.
Therefore, how the different processor’s accesses are interleaved is an important
part of what the parallel paging algorithm must decide, and different interleavings
of accesses can lead to vastly different performances.
Whereas sequential paging has been understood for decades [2, 13, 15], parallel
paging has largely resisted analysis. The only known upper bounds for parallel
paging [1, 4, 6, 7, 9, 10, 14] consider relaxations of the problem in which the interleaving of accesses by different processors is fixed ahead of time—in particular,
this is enforced by making it so that, whenever any processor blocks on a miss, all
of the processors block, which in turn eliminates a large amount of the parallelism
inherent to the problem. The known lower bounds [8, 12], on the other hand,
focus only on the offline parallel paging problem, and on analyzing the performance of traditional paging algorithms such as LRU. Parallel paging has also been
extensively studied within the systems community, particularly after multicore
processors became mainstream—starting from some pioneering work on (offline
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and online) heuristics that dynamically adjust the sizes of the cache partitions
dedicated to each processor (see, e.g., [5, 11, 16–19]).
This Paper. We consider this long-standing open problem of parallel paging in
its general form when the interleavings are not fixed. We analyze this problem in
a timed model where a hit takes unit time and a miss takes s time units for some
parameter s ≥ 1. In the traditional model used for paging [3,15], a hit costs 0 and
a miss costs 1 — we call this the 0-1 model. The timed model is more general and
captures the 0-1 model as a special case (by letting s tend towards infinity).
An important feature of the timed model is that it captures the passage of time
even when a processor experiences a hit. Modeling this passage of time allows for
a more fine-grained analysis of parallel paging since it allows us to compare the
progress of one processor to another even if one is experiencing hits while the other
is experiencing misses. This avoids the unrealistic assumption in the 0-1 model
that a particular processor can have an infinite number of hits in the time that
another processor has a single miss.
We give tight upper and lower bounds for the deterministic online parallel
paging problem in the timed model showing that the optimal competitive ratio for
average completion time is Θ(log p), using constant resource augmentation. We
also consider makespan, proving a lower bound of Ω(log p) and an upper bound of
O(log2 p) for the competitive ratio. This result represents significant progress on
a long-standing open problem—it was first articulated by Fiat and Karlin [7] in
1995 and has remained open even in the 0-1 model. A remarkable feature of our
algorithms is that they are oblivious to s, achieving optimal competitive ratios for
all values of s simultaneously.
A foundational idea in both our algorithms and lower bounds is to relate the
problem of parallel paging to the (seemingly unrelated) problem of green paging ,
which focuses on minimizing the memory usage (hence, e.g., the energy consumption) of a (single) processor’s cache for a computation.
Green Paging. In green paging, the fast memory consists of memory banks
that can be turned on or off over time. Memory banks that are active (i.e., turned
on) can store pages—and thus requests for those pages result in a hit—but also
consume energy; memory banks that are inactive cannot store pages, but do not
consume energy. The goal in green paging is to minimize the total energy consumption of a computation. More formally, there is a single processor that is
running, and the green paging algorithm gets to control both the page-eviction
policy and the size of the processor’s cache over time, assigning any size between
a minimum of k/p and a maximum of k, where p is a given parameter. The goal
is to service the request sequence while minimizing the integral of memory capacity over time—a quantity we call memory impact. This is a simple model for
studying the total amount of memory usage over time by a computation.
In this paper, green paging serves both as a problem to be studied on its own,
and as an analytical tool for studying parallel paging. Indeed, both our upper and
lower bounds hinge on unexpected relationships between the two problems.
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Introduction

An embedded processor that executes computation tasks needed for control loops
is a typical example of an application that must operate periodically within the
bounds of the control loop’s periods. Periodic scheduling problems [12] are
frequent in many applications, including avionics [3], automotive [11], softwaredefined radio [1], and periodic machine maintenance [13].
In this paper we consider a set of n independent jobs, J1 , . . . , Jn . Each job
Ji is characterized by its processing time pi , and its period Ti . The jobs are to
be performed on a single machine. A periodic schedule thus assigns a starting
time si < Ti to the first occurrence of each job Ji , the k th occurrence of Ji is
then performed at time si + (k − 1)Ti . Two occurrences of two jobs Ji , Jj cannot
overlap. We assume that periods belong to a harmonic set {T 1 , . . . , T r }, so that
∀k ∈ {2, . . . , r}, T k = bk T k−1 where bk is an integer, and we first address the
existence of a feasible periodic schedule. Notice that we can assume without loss
of generality that processing times are not greater than T 1 (otherwise there could
not be a feasible single machine schedule).
Periodic scheduling on a single machine with unit processing times was shown
to be Weakly NP-complete by [1] using a reduction from the graph coloring problem. Furthermore, [7] tightened the result by proving that no pseudo-polynomial
algorithm exists unless SAT can be solved by a randomized algorithm in expected
time nO(log(n) log log(n)) . When non unit processing times are considered on a single
machine, [8] showed that the non-preemptive periodic scheduling with arbitrary
task initial phases (i.e., each task is released at its release-date and must be finished
within its period time units) is strongly NP-hard. For the case of the harmonic
period set efficient heuristic algorithms have been designed ([6]). However, Cai
and Kong [4] established that with arbitrary job processing times, the problem
is NP complete in the strong sense. On another hand, periodic scheduling on
parallel identical resources while processing times and periods belong to the same
∗
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harmonic set has been proved to be solvable in polynomial time by Korst [9]. The
problem with power of two periods and processing times on parallel machines is
also addressed in [2]. The authors provide an approximation algorithm for the
minimization of the number of machines for the windows scheduling problem, in
which the job periods are allowed to be shortened.

2

Relation between 2D packing and feasible schedules

In this section we consider the decision problem of scheduling the jobs on one
machine so that no collision occurs denoted by 1|Tiharm , pnonharm
|− according to
i
extended Graham notations.
It is noted as a simple remark in [9] that the problem with harmonic periods
and processing times is similar to a 2D packing problem. Similarly Zhao et al [14]
indicate their algorithm is related to 2D bin packing. The relation between the
two problems is shown for powers of two periods and for any processing times in
Lukasiewycz [10]. In this paper we explicitly show which 2D packing problem is
equivalent to the periodic scheduling decision problem, according to the following
sketch:
• if we shift the occurrence number of jobs, or choose any time origin o, it will
not affect the existence of a periodic schedule. Let o be the starting time of
the first job Jf with period T 1 . We define s0i = si if si ≥ o and s0i = Ti + si
otherwise. We can decompose s0i − o ≥ 0 modulo T 1 : s0i − o = ui + vi T 1 ,
with ui < T 1 , and we have ui + pi ≤ T 1 , since an occurrence of job Ji takes
place at o + ui between two occurrences of Jf at o and o + T 1 .
r

• Each job Ji corresponds to a rectangle Ri of width pi and height hi = TTi .
A packing defines for each rectangle Ri a coordinate (xi , yi ) of its lower left
corner. The rectangles are to be packed without overlapping in a rectangle
r
R of width T 1 and height H = TT 1 .
• For each job Ji , vi can be expressed with the mixed radix system representation with base vector b2 , . . . , br , and we define a flip operation that reverses
the first digits of this representation. The resulting number is f lipi (vi ).
Theorem 1 A feasible periodic schedule σ of the jobs J1 , . . . , Jn on one machine
exists if and only if there exists a 2D packing of the rectangles R1 , . . . , Rn into the
rectangle R in which the y coordinate of each rectangle is a multiple of its height.
We have the following relation between the schedule and the packing for any job
Ji : xi = ui , yi = hi × f lipi (vi ).
As a corollary, this result can also be used to give a new proof of NPCompleteness for the problem with only two different harmonic periods (by a
reduction from bin packing).
We also show that a 2D packing associated to a schedule can be viewed as
sequence of series and parallel composition of rectangles. We then establish that a
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dominant form of packing, called T −shape packing can be defined. In a T −shape
packing, the rectangles of greater height ( associated with jobs of lower period
) are always to the left of smaller height rectangles. Rate monotonic algorithms
that schedule jobs sorted by increasing periods do in fact build such a T −shape
packing.

3

Optimization questions

If a feasible schedule exists, Zhao et al [14] discuss an application for which for
each time cycle T 1 , the first part of width w of the cycle T 1 is booked for time
triggered traffic, i.e. the periodic jobs, while the rest is booked for event triggered
communications. This lead us to an optimization criteria: minimizing w so that
the time devoted to event-triggered communication is maximum. On the other
hand, we can also consider that T 1 might vary to ensure the existence of a feasible
k
schedule, while the harmonic proportions between periods bk = TTk−1 remain identical. Both approaches lead to a 2D packing problem where the jobs rectangles
are to be packed in a big rectangle R with height H and variable width w (to be
minimized).
We prove that any shelve packing algorithm, which are among the most used
heuristics, can be modified to produce a packing satisfying the particular property
stated in Theorem 1. It follows that the performance of the most used shelve
algorithm FFDH from Coffman, Garey and Johnson [5] for 2D strip packing with
harmonic height of rectangles applies to our periodic scheduling problem. The
performance guarantee of this algorithm is valid for the width of the periodic
schedule built by this algorithm wF F DH :
Theorem 2 (corollary of [5]) If wopt is the optimal width :
wF F DH ≤ wopt +

max pi

i∈{1,...,n}

(1)

To conclude, by making explicit the relation between schedules of periodic jobs
and 2D packings on one machine, we believe that new exact and approximation
algorithms can be built for problems involving periodic jobs. Moreover, these ideas
can be extended to handle parallel machines by the juxtaposition of rectangles
associated with each machine.
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Introduction

All around the world, the COVID-19 crisis has hit the cultural sector, as well
as some professional sports, hard. Festivals are canceled, choirs have stopped
performing, and theaters and some sport organizations are struggling to survive.
Different countries or regions have imposed different rules in an attempt to stop
the spread of the virus. We do not aim here to overview the precise (dynamic)
contents of all these rules; a number of descriptions of such rules can be found
on governmental websites, see e.g. [2]. The economic impact of these measures is
huge; it is estimated in [3] that in Britain alone, the cultural sector has suffered
200m pounds in covid-related losses by March 2021.
Thus, the implementation of distancing rules has (had) a dramatic impact on
the operation of any theater or stadium. Indeed, for many theaters, the challenge
is to find a way to welcome their guests while satisfying the distance rules and still
be commercially viable.
Here, we focus on the question to what extent large audiences can still be
accommodated in a theater (or stadium) when distance rules must be satisfied.
We describe and solve an optimization problem that, given the layout of the seats
in a theater and the distribution of the demand, allows a theater to compute a
safe seating arrangement that attains the maximum occupancy.
The Music Building Eindhoven (MBE), located in the city of Eindhoven in
the Netherlands, features a “Grand Room” (1,250 seats) and a “Small Room”
(400 seats). This theater has served as a motivation for this study, and all our
computational efforts are based on its two theater rooms. Our findings have been
implemented by MBE, allowing them to remain open (as long as governmental
rules allow).
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2

A problem description

Here, we describe the crucial ingredients of our problem.
Due to the exception of the distance rules for family members, a relevant
factor is the size t ∈ T of a family, with T ⊂ Z+ the set of allowed family sizes.
In particular, we will call a family of size 1 a singleton, of size 2 a pair, of size 3 a
triple, and a family of size 4 a quad. Guests from the same household are allowed
to sit next to each other, within the 1.5m bound; in fact, we assume that a family
of size t occupies t consecutive seats.
Consider a theatre, and let S denote the set of seats of the theatre. Each seat
is specified by its row r, and its position s in row r. Thus, a seat is a pair of
integers (r, s) ∈ Z × Z and the set of seats is a collection S ⊆ Z × Z.
Using a separating distance of 1.5 meter (as stipulated by the Dutch government), a simple calculation reveals that when accommodating a pair, there is a
“ring” of 14 other seats around it that are forbidden for use by any member of
another family. The forbidden zone corresponding to a pair is depicted in red in
Figure 1. In general, as a family of size t located at seat (r, s) will occupy the consecutive seats Sr,s,t := {(r, s + i) : i = 0, . . . , t − 1)}, the corresponding forbidden
zone for a family of size t consists of 2t + 10 seats.

Figure 1: The red seats cannot be occupied whenever the green seats are occupied
by a pair. This example is based on the measures of the MBE.
A subset A ⊆ S × T is a seating arrangement if each (r, s, t) ∈ A indicates
a possible location of a family of size t at (r, s). Thus, a seating arrangement
specifies for each seat (r, s) whether it is occupied by a member of a family of size
t. A seating arrangement can be regarded as a plan to fill the theatre. We call a
seating arrangement A safe if no two guests of different families are seated within
1.5 meter, or, in other words, when no member of a family is in the forbidden zone
of another family. A relevant property of a seating arrangement is the number of
guests it contains; we denote this number by the size of the seating arrangement;
thus, the size is nothing else but the number of guests present in the theatre.
Finally, we use so-called target profiles to take the size of families visiting the
performance into account. Indeed, we use prior information on the distribution
of the customers over singletons, pairs, triples and quads as a proxy for customer
behaviour.
We can now state our optimization problem. Given the theatre characteristics,
the separating distance, and a target profile:
• Maximize the number of customers present in the theatre (i.e., the size of
250

a seating arrangement) by selecting occupied/unoccupied seats subject to
covid-distancing and family-group constraints.

3

Results

We establish a connection between safe seating arrangements and packing of disjoint trapezoids. More formally, we record the following statement:
Theorem 1 A collection of pairwise disjoint trapezoids corresponds to a seating
arrangement that is safe, and vice versa.
See Figure 2 for an illustration.

Figure 2: An illustration that suggests how disjoint trapezoids relate to safe seating
arrangements.
We use integer programming to compute optimum packings of trapezoids (see
also [4] and [1]). These results, combined with other measures and ideas (such as
holding consecutive shows, and being able to assess the effect of alternating empty
rows) have contributed to the enduring operation of the MBE.
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Introduction

The COVID-19 pandemic has made it imperative to design interventions for people
to stay safe in potentially crowded areas. For high-rise buildings, social distancing
reduces the capacity of elevators, cutting the number of passengers per elevator by
two-thirds or as much as over 90% the normal amount [1, 2, 3]. Reduced elevator
capacity can cause large lobby queues and long wait times, resulting in crowding
and reduced social distancing [1, 4, 5]. With no interventions and reduced capacity
on elevators, the increased waiting times and queue lengths in the lobby could pose
significant safety risks. Thus, an intervention to the public health problem of safely
managing queues for elevator systems amidst a pandemic is needed (our team is
composed of operations researchers and an epidemiologist). In fact, this project
was directly in collaboration with the NYC Mayor’s Office of the Chief Technology
Officer and the Department of Citywide Administrative Services. These offices had
continuous input into our work throughout the process and allowed us to conduct
several on-site visits with building managers, where we talked to frontline staff
and gathered input. We also presented our findings multiple times to a variety of
agency staff, developed an instructional video, and provided open source code that
can be tailored to the needs of different types of buildings.
One can broadly consider two major forms of interventions based on (i) changing passenger behavior and (ii) elevator artificial intelligence. A variety of technological innovations from elevator companies and building management have
been considered during the pandemic [4]. In many elevator systems, especially
in older ones, changing the algorithms and technology of how the elevators navigate through the building is challenging or infeasible, and would require long-term
∗
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planning and expensive modifications. Thus, in order to safely manage how passengers use and board elevators, we focus on technology-free interventions that are
more accessible and practical for an overwhelming majority of buildings.

1.1

Contributions

Using mathematical modeling, epidemiological expertise, and simulation, we design and evaluate simple interventions to load passengers in elevators that can
drastically reduce the length of lobby queues amidst a pandemic, rather than a
hands-off approach such as first-come first-serve [6]. The proposed interventions
increase efficiency of the elevator system, and are effective beyond the constraints
imposed by a pandemic, making them useful even after the pandemic to manage
lobby queues. Our interventions1 do not require programming the elevators, and
rely on using only signage and/or a queue manager (QM) to guide passengers.
Our interventions use the elevators more efficiently – getting passengers to their
destination at a faster aggregate rate (higher throughput) – by more carefully
managing who uses which elevator when. We outline our contributions in detail.
1. We develop a general, open-sourced2 simulation model that captures many
of the details of elevator systems and allows us to study the impact of various interventions and queuing behavior. Our simulation model allows us to
specify the number of elevators, capacity, elevator speed, and boarding times,
and to measure and visualize the queue length and wait time of elevator systems for the various interventions we consider. We primarily focus on a case
study calibrated by data from a large government building in New York City
in need of managing elevator traffic amidst the COVID-19 pandemic.
2. We propose an intervention we call Cohorting, where we attempt to find
any and all passengers going to the same floor as the first person in the
queue. Simulations show Cohorting reduces waiting time for passengers and
the queue length in the lobby significantly. In limited lobby spaces, we recommend the Cohorting with Pairing intervention, where we pair passengers
going to the same floors. Pairing requires matching only two people at a time
(rather than four, for instance) and hence, is practically easier to implement.
We show the queue length can be further reduced if just a small fraction of
passengers are willing to walk up or down one floor from their destination.
3. We propose the Queue Splitting intervention where we create separate queues
for different groups of floors and load the elevators from queues in a roundrobin fashion. The travel time of elevators is naturally reduced since passengers are likely to be going to the same or nearby floors. Queue Splitting
needs less management effort compared to Cohorting, and splitting into just
two groups achieves comparable performance to Cohorting in our case study.
1
2

https://youtu.be/5KvX7_WNGFw
https://github.com/saimali/elevators
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4. We analytically investigate the reason behind the strong performance of Cohorting and Queue Splitting using a technique from queuing theory known
as stability analysis. Specifically, we characterize the system parameters required for each intervention to ensure that the queues do not increase in
length over time, i.e., the queues are stable. Our theoretical analysis reveals
that these interventions can effectively reduce the service time of elevators.

2

Interventions

The standard way most elevator systems operate is akin to first-come first-serve
(FCFS). With a social distancing rule and reduced elevator capacity, safe interventions require moving away from FCFS, which means that some people may be
allowed to “cut in line” in order to decrease queue lengths and waiting times, while
serving as many passengers as possible. Our interventions may rely on a queue
manager (QM) for implementation, either a personnel or a device with a screen.
We propose the Cohorting intervention, which seeks to group together passengers going to the same floor. In this intervention, passengers line up in a queue in
order of arrival. When an elevator arrives, the first passenger boards. Then, the
QM asks if anyone in the queue is going to the same floor as the first passenger
and then they board as well (according to their arrival order). This process is
repeated until the elevator is full or the queue is empty.
The next intervention we propose is Queue Splitting, where we form a separate
queue for disjoint groups of floors,e.g., 2 − 8 and 9 − 16. Arriving passengers join
a queue corresponding to their floor group, and elevators are boarded from the
queues in a round robin fashion (possibly with the help of a QM). The queues are
chosen in a round-robin fashion (or in a way to dynamically balance the length of
each queue). Figure 1 shows an implementation of Cohorting and Queue Splitting.
The fundamental idea behind these interventions is to try to reduce queue
buildup by maximizing the number of people in an elevator trip going to the same
floor (or nearby floors), which in turn reduces the round trip time of an elevator
trip (service time). In a simplified model, the key drivers of round trip time are
the number of stops made S and the highest reversal floor H (i.e., the highest
destination floor among all passengers boarding in the lobby),
Round Trip Time = 2 × speed per floor × H + stop time per floor × S
|
{z
} |
{z
} |
{z
}
per elevator trip

Time spent moving up/down

Time spent on stops

In Figure 2, we observe that elevators under FCFS makes an average of 3.64 ± 0.05
stops, whereas under Cohorting, they make on average only 2.78 ± 0.04 stops.
FCFS has the highest average H of 20.3 ± 0.17, whereas 2 Queue Split has the
lowest H at 17.6 ± 0.17. Thus, Cohorting and Queue Splitting reduce the key
driver of system performance- the round trip time for the elevator trips, and serve
more passengers in a given time period.
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Figure 1: Illustrating the Cohorting and Queue Splitting interventions

(a) Cohorting

(b) Queue Splitting

Note. Passengers enter the lobby from the left and are guided by the Queue Manager (QM) to the
elevators. We indicate the passengers who will board the next elevator using dark green circles.

Figure 2: Comparison of interventions using number of stops and
highest reversal floor of elevator trips for our large building case study
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Note. We report the average performance of 100 independent random instances. (A) The percentage of elevator trips with different number of stops made across interventions. (B) The
percentage of elevator trips with different highest reversal floor H across interventions. (C,D)
Average and standard deviation of the estimated mean of S and H for all interventions.
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The DPM Problem. We study the online problem of minimizing power consumption in systems with multiple power-saving states. During idle periods of
unknown lengths, an algorithm has to choose between power-saving states of different energy consumption and wake-up costs. More specifically, in the problem
of dynamic power management (DPM), we are given k + 1 power states denoted
by 0, 1, . . . k, with power consumptions α0 > · · · > αk ≥ 0 and wake-up costs
β0 < · · · < βk . For state 0 we have β0 = 0 and we call this state the active state.
The input is a series of idle periods of lengths `1 , . . . , `T received online, i.e., the
algorithm does not know the length of the current period before it ends. During
each period, the algorithm can transition to states with lower and lower power
consumption, paying energy cost xαi for residing in state i for time x. If j is the
state at the end of the idle period, then it has to pay the wake-up cost of βj to
transition back to the active state 0. The goal is to minimize the total cost.
Connection to Ski-Rental. The special case of 2-state DPM systems, i.e.,
when there is only a single sleep state (besides the active state), is essentially
equivalent to the classical ski-rental problem. This problem is defined as follows:
A person goes skiing for an unknown number of days. On every day of skiing, the
person must decide whether to continue renting skis for one more day or to buy
skis. Once skis are bought there will be no more cost on the following days, but
the cost of buying is much higher than the cost of renting for a day. It is easy to
see that this captures a single idle period of DPM with a single sleep state whose
running cost is 0. Given this equivalence, the known 2-competitive deterministic
algorithm and e/(e − 1) ≈ 1.58-competitive randomized algorithm for ski rental
carry over to 2-state DPM, and these competitive ratios are tight. In fact, it was
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shown by Irani et al. [2] and Lotker et al. [3] that the same competitive ratios
carry over even to multi-state DPM.
The Learning-Augmented Setting. We are interested in developing learningaugmented algorithms for DPM. To that end, we assume that the algorithm receives at the beginning of the ith idle period a prediction τi ≥ 0 for the value of
`i as additional input. The accuracy of the predicted lengths P
τi is unknown to the
algorithm and measured by means of a prediction error η := Ti=1 α0 |τi − `i |. The
goal is to develop an online algorithm that makes decisions based on (potentially
inaccurate) predicted lengths of the idle periods. Ideally, the algorithm’s performance is near-optimal when predictions are accurate and degrades gracefully with
increasing prediction error, with a worst-case guarantee almost identical to the
optimal classical online algorithm for the problem.
Extension of Competitive-Analysis to Learning-Augmented Setting.
Classical online algorithms are typically analyzed in terms of competitive ratio.
A (randomized) algorithm A for an online minimization problem is said to be
ρ-competitive (or alternatively, obtain a competitive ratio of ρ) if for any input
instance it holds:
cost(A) ≤ ρOpt + c,
where cost(A) and Opt denote the (expected) cost of A and the optimal cost of
the instance and c is a constant independent of the online part of the input (i.e.,
the lengths `i in case of DPM). In the learning-augmented setting, for ρ ≥ 1 and
µ ≥ 0, we say that A is (ρ, µ)-competitive if
cost(A) ≤ ρ · Opt + µ · η.
η
for any instance. This corresponds to a competitive ratio of ρ + µ Opt
(with c = 0).
While this could be unbounded as η/Opt → ∞, as we will see our DPM algorithm
achieves a favorable competitive ratio even in this case. For a (ρ, µ)-competitive
algorithm, ρ is also called the consistency (i.e., competitive ratio in case of perfect
predictions) while µ describes the dependence on the prediction error.

Our Results. Our first result is a new algorithm for the learning-augmented
e
],
version of the ski-rental problem, that is (ρ, µ(ρ))-competitive, where ρ ∈ [1, e−1
and
(
)
e−1
1−ρ e
µ(ρ) := max
, ρ(1 − D)e−D ,
ln 2
where D ∈ [0, 1] is the solution to D2 e−D = 1 − ρ1 . Note that µ(1) = 1 and


h
i
e
e
µ e−1
= 0. The above result is tight, in the sense that for any ρ ∈ 1, e−1
and any (randomized) algorithm A, there exists a ski-rental instance with some
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Figure 1: Illustration of µ(ρ) and of the resulting competitive ratio in function of
η/Opt.
prediction error η such that the expected cost of A on that instance is at least
ρOpt + µ(ρ)η. See Figure 1 (left) for an illustration of µ(ρ).
We extend the results of [2, 3] by giving a reduction from DPM to ski-rental in
the learning-augmented setting, under a mild and natural assumption on the skirental algorithm – which our aforementioned algorithm satisfies. This reduction
between the two problems, when applied to our ski-rental algorithm and in combination with techniques from online learning gives our main result: An algorithm
that is “almost” (ρ, µ(ρ))-competitive simultaneously for all ρ:
Theorem 1 For any  > 0, there is a learning-augmented algorithm A for dynamic power management whose expected cost can be bounded as





e
βk
1
cost(A) ≤ (1 + ) min ρOpt + µ(ρ) · η ρ ∈ 1,
+O
log
.
e−1


The
implies a competitive-ratio that is arbitrarily close to
 above theorem
η
e
minρ ρ + µ(ρ) · Opt , which is equal to 1 if η = 0 and never greater than e−1
. In
other words our algorithm achieves near-optimal consistency and robustness (over
many idle periods). See Figure 1 (right) for an illustration.
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Introduction

Scheduling problems with incomplete knowledge of the input data have been studied extensively. There are different ways to model such uncertainty, the major
frameworks being online optimization, where parts of the input are revealed incrementally, stochastic optimization, where parts of the input are modelled as random
variables, and robust optimization, where uncertainty in the data is bounded. Most
scheduling research in this context assumes uncertainty about the job characteristics. A lot less research addresses uncertainty about the machine environment,
particularly, where the processing speeds of machines change in an unforeseeable
manner.
In this paper, we are concerned with the question of how to design a partial
schedule by committing to groups of jobs, to be scheduled on the same machine,
before knowing the actual machine speeds. We consider a two-stage robust scheduling problem in which we aim for a schedule of minimum makespan on multiple
machines of unknown speeds. Given a set of n jobs and m machines, we ask for a
partition of the jobs into m groups, we say bags, that have to be scheduled on the
machines after their speeds are revealed without being split up. That is, in the second stage, when the machine speeds are known, a feasible schedule assigns all jobs
in the same bag to the same machine. The goal is to minimize the second-stage
makespan.
More formally, we are given n jobs with processing times pj ≥ 0, for j ∈
{1, . . . , n}, and the number of machines, m ∈ N. Machines run in parallel but
∗
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their speed is a priori unknown. In the first stage, the task is to group jobs into at
most m bags. In the second stage, the machine speeds si ≥ 0, for i ∈ {1, . . . , m},
p
are revealed. The time needed to execute job j on machine i is sji , if si > 0. If a
machine has speed si = 0, then it cannot process any job; we say the machine fails.
Given the machine speeds, the second-stage task is to assign bags to the machines
such that the makespan is minimized, where the makespan is the maximum sum
of execution times of jobs assigned to the same machine.
Given a set of bags and machine speeds, the second-stage problem emerges
as classical makespan minimization on related parallel machines. It is well-known
that this problem can be solved arbitrarily close to optimality by polynomialtime approximation schemes [2]. As we are interested in the information-theoretic
tractability, we allow superpolynomial running times for our algorithms and assume that the second-stage problem is solved optimally. Thus, an algorithm for
speed-robust scheduling defines a job-to-bag allocation, i.e., it gives a solution to
the first-stage problem.
We evaluate the performance of algorithms by a worst-case analysis comparing
the makespan of the algorithm with the optimal makespan achievable when all
machine speeds are known in advance. We say that an algorithm is ρ-robust if, for
any instance, its makespan is within a factor ρ ≥ 1 of the optimal solution. The
robustness factor of the algorithm is defined as the infimum over all such ρ.
The special case of speed-robust scheduling where all machine speeds are either 0 or 1 has been studied previously by Stein and Zhong [3]. They introduced
the problem with identical machines and an unknown number of machines that
fail (speed 0) in the second stage.

2

Our Contribution

We introduce the speed-robust scheduling problem and present robust algorithms.
The algorithmic difficulty of this problem is to construct bags in the first stage
that are robust under any choice of machine speeds in the second stage.
The straightforward approach of using any makespan-optimal solution on m
identical machines is not sufficient to achieve a bounded robustness factor since we
show that such a makespan-minimizing algorithm might have an arbitrarily large
robustness factor. However, Longest Processing Time first (LPT) does the trick
1
and is (2 − m
)-robust for arbitrary job sizes. However, we also show that LPT,
since it aims at “balancing” the bag sizes, cannot lead to a better robustness
1
factor than 2 − m
. Hence, to improve upon this factor, we need to carefully
construct bags with imbalanced bag sizes. There are two major challenges with
this approach: (i) finding the ideal imbalance in the bag sizes independent from the
actual job processing times that would be robust for all adversarial speed settings
simultaneously and (ii) adapting bag sizes to accommodate discrete jobs.
A major contribution of this paper is an optimal solution to the first challenge
by considering infinitesimal jobs. One can think of this as filling bags with sand
to the desired level. In this case, the speed-robust scheduling problem boils down
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Speeds from {0, 1}

General speeds
Lower bound
Discrete jobs
(Rocks)
Equal-size jobs
(Bricks)
Infinitesimal jobs
(Sand)

Upper bound
2−

ρ̄(m)
ρ̄(m)

1
m

1.8

Lower bound

Upper bound

4
3

5
3

by [3]

by [3]

4
3

4
3

by [3]

ρ̄(m) ≤

e
e−1

≈ 1.58

ρ̄01 (m) ≤
by [3]

√
1+ 2
2

≈ 1.207

Table 1: Summary of results on speed-robust scheduling.
to identifying the best bag sizes as placing the jobs into bags becomes trivial.
These tight results for infinitesimal jobs are crucial for our further results for
discrete jobs. Following the figurative notion of sand for infinitesimal jobs, we
think of equal-size jobs as bricks and arbitrary jobs as rocks. Building on those
ideal bag sizes, our approaches differ substantially from the methods in [3]. When
all jobs have equal processing time, we obtain a 1.8-robust solution through a
careful analysis of the trade-off between using slightly imbalanced bags and a
scaled version of the ideal bag sizes computed for the infinitesimal setting.
When machines have only speeds in {0, 1} and jobs have arbitrary equal sizes,
i.e., unit size, we give an optimal 34 -robust algorithm. This is an interesting class
of instances as the best known lower bound of 34 for discrete jobs uses only unitsize jobs [3]. To achieve this result, we, again, crucially exploit the ideal bag sizes
computed for infinitesimal jobs by using a scaled variant of these sizes. Some cases,
depending on m and the optimal makespan on m machines, have to be handled
individually. Here, we use a direct way of constructing bags with at most four
different bag sizes, and some cases can be solved by an integer linear program. We
summarize our results in Table 1.
Inspired by traditional one-stage scheduling problems where jobs have machinedependent execution times (unrelated machine scheduling), one might ask for such
a generalization of our problem. However, it is easy to rule out any robustness
factor for such a setting: Consider four machines and five jobs, where each job
may be executed on a unique pair of machines. Any algorithm must build at least
one bag with at least two jobs. For this bag, there is at most one machine to
which it can be assigned with finite makespan. If this machine fails, the algorithm
cannot complete the jobs whereas an optimal solution can split this bag on multiple
machines to get a finite makespan.
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We consider the following parallel batch scheduling model: find a schedule
that minimizes total flow time for n uniform length jobs, with release times and
deadlines, where the machine only actively processes jobs in at most k batches of
size at most B. Our work is motivated by the increasing focus in the scheduling
literature on power conservation. Overall, our work is applicable in the energy
minimization setting when the cost of turning on a machine is low, but the cost
of keeping it running is high, such as in minimizing the fiber costs of Optical
Add Drop Multiplexers and VM consolidation in cloud computing [2, 3]. Existing
algorithms that minimize active time produce solutions with arbitrarily bad flow
time, which are not valuable from the perspective of the client.
Let [n] denote the set of jobs, and let j ∈ [n] denote a single job with integral
release time rj and deadline dj . Jobs have length p, and each job j must be scheduled at p consecutive time slots in the interval [rj , dj ]. There is no job preemption,
and once a batch has started, no other job can be processed until that batch has
finished. In the unit length
Psetting, p = 1. The total flow time of a schedule with
completion times {Cj } is j (Cj − rj ). We assume that time is slotted. Our goal
is to find an assignment of jobs to time slots that minimizes total flow time such
that at most k ‘active’ time slots process jobs with at most B jobs per active slot.
Assume jobs are ordered by release time. We focus on results with the assumption that deadlines are agreeable, i.e., for all i, j ∈ [n], if ri ≤ rj then di ≤ dj .
Agreeable deadlines are both practical and common in related literature. For example, this assumption encompasses the case where all jobs must be completed
within the same amount of time t after they are released, i.e. dj = rj + t for all j.
A classic and more general dynamic programming approach by Baptiste can
be modified to handle active time constraints, but it is expensive, with runtime
O(B · k 2 · n7 ) and space complexity O(B · k · n5 ) [1]. We introduce a new DP that is
significantly faster and simpler than Baptiste’s. With the natural assumption that
deadlines are agreeable, the reduction in runtime and space complexity between
naı̈vely augmenting Baptiste’s DP and our DPs is notable in the uniform length
∗
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setting—with runtime O(B · k · n5 ) and space O(k · n3 )—and drastic in the unit
length setting—with runtime O(B · k · n) and space O(k · n).
Additionally, we can generalize our results in both the uniform and unit length
settings to when the goal is to only complete a subset of m ≤ n jobs. We consider
m as part of the input, and we wish to choose the m
 jobs that will be completed
n
possible choices.
such that total flow time is minimized out of all m

Unit length jobs To prove the correctness of our dynamic program for unit
length jobs with agreeable deadlines, we rely on several lemmas. The first lemma
shows that an instance of unit length jobs can be preprocessed such that (i) there
are no more than B jobs with the same release time and (ii) a schedule for the
preprocessed instance with minimal total flow time is also an optimal schedule for
the original instance. Another lemma shows there exists an optimal schedule such
that jobs are scheduled by increasing release time. Intuitively, this holds because
given some optimal schedule that does not have this property, we can feasibly swap
the time slot assignment of jobs that are not in order without changing the flow
time to obtain a schedule that does satisfy this property. Our last lemma for this
setting says that any optimal schedule for jobs [j] has its last active slot at rj .
A pair (α, j) represents jobs [j] ordered by release times, equipped with their
release times and deadlines, that we want to schedule in at most α time slots.
OPT(α, j) represents the minimal total flow time over all feasible schedules. We
call (α, j) extraneous when the number of unique release times in [j] is at most α.
Theorem 1 Let (k, n) be an instance of unit length jobs with agreeable deadlines.
One can either certify (k, n) is infeasible or find a schedule for (k, n) that minimizes
flow time with a dynamic program in time O(B · k · n) and space O(k · n).
Our dynamic program for this setting is the following:
If (α, j) has B · α < j, then OPT(α, j) = ∞.
If (α, j) has B · α ≥ j and is extraneous, then OPT(α, j) = j.
If (α, j) has B · α ≥ j and is non-extraneous, then:
OPT(α, j) =

min

b∈[j−B,ij ]:

OPT(α − 1, b) +

db+1 >rj

j
X

u=b+1

!

(rj − ru + 1) .

If our DP returns OPT(k, n) = ∞, it is impossible to schedule all jobs in [n]
in k active time slots. Our recurrence considers the last active slot and the jobs
scheduled there. We know the last active slot should be at rj , and we know that j
is scheduled at rj along with up to B consecutive jobs directly before j. For b the
latest released job not scheduled with j, we minimize over all b to find OPT(α, j).
Uniform length jobs One obstacle to adapting our previous DP formulation
for the uniform length case is that it is no longer sufficient to schedule active slots
only at the release times of jobs, as it may be the case that a release time falls
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within the processing time of another batch. Therefore, we forego preprocessing
here and instead add an additional parameter, t, that keeps track of the last p
time slots used by an active slot. Similarly, we forego the notion of extraneous
here, as even if there are enough active slots to place one at every distinct release
time, this does not necessarily lead to a feasible schedule.
We consider instances (α, j, t) to be feasible if all jobs in [j] can be scheduled
in at most α active time slots, where the last p active time slots cover [t, t + p].
For feasible (α, j), we have that OPT(α, j) = mint OPT(α, j, t).
Theorem 2 Let (k, n) be an instance of uniform length jobs with agreeable deadlines. One can either certify (k, n) is infeasible or find a schedule for (k, n) that
minimizes flow time with a dynamic program in time O(B·k·n5 ) and space O(k·n3 ).
Recall jobs are ordered by release times, and let T = {rj + p · u} for j ∈ [n] and
0 ≤ u ≤ n. Then the following holds for all t ∈ T ∪ {min(T ) − p}, 0 ≤ α ≤ k, and
0 ≤ j ≤ n:
If j > 0 and either t < rj or t + p > dj , then OPT(α, j, t) = ∞.
If B · α/p < j, then OPT(α, j, t) = ∞.
For α ≥ 0 and t ≥ −p + 1, OPT(α, 0, t) = 0.
Otherwise,


j
X
0
(t − ru + p) .
min OPT(α − p, b, t ) +
OPT(α, j, t) = min
0
b∈[j−B,j−1]: t ≤t−p

u=b+1

db+1 ≥t+p

Then OPT(α, j) = mint OPT(α, j, t).
There are several differences between the DP for the uniform length case and
the earlier unit length one. Most notable is the addition of parameter t, which is
necessary because it is no longer true that all active slots are scheduled at release
times. We also need to consider the possibility of active slots being scheduled
immediately after another batch finishes processing. Since it takes p active slots
to complete a batch, the number of active slots goes down by p every time we
schedule a batch. We also need to ensure that we are able to fully schedule [j] if
job j starts processing at time t.
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Introduction

Speed scaling is a standard and well-known mechanism to handle energy consumption in computing systems [7]. According to this mechanism, the speed of a
machine can be modified by the scheduler in order to save energy. Specifically, we
assume that if the machine at a time t runs at speed s(t), then the power needed
is P (s(t)). We study here the general case where the power is described by the
function P (s(t)) = s(t)α , where α > 1 isR considered to be constant. Then, the
energy consumption is computed as E = P (s(t))dt.
In real systems, the characteristics of the jobs may not be known in advance.
However, in some situations it is possible to obtain the exact job characteristics
at some extra cost. The operation that allows to obtain the exact value of some
part of the input is called a query. Kahan [6] was the first to formalize this notion
known as explorable uncertainty. Since then, a series of problems have been studied
(e.g. see the survey [5]). In most of these works, the aim is the minimization of
the number of queries needed to produce the desired solution. In this paper, we
introduce a model for speed scaling problems, inspired by the model introduced
recently for classical scheduling problem under explorable uncertainty in [4]. In
the model of Dürr et al. [4], the uncertain information concerns the processing
time of each job for which an upper bound is known in advance. It is possible to
learn the exact processing time by querying at the price of a unit cost. If a job
is executed without a query, then its execution time is equal to its upper bound.
Contrary to the previous approaches, queries are executed directly on the machine
*
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75005, France.
§
alvenko@math.nsc.ru. Novosibirsk State University, Sobolev Institute of Mathematics, 1
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running the jobs and so it is important to balance the time spent on queries and
the time spent on the execution of jobs. More recently, an extension of this model
has been considered in [2], where the querying times are job-dependent.
In this paper, we propose the study of the following natural extension of this
model in the speed scaling setting: each job has a release time rj , a deadline dj and
an unknown workload wj∗ that can be revealed to the algorithm only after executing
a query that induces a given additional job-dependent load qj . Alternatively, the
job may be executed without any query, but in that case its workload is equal
to a given upper bound wj . This assumption is motivated by the fact that a
query could correspond to a code optimizer which needs some workload to process
the job and potentially reduces its workload [4]. Another possible application for
this assumption is file compression. The objective is to minimize the total energy
consumption for executing all the jobs in their time windows (between their release
dates and deadlines). We also consider the related problem of minimizing the
maximum speed used by the algorithm. We call the above enhanced model as
Query-Based Speed-Scaling model (QBSS).

2

Results

The QBSS model is online by nature, since the value of wj∗ for each job j is revealed
only after the potential execution of the query qj . However, we distinguish between
the offline and the online versions with respect to the classical scheduling setting.
In the offline version, the entire input is known in advance, i.e., the total number
of jobs to be scheduled, as well as their characteristics, except for the exact loads
wj∗ . In the online version, the input becomes available to the algorithm over time:
at time t = rj , a new job j and its characteristics are revealed, except again for its
exact load wj∗ . In other words, the algorithm does not know in advance how many
jobs it has to schedule, at which time they will arrive or what their characteristics
are. In both cases, if the exact load of a job j becomes known at the same time
as its other characteristics, then the QBSS model reduces to the classical speed
scaling setting, since the scheduler can simply decide whether to make the query
for j or not based on the value of min{wj , qj + wj∗ }. We study both versions of the
problem.
There are two additional questions to answer for each job j in the QBSS model:
whether the query will be done or not, and, if yes, how to partition the active
interval of the job among the execution of its query and its exact load. Both
decisions have a crucial impact on the speeds and on the consumed energy. For the
first question, doing always the query leads to constant approximation algorithms,
whereas never doing it leads to unbounded ratios. However, in most cases a better
w
decision can be made by comparing the values of qj and φj , where φ ≈ 1.6180 is
the golden ratio. Note that the optimal algorithm has complete knowledge of the
instance, including the exact loads. Hence, it can take this decision by comparing
wj and qj +wj∗ . For the second question, the algorithm has to determine a splitting
point τj = rj + x(dj − rj ), with 0 < x < 1 so as τj ∈ (rj , dj ), indicating the latest
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time at which the query has to finish execution and the earliest time at which the
exact work of j may start its execution.
We introduce the notion of equal window algorithms according to which the
active interval of a job is split in two equal sub-intervals: the query is executed
in the first half, and the exact work in the second half. This is motivated by an
instance consisting of a single job, where a different splitting leads to stronger
lower bounds. A further discussion, as well as several lower bounds for the offline
version of our model when a single machine is available are also provided, where
the use of randomization or oracles that answers optimally to one of the questions
above are explored.
For the offline case where all jobs have a common release date, we present a
series of results based on different assumptions on the deadlines. Specifically, if all
jobs have a common deadline, we propose an algorithm (CRCD) which achieves
a 2-approximation ratio with respect to maximum speed and a min{2α−1 φα , 2α }approximation ratio with respect to energy. A better analysis is also given for
special values of α. Moreover, we consider the case where all deadlines are powers
of two and we propose a (4φ)α -approximation algorithm (CRP2D) with respect
to energy. We extend the previous result for arbitrary deadlines and we obtain an
approximation ratio of (8φ)α (algorithm CRAD) by rounding down the deadlines
of the instance to the closest power of two.
For the online case, we adapt the well-known AVR [7] and BKP [3] online algorithms for the classical speed scaling setting to the QBSS model. The competitive
ratio of our algorithms (AVRQ and BKPQ) has an additional multiplicative factor with respect to their version in the classical setting: a factor of 2α for AVRQ
in which the query is made for all jobs, and a factor of (2 + φ)α for BKPQ in
which the query is decided based on the golden ratio. Note that, BKPQ is also
(2 + φ)e-competitive with respect to maximum speed. Finally, we study the QBSS
model on parallel identical machines and we propose a modification of the algorithm AVR(m) [1], which turns out to be 2α (2α−1 αα + 1)-competitive with respect
to energy.
Our results are summarized in the following table.

Offline

Online

Oracle
CRCD
CRP2D
CRAD
AVRQ
BKPQ
AVRQ(m)

Energy
Upper Bound
α−1
min{2
φα , 2α }
α
α−1
max{φ , 2
}
(4φ)α
(8φ)α
α
α
(2α)
2 2α−1 αα
α α α
3α−1
(2 + φ)α 2( α−1
) e
(2α)α
2α (2α−1 αα + 1)
Lower Bound
φα
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Introduction and Related Literature

We consider a planetarium allocating and selling m seats to n customers. Every
customer naturally wants to sit in the middle of the planetarium, to have the
better view, and she has an individual valuation vi , i = 1, . . . , n, for this central
spot j ∗ . The planetarium determines the prices of the seats pj , j = 1, . . . , m, and
allocates the customers to them. The utility of a customer i linearly decreases
in price and distance from j ∗ to the seat j the customer is allocated to, i.e.,
uij = max{vi − pj − αi d(j, j ∗ ), 0}, where d(j, j ∗ ) is the distance from j to j ∗ and
αi > 0 is an individual distance deterioration rate of customer i. We assume nonnegativity of the utility function because, for high prices and high distances to
the central spot, a customer becomes insensitive to pricing and allocation as it is
equivalent to not going to the planetarium. It would also be natural to assume that
higher valuations for the central seat imply higher distance deterioration rates for
the customers. A customer i having non-negative utility uij ≥ 0 for seat j where
she is allocated to, pays the price pj to the planetarium.
The economic motivation and practical application behind the problem is very
intuitive and it comes from the concept of fairness of allocation and pricing. When
a customer in a theater or cinema or planetarium observes a more preferred seat at
a cheaper price than she is paying, this customer naturally becomes jealous of another seat. Generally, this would be regarded as unfair. Avoiding this unfairness
is done by introducing envy-free pricing. The concept of envy-free pricing was,
for instance, addressed in [1] and it is known to be a competitive or Walrasian
equilibrium [7]. Particularly, in [1], the authors first define the problem of optimal
envy-free pricing, then they show that the problem is APX -hard and design an
O(log n)-approximation algorithm for solving it for n customers. Many contemporary articles address a variety of special cases of the optimal envy-free pricing
problem, stating complexity, and positive and negative approximability results,
see [5, 3, 4, 2, 8]. Compared to the previous literature, we consider a special case
∗
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of the optimal envy-free allocation and pricing problem where the utilities of the
customers are determined by geometric properties of customers’ allocations over
the plane.

2

Model definition

We assume the planetarium is the entire 2-dimensional plane and that the seats
are points x ∈ R2 in that plane. In this case, the planetarium searches for a
pricing strategy p(x) : R2 → R+ on the plane. In turn, the utility of a customer
i = 1, . . . , n allocated to a point x ∈ R2 is determined by ui (x) = max{vi − p(x) −
αi d(x, 0), 0}, where the origin 0 is the most preferred place to be seated and d(x, y)
is the Euclidean distance between points x and y. Notice that for any point x ∈ R2
such that d(x, 0) ≥ maxi vi /αi , the utility of every customer is 0. We refer to all
points equidistant from the origin as ranges of seats, and the number of points
in a range we refer to as the capacity of a range. Customers are assumed to be
indifferent between any two points in any range.
Let xi , i = 1, . . . , n, be the distance determining the range customer i is allocated to. The goal of the planetarium is to assign the customers in an envy-free
allocation that maximizes the total revenue. The complete model of the continuous case, called the continuous concentric envy-free pricing and allocation problem,
reads
n
sup
p,x

X

p(xi )

(1)

i=1

subject to
ui (xi ) ≥ ui (x)∀x > 0.

(2)

In the 2-dimensional continuous case, there is a continuum number of points
equidistant from the origin and the capacity of a range is therefore unlimited.
We assume that the origin cannot be occupied by any customer as its capacity of
1 is inconsistent with that of other ranges. As a result, the objective of the model
is to find the supremum.
The maximum price the customer is willing to pay for an allocation at point
x is denoted by ℓi (x). This function ℓi (x) can be computed by setting the utility
ui (x) = 0, therefore ℓi (x) = vi − αi x. The maximum willingness-to-pay ℓi (x), is
later also referred to as maxWTP.

3

Research contribution

Continuous Concentric Envy-Free Pricing and Allocation problem For
all customers having the same preferred point in the planetarium, we introduce a
dynamic programming algorithm solving the problem in polynomial time. First,
we show that pricing and allocation is optimal at the intersections of any two curves
in the maximum willingness-to-pay graph. Then, we propose our exact dynamic
programming algorithm. The algorithm iterates backwards over all intersections
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of maxWTP-curves, and compares possible pricing and allocation points of one or
more customers in current and previous intersections. The running time of the
algorithm is O(n2 ).
Discrete Concentric Envy-Free Pricing and Allocation problem We also
consider a discrete variant of the problem in which seats are represented by tiles of
a regular tessellation of the plane, e.g., squares of the grid or hexagons in the honeycomb. In this discrete setting, the distance between two seats is the Euclidean
distance between the center points of the respective tiles. We solely consider arrangements of seats in which the distance between the preferred seat and any other
seat is at most some constant k. This implies a circular seat arrangement of radius
k. To determine the capacity of a range in this setting, we use the coefficients of
the theta series for square lattice for the squares of the grid alignment. If the seats
are considered to be hexagons in the honeycomb, the coefficients of the theta series
for the A2 triangular lattice specify the capacities for the ranges.
To solve this setting of the problem, we introduce a lowering step size of λ and
a variable l that denotes how often a valuation curve has been lowered. If we lower
customer i’s valuation curve l times, we consider the curve ℓli = (vi − lλ) − αi x that
is parallel to the original valuation curve. We propose a dynamic programming
algorithm that evaluates all customers’ WTP curves at different heights and selects
a combination of curves that corresponds to an allocation of customers maximizing
the planetarium’s revenue. The proposed algorithm runs in O(mnLC), where
L = ⌊maxi vi /λ⌋ and C = maxj cap(j) with cap(j) denoting the capacity of seat
range j, and provides an optimal solution for λ ↓ 0.
Future research To make the work more appealing to practitioners, we are
considering variations of the proposed problem. The variations we are evaluating
include more complex alignments of seats, allocation and pricing in an online
setting, and the quality of simple heuristics.
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Introduction

The complexity of computing equilibria has been an important problem which has
been extensively studied since the beginning of algorithmic game theory. For both
mixed [2] and pure [1] equilibria it turned out that computing an equilibrium is
hard for the classes PPAD and PLS, respectively. Consequently, research focused
on approximate equilibria. In this work we focus on pure equilibria which are
guaranteed to exist by a potential function argument in potential games for which
we know that they are isomorphic to the class of congestion games. The first and
in fact the only inapproximability result was obtained by Skopalik and Vöcking [3].
They show that computing α-approximate pure Nash equilibrium is PLS-complete
for any α > 1. Their reduction however uses very artificial cost functions. On
the positive side, Chien and Sinclair [4] showed that for symmetric1 congestion
games with mild restrictions on the cost-functions, (1 + ϵ)-approximate equilibria
can be computed efficiently. However, their result crucially requires symmetric
players. For asymmetric games, Caragiannis et al. [5] present a polynomial-time
algorithm that computes (2 + ϵ)-approximate pure Nash equilibria for linear cost
functions (with non-negative coefficients). This result extends to polynomial cost
functions albeit with larger approximation factor. In [6], the authors improved
the approximation guarantee to (1.61 + ϵ) for linear functions. They also give
improved bounds for polynomial cost functions.
To the best of our knowledge there is currently no lower bound known on the
smallest value of α for which an α-approximate pure Nash equilibrium can be
computed in polynomial time in games with linear or polynomial cost functions.
The lower bound proof of [3] crucially relies on cost function that are step functions
which jump from 0 to a very large value.

The Model. A congestion game denoted by G = N , E, (Su )u∈N , (fe )e∈E
consists of a set of N players, N = {1, 2, . . . , N }, who compete over a set of
resources, E = {e1 , e2 , . . . , em }. Each player u ∈ N has a set of strategies denoted
by Su ⊆ 2E . Each resource e ∈ E has a non-negative and non-decreasing cost
∗
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function fe : N 7→ R+ associated with it. Let ne (s) denote the number of players
on a resource e ∈ E in the strategy profile or state s, then the cost contributed
by a resource e ∈ E to each player using it is denoted by fe (ne (s)). Therefore,
the cost P
of a player u ∈ N in a state s = (s1 , . . . , sN ) of the game is given by
cu (s) = e∈E:e∈su fe (ne (s)). For a state s, cu (s′u , s−u ) denotes the cost of player
u, when only u deviates. A state s ∈ S is a pure Nash equilibrium (PNE), if there
exists no player who could deviate to another strategy and decrease their cost, i.e.,
∀u ∈ N and ∀s′u ∈ Su , cu (s) ≤ cu (s′u , s−u ). It is well known that a congestion
game always exhibits a PNE. A weaker notion of PNE is the α-approximate pure
Nash equilibrium for some α > 1, which is a state s in which no player has an
improvement that decreases their cost by a factor of at least α, i.e., ∀u ∈ N and
∀s′u ∈ Su , α · cu (s′u , s−u ) ≥ cu (s).

2

Our Contribution

In an effort to make a step towards showing an inaproximability lower bound for
games with linear cost functions, we provide a hardness proof for a related problem.
We believe that our techniques are also useful for proving hardness of the actual
problem. We study the complexity of the reachability problem in congestion games
with linear cost functions. That is, we ask for the computation of the equilibrium
that is reachable by approximate improvement step from a given initial strategy
profile.
We know that this problem is hard for exact equilibria and also for approximate
equilbria for games with arbitrary cost functions. Both are a consequence of the
PLS-reductions in [1] and [3] which imply PSPACE-hardness of the reachability
problem.
Theorem 1 Given a linear congestion game and an initial state s, it is PSPACEcomplete to find a 1.06-approximate equilibrium that is reachable by a sequence of
1.06-improving moves from state s.
We note that our result does not imply PLS-hardness of computing a 1.06approximate equilibrium. Such a result is still a major open problem. In the
following we give a short overview of our proof and outline the major technical
challenges that one has to overcome to prove PLS-hardness.
Our construction is a reduction from the canonical PSPACE-hard problem:
Decide for a given polynomially space-bounded Turing machine M , whether it
stops. For a given TM M , we construct a congestion game that consists of two
major parts. It contains a collection of k gadgets, where k corresponds roughly
to the space bound of the TM M . The gadgets are organized in k levels. Each
gadget consists of main player and several auxiliary players. The main player has 9
strategies and our construction ensures that in every improvement sequence, they
visit them in a certain order. We call such a sequence of the improvement steps
of a main player as a run of the gadget. In every run of a gadget in level i, the
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gadget of level i − 1 is triggered twice to perform a run. This eventually leads to
exponentially many runs of the gadget in level 1.
The second part of our construction is a gadget which simulates the TM M .
This gadget is triggered by the gadget at level 1 described above and each time
simulates one step of the TM. By choosing k sufficiently large enough, we make
sure that we have simulated enough steps of M . From the equilibrium, we can
easily read whether M has stopped. If it hasn’t, we know it never will as it must
have already visited a configuration twice and hence, loops forever.

3

Towards PLS-hardness

To prove PLS-hardness, the authors of [3] reduced from the problem CircuitFlip:
Given a Boolean circuit with input bits x1 , . . . , xn and output bits y1 , . . . , ym
(which are interpreted as a binary number y), find a vector of input bits that is
locally optimal (with respect to y). That is, there is no bit of x that can be flipped
to decrease y. To that end, they simulate a circuit by players that simulate the
gates and inputs of the circuit. A major problem that they identify and solve is
the so called feedback-loop problem: The costs of the players that simulate the
gates of the lower levels of the circuit is not sufficient to initiate strategy changes
of the players that represent the input bits.
They overcome this problem by powering the circuit with a construction that
is similar to the first part of our construction. However, note that they prove PLShardness of computing some equilibrium, whereas we show PSPACE-hardness of
computing the specific equilibrium reachable from a specific initial profile. Hence,
the PLS-reduction needs to ensure that there are no unwanted equilibria that
do not correspond to local optima of the CircuitFlip problem. In particular,
they needed to ensure that the construction that powers the circuit, can trigger
sufficiently many improvement steps to search for a local optimum. To guarantee
that, they make sure that the binary counter powering the simulation of the circuit,
has a value larger than the output of the circuit.
To ensure that there are no unwanted equilibria, e.g., where the counter has
value 0 but x is not a local optimum, they introduced blocking players and blocking
resources. The latter are resource with cost functions that have cost of 0 for one
player and extremely high costs for two or more players. With the help of such
players they guarantee that the game is either in a legal state, or there is a player
with high costs. For the latter they ensured that every sequence of improvement
steps leads to a legal state.
For our construction, we needed a similar mechanism. But we were able to
achieve this with linear cost functions. The key idea was to keep the interaction
between players local. That is, only players in neighboring levels interact. We
believe that a PLS-hardness proof for linear or polynomial cost functions would
have to have a similar property.
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Introduction

In traditional job scheduling games, every job corresponds to a player whose strategy space is the set of machines. The goal of a player is to minimize its cost,
given by the completion time of its machine. In this work we consider a different
measure for a player’s utilization, which fits environments with strong competition
among the participants.
In our scheduling game with rank-based utilities (SRBG, for short), the jobs
are partitioned into competition sets. The primary goal of a job is to minimize
the rank of its completion time relative to its competitors, while minimizing the
completion time itself is a secondary objective.
Our model is motivated by studies in behavioural science, where it is shown that
individuals are concerned primarily about their relative welfare, rather than their
absolute well-being. For example, workers care more about their relative salary
than they do about their actual salary, and happiness depends not just on absolute,
but mainly on relative consumption. Similarly, racing drivers are ready to spend
valuable time in obstructing other drivers, and a company may be willing to take
a hit to its income if its competitors are hurt more significantly. The participants’
ranking is crucial in numerous additional fields, including auctions with a limited
number of winners, where, again, the participants’ rank is more important than
their actual offer, transplant queues, sport leagues, and even submission of papers
to competitive conferences.
Games in which the the players utilities are based also on their ranking were
studied in [1, 3]. These papers consider a different model or analyzed different
problems.

1.1

Problem Description

A scheduling game with rank-based utilities (henceforth referred to as a SRBG) is
given by G = ⟨J , M, {p(j)}∀j∈J , {di }∀i∈M , S⟩, where J is a set of n jobs, M is a
set of m machines, p(j) is the length of job j, di is the delay of machine i, and S
is a partition of the jobs into competition sets. Specifically, S = {S1 , . . . , Sc } such
∗
†
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that c ≤ n, ∪cℓ=1 Sℓ = J , and for all ℓ1 ̸= ℓ2 , we have Sℓ1 ∩ Sℓ2 = ∅. For every job
j ∈ Sℓ , the other jobs in Sℓ are denoted the competitors of j. Let nℓ denote the
number of jobs in Sℓ . A profile of a SRBG is a schedule s = ⟨s1 , . . . , sn ⟩ ∈ Mn
describing the machines selected by the players.
For a profile s, the rank of player j ∈ Sℓ in profile s, denoted rank j (s) is the rank
of its completion time among its competitors. If several players in a competition
set have the same completion time, then they all have the same rank, which is the
corresponding median value. For example, if nℓ = 4 and the completion times of
the jobs in Sℓ are (7, 8, 8, 13) then the players’ ranks are ⟨1, 2.5, 2.5, 4⟩, and if all
players in Sℓ have the same completion time then they all have rank (nℓ + 1)/2.
P
Note that, independent of the profile, j∈Sℓ rank j (s) = nℓ (nℓ + 1)/2.
The objective of every player is to minimize its rank. A profile is a pure Nash
equilibrium (NE) if no player can improve its objective by unilaterally deviating
from its current strategy, assuming that the strategies of the other players do not
change. Best-Response Dynamics (BRD) is a local-search method where in each
step some player is chosen and plays its best improving deviation (if one exists).
Some of our results consider SRBGs with homogeneous competition sets. We
denote by Gh the corresponding class of games. Formally, G ∈ Gh if, for every
1 ≤ ℓ ≤ c, all the jobs in Sℓ have the same length, pℓ .
The following example summarizes the model and demonstrates several of the
challenges in analyzing SRBGs. Consider a game G ∈ Gh on 3 identical machines,
played by 9 jobs in two homogeneous competition sets. S1 consists of four jobs
having length 4, and S2 consists of five jobs having length 3. Fig. 1 presents
four profiles of this game. Unlike traditional load-balancing games, schedule (d),
produced by LPT rule, is not a NE since the 3-job on M1 can reduce its rank from
5 to 4 by migration to either M2 or M3 . Note also that a cost-reducing deviation
may hurt the rank of a player. For example, a deviation of a player from S1 from
M1 in profile (a), will result in profile (b). The deviating player reduces its cost
from 12 to 11 but increases its rank from 3 to 3.5.
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Figure 1: Jobs are labeled by their ranks. (a) A NE profile. (b) and (c) Deviations
from the NE are harmful. (d) An LPT schedule.
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2

Our Results

We show that competition dramatically impacts job-scheduling environments that
are controlled by selfish users. SRBGs are significantly different from classical
games; their analysis is misleading, and known tools and techniques fail even on
simple instances.
Consider an instance with two machines and two competing jobs of different
lengths. The long job will benefit from joining the short one, and the short one
will benefit from escaping to an empty machine. Thus, even a very simple SRBG
need not have a NE. For identical machines, we show that deciding whether a
game instance has a NE is an NP-complete problem, even for an instance with
homogeneous competition sets. Moreover, even in cases where a NE exists, BRD
may not converge (see Fig. 2). On the other hand, we identify several non-trivial
classes of instances for which a NE exists and can be calculated efficiently. Each
of these positive results is tight in a sense that a slight relaxation of the class
characterization yields a game that may not have a NE. Specifically, we present
an algorithm for calculating a NE for games with unit-length jobs, for games
in Gh with a limited number of competition sets and machines, or with limited
competition-set size, and games in Gh in which the job lengths form a divisible
sequence (e.g., powers of 2).

Figure 2: An example of a SRBG with c = 2 homogeneous competition sets. S1
consists of 5 jobs of length 3 and S2 consists of 3 jobs of length 1. BRD may loop
(profiles (a)-(b)-(c)-(a)), while a NE exists (profile (d)). Jobs are labeled by their
ranks.
We provide tight bounds on the equilibrium inefficiency with respect to the
minimum makespan objective. The inefficiency is analyzed using the common
measures of Price of Anarchy (PoA) and Price of Stability (PoS). For classical job
scheduling games on identical machines, it is known that P oS = 1 and P oA =
6
2
[2]. We show that for SRBGs, P oS = P oA = 3 − m+2
. This result and
2 − m+1
in particular the fact that P oS > 1, demonstrates the ‘price of competition’.
For related machines, we show that even the seemingly trivial case of unitlength jobs is tricky, and a NE may not exist, even if all jobs are in a single
competition set. For this class of games, however, it is possible to decide whether
a game has a NE, and to calculate one if it exists. Without competition, for
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unit-jobs and related machines, a simple greedy algorithm produces an optimal
schedule. Moreover, P oA = P oS = 1. We show that for SRBGs with unit jobs
and related machines, P oS = P oA = 2. For games in Gh , arbitrary-length jobs,
and two related machines, we present an algorithm for calculating a NE, and prove
that any application of BRD converges to a NE. We show that P oS = P oA = 2.
The P oA upper bound is valid also for games with non-homogeneous competition
sets.
Finally, we showed that the analysis of rank-based utilities is interesting and
challenging in additional congestion games; in particular, non-symmetric scheduling games, network-formation games, and singleton cost-sharing games.
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The Model

An instance of a scheduling game with machine-dependent priority lists is given by
a tuple G = (J, M, (pj )j∈J , (si )i∈M , (πi )i∈M ) where J is a finite set of n ≥ 1 jobs,
M is a finite set of m ≥ 1 machines, pj ∈ R+ is the processing time of job j ∈ J,
si ∈ R+ is the speed of machine i ∈ M , and πi : J → {1, . . . , n} is the priority list
of machine i ∈ M .
A strategy profile σ = (σj )j∈J ∈ M J assigns a machine σj ∈ M to every
job j ∈ J. Given a strategy profile σ, the jobs are processed according to their
order in the machines’ priority lists. The set of jobs that delay job j ∈ J in σ
is Bj (σ) = {j 0 ∈ J | σj 0 = σjP
∧ πσj (j 0 ) ≤ πσj (j)}. Note that job j itself also
belongs to Bj (σ). Let pj (σ) = j 0 ∈Bj (σ) pj 0 . The cost of job j ∈ J is equal to its
completion time in σ, given by Cj (σ) = pj (σ)/sσj .
Each job chooses a strategy so as to minimize its costs. A strategy profile
σ ∈ M J is a pure Nash equilibrium (NE) if for all j ∈ J and all i ∈ M , we have
Cj (σ) ≤ Cj (i, σ−j ), where (i, σ−j ) is the strategy profile in which job j chooses
machine i and all other jobs choose according to σ. Let E(G) denote the set of
Nash equilibria for a given instance G. We would like to remark that E(G) may
be empty.
For a strategy profile σ, let C(σ) denote the cost of σ. The cost is defined
with respect to some objective, e.g., the
P makespan, i.e., Cmax = maxj∈J Cj (σ),
or the sum of completion times, i.e., j∈J Cj (σ). It is well known that decentralized decision-making may lead to sub-optimal solutions from the point of view
of the society as a whole. For a game G, let P (G) be the set of feasible profiles of G. We denote by OP T (G) the cost of a social optimal (SO) solution;
i.e., OP T (G) = minσ∈P (G) C(σ). We quantify the inefficiency incurred due to
∗
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self-interested behavior according to the price of anarchy (PoA) [4] and price of
stability (PoS) [1]. The PoA is the worst-case inefficiency of a pure Nash equilibrium, while the PoS measures the best-case inefficiency of a pure Nash equilibrium.
Congestion games with priorities were studied by Farzad et al. [3], who considered priority based selfish routing for non-atomic and atomic users and analyzed
the inefficiency of equilibria. More recently, Biló and Vinci [2] studied a congestion
game with global priority classes that can contain multiple jobs and characterize
the price of anarchy as a function of the number of classes.

2

Our Contribution

We first show that a pure Nash equilibrium does not always exist, and use this
example to show that it is NP-complete to decide whether a particular game has a
pure Nash equilibrium. We then provide a characterization of instances in which a
pure Nash equilibrium is guaranteed to exist. Specifically, existence is guaranteed
if the game belongs to at least one of the following four classes: G1 : all jobs
have unit processing time, G2 : there are two machines, G3 : all machines have the
same speed and G4 : all machines have the same priority list. For all four of these
classes, there is a polynomial time algorithm that computes a Nash equilibrium.
This characterization is tight in a sense that our inexistence example disobeys it
in a minimal way: it describes a game on three machines, two of them having the
same speed and the same priority list. Another characterization we consider is the
number of jobs in the instance. We present a game of 4 jobs that has no pure NE,
and show that every game of 3 jobs admits an NE.
We analyze the efficiency of Nash equilibria by means of two different measures
of efficiency: the makespan and the sum of completion times. For all four classes
of games with a guaranteed pure Nash equilibrium, we provide tight bounds for
the price of anarchy and the price of stability with respect to both measures. Our
results are summarized in Table 1.
Instance class \ Objective
G1 : Unit jobs
G2 : Two machines
G3 : Identical machines
G4 : Global priority list

Makespan
PoA/PoS
√ 1
( 5 + 1)/2
2 − 1/m
Θ(m)

Sum of Comp. Times
PoA/PoS
1
Θ(n)
Θ(n/m)
Θ(n)

Table 1: Our results for the equilibrium inefficiency.
(i) If jobs have unit processing times, we show that the price of anarchy is
equal to 1, which means that selfish behavior is optimal. (ii) For two machines
with speeds 1 and √s ≤ 1 respectively, we√prove that the PoA and the PoS are at
5−1
s+2
most s + 1 if s ≤ 5−1
2 , and s+1 if s ≥
2 . Moreover, our analysis is tight for
283

√

all s ≤ 1. The maximum inefficiency, listed in Table 1, is achieved for s = 5−1
2 .
In case the sum of completion times is considered as an objective, the price of
anarchy can grow linearly in the number of jobs. (iii) If machines have identical
speeds, but potentially different priority lists, the price of anarchy with respect to
the makespan is equal to 2 − 1/m. The upper bound follows because every Nash
equilibrium can be seen as an outcome of Graham’s List-Scheduling algorithm.
The lower bound example shows the bound is tight, even with respect to the price
of stability. For the sum of completion times objective, we show that the price
of anarchy is at most O(n/m), and provide a lower bound example for which the
price of stability grows in the order of O(n/m). (iv) If there is a global priority
list, and machines have arbitrary speeds, we show that the Θ(m)-approximation
of List-Scheduling carries over for the makespan inefficiency, and the results for
two machines carry over for the sum of completion times.
We conclude with results regarding the complexity of calculating a good NE.
While a simple greedy algorithm can be used to compute an NE for an instance
with identical machines (the class G3 ), we show that it is NP-hard to compute an
NE schedule that approximates the best NE of a game in this class. Specifically,
it is NP-hard to approximate the best NE with respect to the minimum makespan
within a factor of 2 − 1/m −  for all  > 0, and it is NP-hard to approximate the
best NE with respect to the sum of completion times within a factor of r for any
constant r > 1.
For the full version and formal proofs, we refer to [5].
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Introduction

We consider the problem of scheduling a set of jobs J = {1, . . . , n} on two speed
scalable processors. Each job j ∈ J is characterized by release time rj , processing
volume (work) Vj and the number sizej or the set f ixj of required processors.
Note that parameter sizej for job j ∈ J indicates that the job can be processed
on any subset of parallel processors of the given size. Such jobs are called rigid
jobs [5]. Parameter f ixj states that the job uses the prespecified subset of dedicated processors. Such jobs are called single mode multiprocessor jobs [5]. Job
preemption might or might not be allowed in the exploring of scheduling in this
work.
The standard homogeneous model in speed-scaling is considered. When a
processor runs at a speed s, then the rate with which the energy is consumed (the
power ) is sα , where α > 1 is a constant. Each processor may operate at variable
speed. We assume that the total work Vj of a rigid or single mode job j ∈ J should
be uniformly divided between the utilized processors. If job j uses two processors,
then both processors run simultaneously at the same speed.
The aim is to find a feasible schedule with the minimum sum of completion
P
times
Cj or the minimum makespan Cmax so that the energy consumption is
not greater than a given energy budget E. This is a natural assumption in the
case when the energy of a battery is fixed, i.e., the problem finds applications
in computer devices whose lifetime depends on a limited battery efficiency (for
example, multi-core laptops).
For the makespan problem on a single processor, there is an optimal nonpreemptive schedule where all jobs are executed with the same speed. This schedule may be computed in linear time [12]. Bunde [3] developed an exact constructive algorithm for the uniprocessor setting with arbitrary release times of jobs.
Pruhs [11] et al. investigated the single-processor problem of minimizing the average flow time of jobs, given a fixed amount of energy and release times of jobs.
For unit-work jobs, they proposed a polynomial-time algorithm that simultaneously computes, for each possible energy level, the schedule with smallest average
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flow time. Bunde [3] adopted the approach to multiple processors and arbitrary
work jobs. Moreover, online and offline algorithms have been developed for singleprocessor jobs and arbitrary number of processors (see, e.g., [1, 12, 13]).
Now we briefly present the known results for the classic problem of scheduling parallel jobs with given durations and without energy constraint. The nonpreemptive problem with the total completion time criterion for rigid jobs is
strongly NP-hard in the case of two processors [9]. Constant factor approximation algorithms were proposed for the non-preemptive independent jobs. These
algorithms use list-type scheduling [15] and scheduling to minimize average response time (SMART) [14]. The non-preemptive single-mode problem is NP-hard
in the two-processors case [7]. The strategy from preemptive schedule to the nonpreemptive one gives a 2-approximation algorithm [4].
The preemptive two-processor problem with makespan for rigid jobs is polynomially solvable even in the case of arbitrary release dates [5]. The non-preemptive
two-processor problem is ordinary NP-hard, but it becomes strongly NP-hard when
jobs are related by precedence constraints [2, 6]. Approximation algorithms and
non-approximability bounds were proposed for particular cases [5]. These algorithms use list-type and level-type strategies.
In this work we provide algorithms for speed scaling problems with rigid jobs
and single mode jobs on two processors.

2

Makespan

We propose two-stage approximation and exact algorithms. At the first stage, we
find a lower bound on the objective and calculate processing times of jobs using
auxiliary convex programs, KKT conditions [8], and the Ellipsoid method [10].
Then, at the second stage, we transform our problem to the classic scheduling
problem without speed scaling and use list-type scheduling via greedy rule to
obtain feasible solutions.
Theorem 1 1) Problem P 2|sizej , energy|Cmax is NP-hard. A 23 -approximate
schedule can be found in polynomial time. 2) A 52 -approximate schedule can be
found in polynomial time for P 2|rj , sizej , energy|Cmax .
Theorem 2 Problems P 2|rj , sizej , pmtn, energy|Cmax , P 2|f ixj , energy|Cmax
and P 2|rj , f ixj , pmtn, energy|Cmax are polynomially solvable.

3

Total Completion Time

Here we also use two-stage method, but at the first stage we solve an auxiliary
single-processor problem, and then, at the second stage, we transform the obtained single-processor schedule to a feasible two-processor one. We note that the
P
sequence of jobs is important in the problems with Cj criterion, so, at the first
stage we determine not only durations but also a permutation of jobs.
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Theorem 3 A 2-approximate schedule can be found in polynomial time for
P
P 2|sizej , energy| Cj .
Theorem 4 1) A 22α−1/α−1 -approximate schedule can be found in polynomial
P
time for problem P 2|f ixj , energy| Cj . 2) A 2α/α−1 -approximate schedule can
P
be found in polynomial time for problem P 2|f ixj , pmtn, energy| Cj .
The complexity status of the considered problems with

P

Cj criterion is open.

This research is supported by the Russian Science Foundation grant 21-4109017.
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Automated guided vehicle systems

Automated guided vehicles (AGVs), firstly introduced in 1955, are driverless transportation systems used for horizontal movement of materials. Since then, the use
of AGVs has grown enormously due to the wide range of benefits they produce.
In particular, the increased productivity, the enhanced safety, the reduced labor
cost, energy consumption, and emissions, lead the AGVs on the rise in several
application fields, such as manufacturing, logistics, and healthcare, to cite only a
few [4].
In these fields, AGVs might be part of a larger system used for the transportation of goods and materials from one location to another. This system is
known as AGV-based transportation system (AGV system). It consists of a transportation network, a physical interface between the production/storage system,
an AGV fleet, and a control system. The transportation network connects all the
pick-up and delivery points. These points operate as interfaces between the production/storage system and the transportation system. Finally, AGVs move from
one pick-up/delivery point to another on fixed or free paths. The main aim of an
AGV system is to transfer the right amount of the right material to the right place
at the right time [7]. To this end, many tactical (e.g., fleet sizing and flowpath
design) and operational (e.g., dispatching, routing and scheduling) issues have to
be addressed when designing an AGV system [9].
In this work, we focus on the AGV scheduling issues whose effective and efficient management allows to improve the overall productivity of transfer operations
and to avoid delays in production and material handling processes [6]. A significant research activity on AGV systems and on related scheduling problems has
been conducted in the last twenty years, as witnessed by the survey works reported
in [5, 10]. In particular, different scheduling problems were proposed on the basis
of the considered AGV requirements and capabilities (e.g., capacity, single/multi∗
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load, and schedules of additional equipment) [3]. However, most of the contributions on the topic frequently neglected the issues related to the battery depletion
and recharge, as noticed in [2]. In this context, we study the Automated Guided
Vehicle Scheduling Problem with battery constraints (ASP-BC ). To the best of
our knowledge, the only other work addressing this kind of problem is reported in
[7] where the ASP-BC was defined to address a real problem of a manufacturing
company implementing the Industry 4.0 paradigm for internal logistics [8]. Moreover, in [7], the authors proposed a Mixed Integer Linear Programming (MILP )
formulation for the ASP-BC and demonstrated the impact of the AGV battery
recharge times on the completion time of the overall material handling process.

2

The AGV Scheduling Problem with battery constraints

The ASP-BC can be schematized, on the basis of the following assumptions:
1) a set of AGVs must move a set of packages from a central warehouse to
different workstations;
2) all the AGVs are initially located at the central warehouse with fully
charged batteries;
3) an AGV can be loaded with a single package on each trip. Being the
number of available AGVs much lower than the number of packages, an AGV
could perform more than one trip;
4) the AGV battery consumption depends on the travel time and the weight
carried;
5) an AGV battery has to be fully recharged at the central warehouse before
it is completely depleted. The charging time is fixed and does not depend on the
residual energy;
6) the ASP-BC objective is to minimize the makespan of the handling process.
On this basis, it is evident that ASP-BC differs from other AGV scheduling
problems due to its peculiar operational characteristics. Therefore, its solution
requires the development of exact and ad-hoc heuristic methods that exploit these
characteristics.
The main contributions of this work can be summarized as follows:
1) We propose an original mixed-integer linear programming (MILP) model for
the ASP-BC. In particular, we formulate the problem as a variant of the Bottleneck
Generalized Assignment Problem (BGAP). In our model, unlike other BGAPs in
literature, there are two levels of assignment: transfer jobs to charging operations
and charging operations to AGVs.
2) We develop a three-step matheuristic to solve large size instances of the
ASP-BC. A bin-packing problem (BPP) with the aim of determining the minimum number of required battery charges is solved through an IP solver at the
first step. The BPP solution determines a lower bound for the ASP-BC and an
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assignment of transfer jobs to charging operations. Then, a feasible solution is
obtained solving a bottleneck generalized assignment problem in the second step.
Finally, the solution is improved through a local search performing reassignment
and swap moves of transfer jobs among available AGVs.
3) We solve instances built from real data provided by a manufacturing company. The results on different kinds of instances, in terms of AGV fleet size, number
of jobs, job duration, and related energy consumption, show that the complexity
of the ASP-BC is strongly related to the AGV energy consumption. Moreover,
the performed experimentation confirms the applicability and the effectiveness of
the proposed approaches. The new formulation allows us to solve instances with
up to 150 jobs and 10 AGVs within 1800 seconds, outperforming the results of the
formulation proposed in [7]. The matheuristic is able to solve instances with up to
200 jobs and 10 AGVs in few minutes and an average optimality gap lower than
1%.
Future works will be aimed at investigating the possibility of taking into account
other operational aspects affecting the battery consumption (e.g., the AGV routing). Indeed, for the sake of completeness, we highlight that ASP-BC can be
considered as a sub-problem of the Electric Vehicle Routing Problem, which is
a special case of the AGV routing problems with battery constraints [1], where
scheduling decisions are integrated with routing decisions related to the movement
of each job from a pick-up to a delivery point. Therefore, it would be interesting to
extend the proposed approach to problems involving both routing and scheduling
decisions.
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1

Introduction

We consider the Continuous Energy-Constrained Scheduling Problem (CECSP),
introduced by Nattaf et al. [4]. A set J1 , . . . , Jn of jobs has to be processed on a
continuous resource P . Each job j requires an amount of resource equal to Ej . We
want to find a schedule such that: a job does not start before its release time rj , is
completed before its deadline d¯j , and respects its lower and upper bounds (Pj− , Pj+ )
on resource consumption during P
processing. Our objective is to minimize the total
weighted completion time (min j wj Cj ). We look at the case where both the
resource and time are continuous. We assume that there is no efficiency function
influencing resource consumption.
The CECSP can be seen as a variant of the Resource Constrained Project
Scheduling Problem (RCPSP). A survey by Hartmann & Briskorn [2, 3] provides
a good overview. Baptiste et al. [1] defined the Cumulative Scheduling Problem
(CuSP) as a subproblem of the RCPSP. More recent work by Nattaf et al. [4, 5, 6,
7], further defined the CECSP as a generalization of CuSP and provided a hybrid
branch-and-bound algorithm to find exact solutions for small instances. Through
its relation to CuSP, Nattaf et al. proved that the CECSP is NP-complete [6].
The CECSP is also closely related to the scheduling of malleable jobs (as
introduced by Turek et al. [8]) on parallel machines, which involves the scheduling
of jobs on P machines, while the number of machines assigned to a job can change
during its execution.
In this work, we present a hybrid local search algorithm that exploits a decomposition of the problem, where start and completion times as well as resource
consumption are determined by an event-based LP formulation. We perform computational experiments to compare the performance of our algorithm with exact
*
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approaches and to show its ability to deal with larger problem sizes. Our approach
can be extended to deal with piece-wise linear resource availability functions P (t),
explicit precedence relations and linear efficiency functions.

2

Hybrid local search algorithm

For each job Jj , we need to find a start time, a completion time, and a resource
consumption profile within its execution window, such that all constraints are met.
We call the start and completion of a job events. If we know the order of events,
we can split the total time window into 2n − 1 intervals, where each interval is
bounded by two consecutive events. During these intervals, the set of jobs that are
being processed does not change. Now let pj (t) denote the resource consumption
profile of job Jj . We can show that there always exist an optimal solution in which
pj (t) remains constant during each interval. We can therefore limit ourselves to
such solutions.
With this, we can formulate an LP that, for a given order of events, determines
the times at which these events take place (ti ), and the amount of resource (pj,i )
that each job j consumes in interval i, which corresponds to the time window
[ti , ti+1 ]. Since we know the indices i1 and i2 corresponding to the start time Sj
and completion time Cj of each job j, we put pj,i = 0 for i = 1, . . . i1 − 1 and
for i = i2 , . . . , 2n − 1. For the remaining intervals we require pj,i to be between
its lower and upper bound times the length of the interval, which is (ti+1 − ti ).
We further request that the total amount of resource assigned to job j equals Ej ,
that the total amount of resource used in interval i by all available jobs is no more
than P (ti+1 − ti ), that ti+1 ≥ ti , and finally that we obey the release dates and
deadlines. The objective of minimizing the total weighted completion time can
easily be formulated.
This LP is then used to evaluate the quality of (candidate) solutions considered
during local search. We use a simulated annealing algorithm to find a good order
of events, and use the LP to find the corresponding optimal schedule.
To evaluate the relative quality of infeasible event orders, we add slack variables that allow for the violation of lower bounds, upper bounds, and/or resource
availability constraints, with appropriate cost. For example, the constraint for the
energy consumption of job j in interval i then becomes
+
+
Pj− (ti+1 − ti ) − s−
j,i ≤ pj,i ≤ Pj (ti+1 − ti ) + sj,i

To determine an initial solution for our simulated annealing algorithm we use
a greedy algorithm that may violate resource availability constraints. It defines
intervals based on events (in this case, release dates and deadlines) and assigns
resources during an interval to (available) jobs in order of deadline, while at least
providing each job the minimum amount of resources they need to still be able
to complete in time and respect their bounds. From the constructed schedule, an
event order is derived.
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The neighborhood is defined by a combination of operators: (1) swapping two
events that are adjacent to each other in the order; (2) moving an event a random
number of places up or down the order; (3) moving both events associated with a
single job simultaneously.

3

Computational experiments

We generated a set of instances of different sizes (n = 5, 10, 15, 20, 50, 100, 200).
These are checked for feasibility by an LP, based on a max-flow on a graph representation of the problem that ignores lower bounds (Pj− ).
The smaller instances are solved to optimality by an event-based MILP formulation. The local search algorithm is run on all instances.
Our computational experiments are ongoing and our current results suggest
that the local search is able to find good solutions for larger instances.
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Introduction

We give an algorithm that proves the non-uniform k-center problem to be in XP
when parametrized by the number of different radii and the treewidth of the graph.
This extends the known exactly solvable cases of the non-uniform k-center problem;
in particular this also solves the k-center with outliers on graphs of small treewidth
exactly. We then use this algorithm to give polynomial-time approximation scheme
for the graph-burning problem for arbitrary graphs of small treewidth.
In an instance of the (uniform) k-center problem we are given a set of n nodes,
a metric d defining distances between the nodes, and parameters k and r that
tell us how many centers we are allowed to use and the radius of every center’s
reach, respectively. We must then decide if a set of k nodes can be selected as
centers so that every node will be within distance r of some center. The k-center
decision problem, first formulated in 1985 by Hakimi [7], is known to be strongly
NP-hard. Minimizing r for a given k is the focus of a paper by Hochbaum and
Shmoys [8] who provided a 2-approximation algorithm and proved it to be optimal
unless P=NP.
The k-center problem with radius r rarely fits reality perfectly. A commonly
needed generalization is the introduction of centers of varying reach. This is modelled by the non-uniform k-center (NUkC) problem, first defined in [5] although
a special case had already been analyzed in [6]. Current techniques work best only
with a limited number of different radii, while algorithms for the general case are
lacking. The currently best results are from [5], where algorithms for two different radii are given. The special case known as k-center with outliers where one
of the radii is zero is solved with an approximation
√ factor of 2, which is optimal
unless P=NP. An approximation factor of (1 + 5) is given otherwise. They also
prove that no constant-factor approximation can exist for the general case of the
non-uniform k-center problem.
An entry point diametrically opposite to the uniform k-center problem is the
graph burning problem, where each center gets a unique radius. Given an unori∗
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ented graph with unit-length edges and a single parameter g, our task is to cover
the entire graph with g centers, each having a unique integer radius from 0 to g −1.
A 3-approximation algorithm for g has been given in [2], but no better result for
general graphs is known.
Graph burning was originally introduced in [3] to model the spread of a contagion through a network. In the original formulation, all nodes start unburned
and in every time step fire spreads to all nodes that neighbour a burning node and
then a single additional node is set on fire. The burning number g of a graph is
defined as the number of time steps needed for all nodes to be on fire.
We approach the graph burning problem by restricting the graphs to be burned.
For graph burning of linear forests (unions of disjoint paths) [2, 4] gave both a proof
of NP-hardness and a PTAS. We shall consider a more general case of graphs of
small treewidth.

2

Our results and techniques

We show that the non-uniform k-center problem is polynomial when parametrized
by the number of different radii and treewidth. We do this by giving a recursive—
or, equivalently, dynamic programming—algorithm for the problem.
We then use this XP algorithm to design a PTAS for burning graphs of a constant treewidth, with a slight generalization that allows edge lengths. This result significantly improves previous results, as a PTAS was known only for linear
forests, not even for trees.

2.1

The NUkC problem with ℓ different radii

In an instance of this problem we are given an arbitrarily undirected graph G on n
nodes with edge lengths from R+
0 and distance d(u, v) defined as the length of the
shortest path from u to v. We are also given a list of ℓ radii r1 , r2 , . . . , rℓ ∈ R+
0,
and a vector (x1 , x2 , . . . , xℓ ) where xi ∈ N specifies how many centers of radius ri
we are allowed to use.
Definition 1 We define K ⊆ V (G) × {1, . . . , ℓ} as the set of all possible centers
and Kv = {(w, i) ∈ K | d(v, w) ≤ ri } as the set of all centers that will cover
node v.
A solution to an instance of the NUkC problem is an assignment (of centers)
A : V (G) → K such that every node v ∈ V (G) is assigned a center A(v) ∈ Kv and
in addition, for each i, the number of centers of radius ri in the image of A is at
most xi .

2.2

Tidy assignments

We design a concept of “tidy” assignments of centers to vertices. In tidy assignments all nodes on any shortest path from a node to the assigned center are
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assigned the same center. This allows us to process the graph and check partial
solutions in the ordering given by the tree decomposition.
For the following definition and lemma we abuse notation so that A(u) also
denotes the vertex where the center is located, i.e., the first component of A(u).
Thus, if A(u) = (w, i), then d(u, A(u)) denotes d(u, w) and a path to A(u) means
a path to w.
Definition 2 An assignment A is called tidy if for any node v on any shortest
path from u to A(u) we have A(v) = A(u). In particular, if the assignment uses
some center (v, i), then A(v) = (v, i).
The following lemma shows that we can test locally whether our assignment is
tidy.
Lemma 3 An assignment A is tidy if and only if for every edge uv ∈ E(G) one
of the following holds:
• A(u) = A(v)
• d(u, A(u)) < d(u, v) + d(v, A(u)) and d(v, A(v)) < d(v, u) + d(u, A(v))
Once we restrict feasible solutions to tidy assignments, the algorithm is designed using standard dynamic programming techniques for graphs of bounded
treewidth. The key property of tidy assignments, namely that they can be checked
edge by edge, allows us to remember for a given bag in the tree decomposition only
the assignment of the vertices in the bag.
Alternatively, instead of an explicit dynamic program, it is possible to use
metatheorems. The extension of Courcelle’s theorem by Arnborg, Lagergren and
Seese [1] shows that the problem lies in XP. This requires a formulation of the
problem in extended monadic second order logic which is then used to create
a tree automaton that behaves similarly to the dynamic program.

2.3

PTAS for graph burning

To design PTAS for graph burning based on the NUkC problem with ℓ different
radii we need to use only a constant number of radii instead of g as in the definition.
To do this, for a given constant ε > 0, we use radii ε·g, 2ε·g, . . . , with appropriate
rounding and multiplicities. For positive instances of graph burning, we obtain a
solution with g ′ ≤ (1 + ε)g, which gives a PTAS.
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Introduction

The efficient detection and localization of disease outbreaks has become a very
important problem in the COVID-19 pandemic. Taking PCR tests directly in the
water of sewage networks constitutes a promising method for the quick detection
of new outbreaks [1]. For a sample taken in a given manhole, the result of a
PCR test yields an estimate of the number of people infected whose wastewater
passes through said manhole. This information, coupled with a careful planning
of the sampled manholes, has the potential of playing a crucial role in the timely
detection of new outbreaks.
We can model the wastewater network using a directed rooted in-tree T =
(V, E), where each manhole can be associated with a node in V and each edge in
E reflects a pipe between manholes. The root corresponds to the water treatment
plant. In its most basic form, our problem corresponds to the search of one infected
node within this tree. Here, we assume that we can test for infections of a given
subtree by taking a sample in its root. This and other variants of searches in trees
(and more general directed acyclic graphs) have been studied extensively; see e.g.
Onak and Parys [2] and Dereniowski [3].
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Although the network carrying water is indeed a tree, one often finds in real
data that the network information stored by the waste water treatment companies
does not correspond to a tree. This comes from the fact that network databases
additionally store pipes which are blocked and do not carry flow. Moreover, the
extra pipes are not necessarily marked as unused. To model this situation, we
assume that we are given a directed acyclic graph (DAG) G = (V, F ) with a
known root r. The actual tree T = (V, E) ⊆ G, containing the edges E of F that
actually carry flow, is unknown.

2

Our Model

We propose a model to study polices to find a single infected node, taking into
consideration the uncertainty of the graph. We assume that viral load is detected
in a node u if and only if there is a path from the infected node to u in the
underlying tree. Assume that every day we choose k nodes to sample, and that
we know the results of each sample immediately. Knowing that there is a single
infected node v ∗ in the whole network, the objective of our policy is to detect the
infected node minimizing the makespan, that is, minimizing the number of days
to find v ∗ in the worst-case. In order to formalize the analysis we first define the
notion of ideal of an ideal generated by u ∈ V , which reflects the set of nodes that
potentially affect samples in u.
Definition 1 For a given node u ∈ V and a DAG H, we denote by Iu (H) the
ideal generated by u in H, that is, Iu (H) is the the set of all nodes w for which
there exists a w − u path in H.
Notice that a sample taken in a node u ∈ V detects viral load if and only if
the infected node v ∗ ∈ V belongs to Iu (T ), which is an unknown set.
More generally, given a set S of nodes to sample, let us denote by S1 (respectively S0 ) the set of sampled nodes where viral load was detected (respectively,
not detected). We can reduce the candidates for infected node after each sample
using the results.
Lemma 2 Without uncertainty, that is, if G = T , after testing the nodes in a set
of sample nodes S we deduce that the infected node must belong to the set


N (V, S, v ∗ ) = V ∩

\

u∈S1





Iu (T ) \ 

[

u∈S0



Iu (T ) .

However, in the uncertain case things are more complicated, as we cannot
simple change Iu (T ) by Iu (G) in the expression above: we can never be sure if all
nodes in an ideal Iu (G) effectively have paths to u in T , as G contains more edges
than T . Taking this into account, we define a robust version of an ideal.
Definition 3 The robust ideal of u ∈ V , denoted as I u (G), is the set of all nodes
v in G such that all paths from v to the root pass through u.
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We can observe that for all nodes u ∈ V it holds that I u (G) ⊆ Iu (T ) ⊆
Iu (G). This follows from the fact that all nodes in the robust ideal of u have all
paths passing through u, then in particular the real path does too (the one in
T ). For the other inclusion, adding extra edges can only increase the size of the
ideal. Consequently, I u (G) is an underestimation of the real ideal, and Iu (G) an
overestimation. Using this we can adjust the previous lemma for the uncertain
case.
Lemma 4 In the general case, after testing the nodes in a set of sample nodes S
we can deduce that the infected node belongs to the set


N (V, S, v ∗ ) = V ∩

\

u∈S1





Iu (T ) \ 

[

u∈S0



I u (T ) .

Heuristically, to adequately determine a set of nodes S to test in a given day,
we would like that to balance the sizes of all sets {N (V, S, v ∗ ) : v ∗ ∈ V }. In this
case we could avoid cases that are too unfavorable. Therefore, we consider the
problem
min

S⊆V : |S|≤k



∗



max |N (V, S, v )| .

v ∗ ∈V

Solving the previous problem optimally proves to be difficult, especially in the
uncertain case. We propose an heuristic approach for searching for the answer.
Given an upper bound for the answer to the problem, we greedily add nodes to an
initially empty set S of nodes to sample. Each time we add a node whose size of
ideal in the graph induced by the remaining nodes is maximal between all nodes
with this size less or equal to the upper bound, and then we remove the nodes
in this ideal from the remaining nodes. In the case of a directed rooted tree, the
upper bound reflects directly the answer to the problem except for the case in
which all sampled do not detect viral load. In the uncertain case this upper bound
still serves as an approximation to the possible solution and we can try to avoid
using nodes with highly uncertain ideals in the sampling process.
To properly adjust the value of the upper bound we can perform a binary
S
search on it looking for the minimal value at which the size of V \ u∈S Iu (G)
(that reflects the case all nodes do not detect disease) is below the upper bound.
The final complexity of the proposed algorithm is O(N 3 log(N )) where N = |V |.
We tested the algorithm iteratively to find infected nodes in simulations based
on real and synthetic data. We investigated different sizes of the graph, levels
of uncertainty and amount of samples per day. With a 4000 node graph, five
percent of uncertainty and five samples each day the maximum always came to
six iterations in the tree and between 6 and 8 in the uncertain case. On the other
hand, with 20 percent of uncertainty the maximum iterations in the uncertain case
can go up to ten days. In general, less samples and more uncertainty increase the
number of iterations required by our simulation.
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Our empirical results leave several interesting theoretical open questions. In
the case without uncertainty, it is easy to see that in a tree of bounded degree
a makespan of O(log(N )) is attainable. In real wastewater network, the typical
maximum degrees are around 5 due to spacial constraints, and this even holds for
the larger graph G. Hence, it is natural to ask whether it is possible to obtain
the same result in the uncertain case. We stress that for this results to be useful
the policy should work for any underlying tree T . Similarly, we can ask about
the complexity of finding a policy that minimizes the makespan, either exactly or
approximately.
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Introduction

In an online exploration problem, a searcher has to create a complete map of
an unknown environment without any a priori knowledge of its topology. The
searcher makes all decisions based on local information and must move through
the environment to obtain new data, e.g., via optical sensors. Online exploration
problems emerge in several scenarios, such as the navigation of mobile robots, be
it an autonomous vacuum cleaner or a scientific exploration robot in the deep
sea or on Mars, and security maintenance of large networks [1, 2]. We initiate
the study of a learning-augmented variant of the classical, notoriously hard online
graph exploration problem by adding access to machine-learned predictions. We
propose an algorithm that naturally integrates predictions into the well-known
Nearest Neighbor (NN) algorithm and significantly outperforms any known online
algorithm if the prediction is of high accuracy while maintaining good guarantees
when the prediction is of poor quality. We provide theoretical worst-case bounds
that gracefully degrade with the prediction error. Further, we extend our concept
to a general framework to robustify algorithms. A full version [3] of this abstract
is to appear in the proceedings of AAAI 2022.
We consider the online graph exploration problem on an undirected connected
graph G = (V, E) with n vertices and non-negative edge costs c(e), e ∈ E. We
assume that each vertex v ∈ V has a unique label, i.e., vertices are distinguishable.
Starting in a given vertex s ∈ V , the task of the searcher is to find a tour that visits
all vertices of G and returns to s. Initially, the graph is unknown to the searcher
and she obtains local information when traversing the graph: Whenever she visits
(explores) a vertex for the first time, all incident edges, as well as their costs, and
the labels of their end points are revealed. This exploration model is also known as
fixed graph scenario [4]. The searcher can explore a vertex v by traversing a path
of known edges from her current location to v. When the searcher traverses an
∗
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edge e, she pays its cost c(e). The goal is to minimize the total cost for exploring
all vertices (and returning to the start vertex).
To measure the quality of algorithms for online graph exploration, we resort
to standard competitive analysis, which compares the cost of an algorithm with
an offline optimal solution, i.e., the optimal tour that can be found if the graph
is known in advance. If the ratio between the costs of these two tours is bounded
by ρ ≥ 1 for every instance, then the online algorithm is ρ-competitive. The
competitive ratio of an algorithm is the minimum ρ for which it is ρ-competitive.
For online graph exploration, the offline problem is a variant of the well-known,
NP-hard Traveling Salesperson Problem (TSP) [5], in which we are allowed to visit
vertices multiple times.
The currently best known ratio of O(log n) is achieved by NN [6], which greedily explores the unknown vertex closest to the current position, and the hierarchical
Depth First Search algorithm (hDFS) [7]. For arbitrary input graphs there remains a large gap between the best known upper bound and the best known lower
bound of 10/3 [8].
For rather special graph classes, there are constant-competitive algorithms.
Examples are planar graphs with a competitive ratio of 16 [4, 7], graphs of bounded
genus g with a ratio of 16(1 + 2g), and graphs with k distinct weights with a ratio
of 2k [7]. One drawback of such algorithms is that the topology of the graph is
initially unknown, so we might not know if a certain special case actually applies.
While some algorithms, e.g., hDFS, achieve improved ratios for their special case
and at the same time maintain a worst-case guarantee on arbitrary inputs, this
does not hold in general. E.g., the competitive ratio of the algorithm for planar
graphs on arbitrary inputs is unknown.

2

Our results

As a main result, we present a robustification framework that allows us to robustify
any online graph exploration algorithm A. Given an algorithm A, the framework
achieves a competitive ratio that, asymptotically, matches the minimum of the
competitive ratios of the given algorithm and the best known algorithm for arbitrary graphs. This allows us to exploit special case algorithms for an improved
competitive ratio if the special case applies, while at the same time matching the
best known ratio for arbitrary inputs.
Theorem 1 For any λ > 0, there is a robustification framework R for the online graph exploration problem that, given an online algorithm A and an instance
I = (G, s), produces a solution of cost at most RI = min{(3 + 4λ) · AI , (1 +
1
2λ )(dlog(n)e + 1) · OPTI }, where OPTI and AI denote the cost of an optimal
solution and of the one obtained by A on instance I, respectively.
Intuitively, the robustification framework R of Theorem 1 carefully interpolates
between the execution of algorithm A and that of NN by executing the algorithms
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in alternating phases. These phases are budgeted so that their costs are roughly
proportional to each other, with the parameter λ > 0 dictating the proportionality.
As a second contribution, we apply the robustification framework within the
context of learning-augmented algorithm design. Given the tremendous success
of artificial intelligence, the assumption of having no prior knowledge about the
graph may be overly pessimistic. Instead, we might have access to machine-learned
predictions about good exploration decisions. Such predictions are typically imperfect; they usually have a good quality but may be arbitrarily bad. A recent
line of research is concerned with the design of online algorithms that exploit access to predictions of unknown quality (e.g. [9]) to achieve a better performance
if the predictions are of high quality, while at the same time maintaining worstcase guarantees even if they are arbitrarily wrong. For online graph exploration,
we consider predictions that suggest a known, but unexplored vertex as the next
target to a learning-augmented algorithm. Predictions may be computed dynamically and use all data collected so far, which is what one would expect in practice.
This rather abstract requirement allows the implementation of various prediction
models. We consider two kinds of predictions, namely tour predictions and tree
predictions, where the suggested vertex is the next unexplored vertex of a TSP tour
or of a Depth First Search (DFS) tour corresponding to some predicted spanning
tree, respectively. The prediction error η is the difference between the total exploration cost of following these per-step suggestions and that of following a perfect
prediction w.r.t. the given prediction model (tour respectively tree predictions).
Using the robustification framework R of Theorem 1 with these predictions leads
to the following theorem.
Theorem 2 For any λ > 0 and instance I, there is an algorithm for the online
graph exploration problem that uses a predicted spanning tree or tour with a cost
1
of at most min{(3 + 4λ)(κOPTI + η), (1 + 2λ
)(dlog(n)e + 1)OPTI }, where κ = 1,
for tour predictions, κ = 2, for tree predictions, and OPTI denotes the cost of the
optimal solution.
We show that our predictions are learnable in the sense of PAC learnability
under the assumptions that the given graph is complete and its size known. Finally, we empirically confirm the power of using predictions and the effectivity of
the robustification framework by empirically evaluating the performance of our
algorithms on real-world instances.
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